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Each time a summand is added, there
is a correction factor C that will be ap-
plied on the next loop. So first subtract
the correction C computed in the previ-
ous loop from X, giving the corrected
summand Y. Then add this summand to
the running sum S. The low-order bits of
Y (namely, Y)) are lost in the sum. Next,
compute the high-order bits of Y by com-
puting T — S. When Y is subtracted from
this, the low-order bits of Y will be re-
covered. These are the bits that were lost
in the first sum in the diagram. They
become the correction factor for the next
loop. A formal proof of Theorem 8, taken
from Knuth [1981] page 572, appears in
the Appendix.

5. SUMMARY

It is not uncommon for computer system
designers to neglect the parts of a system
related to floating point. This is probably
due to the fact that floating point is given
little, if any, attention in the computer
science curriculum. This in turn has
caused the apparently widespread belief
that floating point is not a quantifiable
subject, so there is little point in fussing
over the details of hardware and soft-
ware that deal with it.

This paper has demonstrated that it is
possible to reason rigorously about float-
ing point. For example, floating-point al-
gorithms involving cancellation can be
proven to have small relative errors if
the underlying hardware has a guard
digit and there is an efficient algorithm
for binary-decimal conversion that can be
proven to be invertible, provided ex-
tended precision is supported. The task
of constructing reliable floating-point
software is made easier when the under-
lying computer system is supportive of
floating point. In addition to the two
examples just mentioned (guard digits
and extended precision), Section 38 of
this paper has examples ranging from
instruction set design to compiler opt-
imization illustrating how to better
support floating point.

The increasing acceptance of the IEEE
floating-point standard means that codes
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that use features of the standard are be-
coming ever more portable. Section 2
gave numerous examples illustrating
how the features of the IEEE standard
can be used in writing practical floating-
point codes.

APPENDIX

This Appendix contains two technical
proofs omitted from the text.

Theorem 14

Let 0 <k<p, set m=8"+1, and as-
sume floating-point operations are exactly
rounded. Then (m®x) © (mQx © x)
is exactly equal to x rounded to p — k
significant digits. More precisely, x is
rounded by faking the significand of x,
imagining a radix point just left of the k
least-significant digits, and rounding to
an integer.

Proof. The proof breaks up into two
cases, depending on whether or not the
computation of mx = 8*x + x has a carry
out or not.

Assume there is no carry out. It is
harmless to scale x so that it is an inte-

ger. Then the computation of mx = x +
B%x looks like this:

aa---aabb - bb
+aa---aabb--~bb

zz - - - zzbb - - - bb ’

where x has been partitioned into two
parts. The low-order k digits are marked
b and the high-order p — & digits are
marked a. To compute m & x from mx
involves rounding off the low-order k
digits (the ones marked with b) so

m® x = mx — x mod(8*) + rg*. (32)

The value of r is 1 if .bb - -+ b is greater
than 1/2 and 0 otherwise. More pre-
cisely,

r=1ifa.bb --broundsto a + 1,

(33)

r = 0 otherwise.



Next compute

m® x — x = mx — x mod(8*) + rg* — x
= B*(x + r) — x mod(B*).

The picture below shows the computation
of m® x — x rounded, that is, (m ® x)
© x. The top line is 8*(x + r), where B
is the digit that results from adding r to
the lowest order digit b:

aa---aabb---bB00--- 00
—bb---bb
zz -+ - zzZ00 - - - 00

If bb:--b < 1/2, then r = 0. Subtract-
ing causes a borrow from the digit
marked B, but the difference is rounded
up, so the net effect is that the rounded
difference equals the top line, which is
Bfx. If bb---b > 1/2,then r = 1,and 1
is subtracted from B because of the bor-
row. So again the result is 8*x. Finally,
consider the case Jbb---b =1/2. If r =
0, then B is even, Z is odd, and the
difference is rounded up giving B*x.
Similarly, when r=1, B is odd, Z is
even, the difference is rounded down, so
again the difference is $*x. To summa-
rize,

(m®x) © x=p*x. (34)
Combining eqgs. (32) and (34) gives
(m ® x) - (m®x © x) = x -
x mod(B*) + rB*. The result of perform-
ing this computation is

r00--- 00
aa -+ aabb - bb
—~bb - bb

* aa---aa00---00.

The rule for computing 7, eq. (33), is the
same as the rule for rounding a---
ab---b to p — k places. Thus, comput-
ing mx — (mx — x) in floating-point
arithmetic precision is exactly equal to
rounding x to p — k places, in the case
when x + 8%x does not earry out.

