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MASSEY PRODUCT AND TWISTED COHOMOLOGY
OF A-INFINITY ALGEBRAS

WEIPING LI AND SIYE WU

ABSTRACT. We study the twisted cohomology groups of A.-algebras defined by twisting
elements and their behavior under morphisms and homotopies using the bar construction.
We define higher Massey products on the cohomology groups of general A~.-algebras and
establish the naturality under morphisms and their dependency on defining systems. The
above constructions are also considered for C'o-algebras. We construct a spectral sequence
converging to the twisted cohomology groups and show that the higher differentials are
given by the A~-algebraic Massey products.

1. INTRODUCTION

The concept of A-algebras was introduced by Stasheff [28], 29] for studying multipli-
cation operations which satisfy associativity up to homotopy. Since then it has played a
crucial role in homotopy theory. The A,.-structure on the cohomology of a topological
space determines the cohomology of its loop space and can be applied to the cohomology of
fiber bundles [7]. Moreover, it determines the rational homotopy type of 1-connected spaces
[11]. Recently, the subject finds applications in many areas of algebra, topology, geometry
and mathematical physics, including homological mirror symmetry [13].

Motivated by the work on twisted cohomology of the de Rham complex [27, [, 20, [16],
we study the twisted cohomology of A..-algebras. In addition, we define higher Massey
products on the cohomology of a general A,.-algebra with a possibly non-associative mul-
tiplication. We then construct a spectral sequence converging to the twisted cohomology
and relate the higher differentials to the higher Massey products.

The paper is organized as follows. In Section Bl we recall the notions of A,.-algebras,
morphisms of A,.-algebras and homotopies of morphisms. We express these concepts using
the bar construction. The A -structure on the cohomology group is also described. The
Cx-algebras are discussed as a special case. In Section [3] we study the twisted cohomology
group of a differential on the A.-algebra deformed by a twisting element. (These concepts
simplify when the Ay-algebra is C.) We put special emphasis on the use of the bar
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construction, which clarifies many concepts and calculations. The twisted cohomology
groups are naturally isomorphic if the twisting elements are homotopic equivalent. We
show that a morphism of A..-algebras maps a twisting element to another and induces
a homomorphism on the twisted cohomology groups. We also find the relation of the
induced homomorphisms from two homotopic morphisms of A..-algebras. In Section H],
we introduce the triple and higher Massey products on the cohomology of a general A.o-
algebra. A crucial ingredient is the matric A.-algebra formed by matrices of elements in
the original A..-algebra, together with its properties. We introduce an equivalence relation
on the set of defining systems under which the (higher) Massey products take the same
value; this is of interest even in the classical case. We establish some properties of the
Massey product and the naturality under morphisms of A..-algebras. In particular, we
clarify and generalize the folklore relation of the Massey product and the A.-structure on
the cohomology (of differential graded algebras) to the context of A,-algebras. We also
study the Massey products for C.-algebras. In Section B we construct a spectral sequence
associated to a natural filtration on a Z-graded Aoo-algebra (assuming the twisting element
is of positive degree) that converges to the Zs-graded twisted cohomology group. We give
a complete description of the higher differentials in terms of the higher Massey products of
the Ao -algebra. We show that a morphism of A..-algebras induces a morphism of spectral
sequences. This result is applied to the quasi-isomorphism of the cohomology group and
the original A.-algebra. In the Appendix, we present a construction of spectral sequence
that is slightly different from what we can find in the literature but suits the purpose for
the previous section.

2. Aso-ALGEBRAS AND MORPHISMS

In this section, we recall the definitions of A,- and C-algebras, their morphisms, ho-
motopy of morphisms, and the bar construction.

2.1. A, .-algebras, morphisms and homotopy.

Definition 2.1. Let k be a field. An A, -algebra (A,{b,}) over k is a Z- or Zg-graded
vector space A = @p AP over k with graded homogeneous k-multilinear maps b,,: A" — A
(n > 1) of degree 1 satisfying

Z bT+1+t o} (1®T ® bs (%9 1®t) = 0,
r,t>0,s>1
r+s+t=n

where 1 = 14 is the identity map on A.

When maps are evaluated on elements, we follow Koszul’s sign rule (f ® g)(z ® y) =
(—-1)l8ll?lf(2) ® g(y), where f, g are graded homogeneous maps of degrees |f|, |g| and z,
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y are homogeneous elements of degrees |z|, |y|, respectively. So the above identity on

a1,...,an € Ais
E bT+1+t(dl7 ceey Oy, bS(aT-l-l’ cee aaT-l-S)? Qpysily.-- >an) = 07
rt>0,s>1
r+s+t=n
where a = (—1)“’| a for any homogeneous element a € A. For n = 1, the identity is

by ob; = 0, ie., (A% 0), where O = by, is a cochain complex. For n > 2, the meaning
of the identities is best seen from the desuspended version. The A,,-algebras defined here
differ from the original ones (see [25 [12] for reviews) by a suspension. Let s: s714 — A
be the suspension map of degree —1 given by the identification (s~'A)? = AP~!. Then the
multilinear maps m,, = £s 1 ob, 0s®": (s714)®" — s71A (each with an appropriate sign)
satisfy a similar set of identities. The identity for n = 2 is the Leibniz property for the
product mg while that for n = 3 says that my is associative up to a homotopy given by ms.
If m, = 0 (or equivalently, b, = 0) for all n > 3, then A is a differential graded algebra.