When x + 8%x does carry out, mx =
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B8*x + x looks like this:

aa - aabb---bb
aa---aabb - - bb
zzZ - -+ ZzZbb - - - bb

Thus, m ® x = mx — x mod(8*) + wiB*,
where w = —Z if Z < 3/2, but the exact
value of w in unimportant. Next m ® x
— x = B*x — x mod(8*) + wpB*. In a pic-
ture

+

aa‘ - aabb---bb00---00
t+w

Rounding gives (m ®@x) © x = pFx +
wp* — rB*, where r=1 if .bb---b >
1/2or if bb---b =1/2 and b, = 1. Fi-
nally,

(m®x) - (m®=x © x)
= mx — xmod(Bk) + wpB*
—(B*x + wp* — rg*)
= x — x mod(B*) + rg*.

Once again, r = 1 exactly when rounding
a---ab--+b to p~— k places involves
rounding up. Thus, Theorem 14 is proven
in all cases. H

Theorem 8 (Kahan Summation Formula)

Suppose Z]ilxj is computed using the
following algorithm

S = X[1]

cC=0

forj =2 to N {
Y=Xjl-C
T=S4+Y
C=T-9-Y
Ss=T

}

Then the computed sum S is equal to
S=3xx(1+6)+ O(Ne*)Y | x,|, where
|6,] = 2e.

Proof. First recall how the error esti-
mate for the simple formula > x; went.
Introduce s; = x4, s, =1 +8)s, ;-1
+ x,). Then the computed sum is s,
which is a sum of terms, each of which
is an x, multiplied by an expression
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involving §’s. The exact coefficient of x,
is (1 +389) (1 4 85)--- (1 + 6,). Therefore
by renumbering, the coefficient of x,
must be (1 + 63)(1 +6,) - (1 +§,), and
s0 on. The proof of Theorem 8 runs along
exactly the same lines, only the coeftfi-
cients of x, is more complicated. In de-
tail sq = ¢, = 0 and
V=% © 1= (2~ ) (1 + )
Sp =51 D v = (8- + 3)(1 + 0,)
cp=(s © 8,.1) © 3

= [(sp = s ) (1 + 7)) — 3] (1 + 85)

where all the Greek letters are bounded
by e. Although the coefficient of x; in s,
is the ultimate expression of interest, it
turns out to be easier to compute the
coefficient of x; in s, — ¢, and ¢,. When
k=1,
¢ = (31(1 + 71) — yl)(l + 61)
= (1 + o)) (1 +v,) - 1)(1 +8,)
= x1(01 + v, + 0171)
(1 +6)(1 + )
s, — ¢ = xl[(l +0y) = (oy + y1 + 01v1)
(1+8)](1 + )
= x1[1 — Y1 — 0161 — o974
—81v1 — 03101 ] (1 + n).

Calling the coefficients of x, in these
expressions C, and S,, respectively, then

Cy =2¢ + O(?)
Sy =14, — v, +4¢% + O(e%).

To get the general formula for S, and
Cy, expand the definitions of s, and c,,

ignoring all terms involving x, with
i > 1. That gives

$p= (840 +20) (1 + o)

=81+ (% = co)(1 + )]
(1 + ak)

= [(sk—l —Cpq) — chk—l](l + 0y)
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{si = si-1) (1 + i) — 2] (1 +8,)

{((shmr = exmr) = meeus ) (1 + 0)

=5, 1 J(L+ ) + ey (1 + ﬂk)]
(1+5,)

= [{(Skq — €, 1), — mCh 1(1 + 0y)
—craf (14 vi) + e a(1 + )]
(1+5,)

= [(s1-1 = ) o (1 + 72)
—cpo1lvi + m(on + v + o72))]

(1 +5,)

Sp — Cp

= ((5k71 — 1) — nkck—l)
(1 + 0)
~[(s5-1 = ca1) a1 + va)
~ (Ve + Moy + v, + o vi))]
(1+6,)

= (81— 1)((1 + 0)
=0 (1 + 7:)(1 + &)
+ Ck~1(_77k(1 + )
+(7k + (o + v, + Uﬂk))
(1+8,))

= (S4-1— 1)

(1 — 0, (vn + 8, + 7k5k))
+ Ck—1[_77k + v

+m. (v + 972)
+(’Yk + (0, + v, + Uk'Yk))‘Sk]

Since S, and C,, are only being computed
up to order e?, these formulas can be

simplified to
Ck = (Ok -+ 0(62))Sk‘1
+(_7k + 0(62))Ck—1
S, =((1+2e+ O(€*))S, 1
+(2e + O(e?))C, ;.



Using these formulas gives
C, = g5 + O(€?)
Sy =149, — v, +10e® + O(¢?),

and, in general, it is easy to check by
induction that

C, =0, + O(c?)
Spy=1+n — v+ 4k + 2)e® + O(3).

Finally, what is wanted is the coeffi-
cient of x; in s,. To get this value, let
%,.1 = 0, let all the Greek letters with
subscripts of n + 1 equal 0 and compute
$,.1. Then s, , =s, — ¢,, and the coef-
ficient of x, in s, is less than the coeffi-
cient in s,,,, whichis S, =1+ 19, — v,
+(@n+2)? =1+ 2e+ O(ne?). B

I
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