Definition 2.2. Let (A4, {b?}), (B, {b2}) be A-algebras. A morphism f: A — B of Ay-
algebras is a family f = {f, },>1 of graded homogeneous k-multilinear maps f,: A" — B
of degree 0 satisfying, for each n > 1, the identity

Y o (1 eble1®) = Y bP(f,e--ef,).
rt>0,s>1 r>0;41,...,9->0
r+s+t=n i1+ +ir=n

For n = 1, the above identity means that f;: (A,94) — (B,d%) is a morphism of cochain
complexes. For n = 2, f; commutes with the operations mé“,mg (in the desuspended
version) up to a homotopy given by fy. A morphism f is called a quasi-isomorphism if i is
a quasi-isomorphism. It is strict if f,, = 0 for all n > 2. The composition of two A,,-algebra
morphisms f: A — B and g: B — C'is given by, for any n > 1,

(gofln= >  gof,® -af)

r>05%1,...,»>0
i1+ +ir=n

In particular, (gof); =g ofj.

Definition 2.3. Let (4, {bd}), (B,{bZ}) be A-algebras. Two morphisms {f,}, {g,}
from A to B are homotopic (through {h,}) if there exists a family of graded homogeneous
k-multilinear maps h,,: A®™ — B (n > 1) of degree —1 such that for any n > 1,

gn—fa=) bl 0(g® @g, ®h&f, @)+ > huyrpeo (1% @b @199,

where the first sum runs over r,t > 0, s > 1, i1+ - +ip+ji1+ - +jr =0 (i1, ooy lpy J1y .oy Jt >
0) and the second runs over r,t >0, s > 1, r+s+t=n.

Homotopy is an equivalence relation on the set of morphismsﬂ

1See for example [25] [6 [T5]. We thank B. Keller for providing the references.
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2.2. The bar construction. A more conceptual way of describing A..-structures is through
the use the bar construction [29]. Recall that the reduced tensor coalgebra on a vector space
Aover kis TA=@,~; A%". There is a comultiplication A: TA — TA ® T A given by

n—1
A[a1®--~®an] :Z[al®”’®ar]®[a7’+l®”'®an]a
r=1
where 0 < r < n and aq,...,a, € A. For an A-algebra A, the map anl b,: TA — A
lifts uniquely to a graded coderivation b: TA — T A of degree 1 satisfying

Aob=(1®b+b®1)oA.

The conditions that (A, {b,}) is an A-algebra is equivalent to the identity bo b =0, i.e.,
b is a coalgebra differential on T'A of degree 1.

Similarly, a collection of k-multilinear maps f = {f,: A®" — B},>; defines a map
> >1fn: TA — B which lifts uniquely to a coalgebra morphism F: TA — TB of degree
0. If (A, {b2}), (B,{bB}) are A-algebras, the condition that f = {f,}: A — B is an
Ao-algebra morphism is equivalent to Fob? = bB o F, ie., F: (TA,b4) — (TB,b") is
a morphism of graded differential coalgebras. If g: B — (' is another morphism of A,.-
algebras, the composition of morphisms gof: A — C corresponds to the usual composition
GoF: TA-TC.

Two Ay-algebra morphisms f,g: A — B are homotopic if and only if F,G: TA — T'B are
homotopic as morphisms of graded differential coalgebras, i.e., there is a map H: TA — TB
of degree —1 such that

G-F=b%oH+Hob? APoH=(GoH+H®F)oA“

2.3. Cx-algebras and morphisms. If A is a vector space over k, the shuffle product [1§]
on T'A is given by, for any 0 < <n and a; ...,a, € A,

@ @ar] o ® @ an] = Z (—1)5(0) Ug(1) @ - @ Ag(n),
0ESrn
where S, ,, is the set of permutations o € S, on the set {1,...,n} such that o(i) < o(j) if
either 1 <i<j<rorr+1<i<j<nandce(o)=>|alla;|, summing over the pairs
(1,j) with 1 < ¢ <r < j <nand o(i) > o(j). This product is graded commutative and
associative on T A, making it, together with the comultiplication A, a graded bi-algebra.

Definition 2.4. A C-algebra (A, {b,}) is an A-algebra such that for each n > 2, b,, =0
on TA x TA. A morphism f = {f,}n>1: A — B of C-algebras is a morphism of Auo-
algebras such that for each n > 2, f, = 0 on TA x TA. Two Cy-algebra morphisms
f,g: A — B are homotopic if they are homotopic as A-algebra morphisms through {h,}
such that for each n > 2, h, =0on TA x TA.
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For n = 2, the condition be(A x A) = 0 is equivalent to the graded commutativity of
the product my on s7'A. Thus, C-algebras are “graded commutative” A, -algebras (see
[11] for a history of and references on Cy-algebras). The conditions on Cuo-structures and
morphisms can be stated concisely using the bar construction [I1]. The A, -structure on A
is a Cuo-structure if and only if b is a derivation on the graded bi-algebra T A, i.e., for any
x,y € TA,

b(z x y) =b(z) X y+ T X b(y).
Similarly, an Ay-morphism f: A — B is Cy if and only if F: TA — TB if a morphism of
bi-algebras, i.e., for any =,y € T A,

F(x @ y) = F(x) x F(y).

Using the same method, one can further show that if h = {h, } is a homotopy of C.-algebra
morphisms f,g: A — B if and only if for any z,y € T A,

H(z x y) = G(Z) x H(y) + H(z) x F(y).

2.4. Ax-structure on the cohomology group. Given an Ay -algebra (A, {by,}), the
cohomology H(A) = H(A, 9) is an associative graded algebra under the operation by induced
by by. In fact, the cohomology H(A) has an A.-algebra structure {b,} with by = 0
[7, [8, 24, 13]. There is a quasi-isomorphism of A..-algebras H(A) — A lifting the identity
map of H(A). Such an A-structure on H(A) is unique up to isomorphisms of A-algebras.

We describe the A..-algebra (H(A),{b,}) and the quasi-isomorphism q: H(A) — A. Let
pi: A — H(A) be a k-linear map which sends any closed element to the cohomology class
it represents; py is determined by the choice of a subspace in A that is transverse to ker 9.
Let q1: H(A) — kerd C A be a k-linear map such that p; o q1 = ly(4). Then there is a
homogeneous k-linear map hy: A — A of degree —1 such that 14 —q;opy =dohy +hyod.
The Aso-structure {b,} on H(A) and the quasi-isomorphism q = {q,}: H(A) — A can be
expressed explicitly as a sum over the oriented rooted planar trees [13]. Alternatively, they
can be obtained inductively by [5]

Bn :Z Z plobro(qi1®"'®qi7-)a

r=2141++ir,=n
1500580 >0

dn :Z Z hlobro(qi1®"'®qi7-)a

r=2141++ip,=n
01yeeytr >0

respectively, for any n > 2. When A is a differential graded algebra, the inductive formulas
simplify to [17]

n—1 n—1

b, = Z probgo(q; ®an—i), an= Z h1 o bz o (q; @ qn—).
i=1 i=1
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Finally, if (A, {b,}) is a Cwx-algebra, then so is (H(A), {b,}) [5].

3. TWISTING ELEMENTS AND TWISTED COHOMOLOGY

3.1. Twisting elements and twisted cohomology of A..-algebras. We construct a
deformed differential on the A,.-algebra and study its cohomology group. Let (A, {b,}) be
an As-algebra. We fix an element h € A. Define a map T,: A — TA by

a€ A 1a Zh@ ®h®a=a+h®a+h®h@a+-
n times
Ty, is a k-linear isomorphism from A onto its image, and the inverse map is given by
T, (v) = 2—h®z for z € 1,(A). Weset 1,(1) = 1+71,(h) € k®TA. Then 1;(a) = 1,(1)®a.
It is clear that A(tp(a)) = 11(h) ® T(a) for any h,a € A. In particular, A(t(h)) =
Th(h) @ Ti(h), i.e., Th(h) can be regarded as a morphism of coalgebras from k (with the
obvious comultiplication) to T A.

We define a twisted differential 0y: A — A byﬁ

a €A Opa = bpiri(h,...,h,a) = 0a+ ba(h,a) + bs(h,h,a) +
h ;::0 +1( L ) 2(h, a) + bs( )
Lemma 3.1. If h € A, then
bOTh:T;‘LOah—i-TE(ahh)@Th,

where h = (—1)"p,

Proof: By the definition of b, we have, for any a € A,

b(th(a)) = Zb h@--- ®@h®a)
n times
= | 2 ke @h®bua(h.. ha) +
n=0 r,s>0
rs=n r tlmes s times

+ Y ho-@hebh... . H)@he - @hoa

T’,t207821 r times
r+s+t=n

= T;L(l) ® Jpa + T;L(l) ® Oph ® Th(a)
= 17,(0ha) + 17,(0nh) @ Th(a).

s times t times

2During the preparation of the paper, we learned that the differential was previously introduced and
studied in [25]. Our approach below relies instead on the bar construction. In the case when A is a Coo-
algebra, which is treated in §3.6] the same differential was also obtained recently by E. Getzler.
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Corollary 3.2. (i) For any h € A,

Z b?“+1+t(ﬁ7"' 7ﬁ7ahh7h7"' 7h) = 0’
N—_—— N——

r,¢20 r times t times

(ii) Oph = 0 if and only if b(tp(h)) = 0;
(ii) For any h,a € A,

Op0na =— Y bryria(h,...,h,0ph b, .. hya).
t>0 . .
iz r times t ttmes

Proof: Taking a = h in the proof of Lemma 3], we get
b(tr(h)) = T4(1) ® Oph @ Th(1),

from which (ii) follows. Applying b to both sides and projecting to A, we get (i). Applying
b to the identity in Lemma [3.1] we get

Th(0p0na) = —Th(93h) @ T7,(Oha) — b(T;(Onh) ® Th(a)).
(iii) follows by a projection onto A. O

Definition 3.3. If A is an Ay -algebra, an element h € A is a twisting element if it is of
even degree and dph = 0.

When A is a differential graded algebra, the condition d,h = 0 reduces to the Maurer-
Cartan equation 0h+ba(h, h) = 0. In general, b(t;(h)) = 0 means that 75, (h) is a morphism
of differential graded coalgebras from k (with the trivial coderivation) to TA. So Tt (h) €
Hom(k, T A) is a twisted cochain in the sense of Brown [3, 25]. We refer the readers to [31]
for a history on twisting elements and twisting cochains, and to the references therein as
well as [25] O].

Theorem 3.4. If h is a twisting element of an As-algebra A, then
(i) bot, =100, on A;
(ii) b preserves the subspace t,(A) C TA;
(iii) 92 = 0 on A.

Proof: (i) follows from Lemma 3.1 since h = h and dph = 0;

(ii) follows easily from (i);
(iii) follows from 9}, = T, ob o), and b? = 0. O

Definition 3.5. If h is a twisting element of the A..-algebra A, the twisted cohomology of
A (twisted by h) is Hp(A) = H(A, dp).
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We note that s™'h is of odd degree if h is of even degree. Although A can be either
Z- or Zsy-graded, the twisted cohomology H(A) is always Zo-graded. A special case is the
cohomology of the de Rham complex twisted by a closed form of odd degree [27, [T}, 20, [16].

3.2. Induced morphisms on twisted cohomology groups. Suppose f = {f,}: A — B
is a morphism of A..-algebras, inducing F: TA — TB on the bar construction. For any
h € A, define Fj,: A — B by

CLEA'—>Fh an-i-l )

n times

Lemma 3.6. For any h € A, we have the identity

Fo Tﬁ = Tgl(h) o Fh.
In particular, F: Ti{(A) C TA — T]FBh(h)(B) C TB and F(ti'(h)) = Tfh(h)(Fh(h)).
Proof: For any a € A, by the definition of F, we have

F(tii(a)) = ZF (h®---®h®a)

n tlmes

:ZZ S (b h) @@ (h . h) @ Figgalh,. .., hya)

n=01r=0i9>0, i1...,ir>1 M

P i i times i1 times io times
= ZFh - @ Fu(h) ® Fp(a)
7 times
= ¢, 1 (Fa(a).
The rest follows easily. O

Theorem 3.7. Suppose f: A — B is a morphism of Ax-algebras and h is a twisting element
in A. Then

(i) Fr(h) is a twisting element in B;
(i) Fr: (A, 0n) — (B, 0, (1)) s a cochain map, i.e., Fj, o 8;:‘ = 8I]:3;L(h) oFp;
(ii) if g: B — C' is another morphism of A-algebras, then (G oF)y = Gg, ) o Fp.
Proof: By Theorem [B4)(i), Lemma 3.6 and by F o b4 = b® o F, we have
’tgh(h) o@é(h) oFy = bBoTEh(h) oF,=Fobdotf! =bPoFori
= Fobdot) =For o :Tfh(h)thoﬁf.
(ii) follows from the injectivity of T2 () Whereas (i) is from Z?B( )Fh(h) = Fn(9'h) = 0.
Next, we observe that, for any a € A,

G(F(T;(a))) = G(TE, (o (Fr(a) = TG, £, (n) (GFaii) (Fa(@)).



A-INFINITY ALGEBRAS 9

On the other hand, we have

G(F (1 (@))) = T{gory, () (G © F)n(a)).
By setting a = h, we obtain (G o F)x(h) = Gf, (1) (Fn(h)) and (iii) follows. O

Corollary 3.8. Under the above assumptions,
(i) there is an induced homomorphism (Fp)«: Hp(A) — Hg, 1) (B);

(ii) there is a commutative diagram

H, () (B)
(Fp)« (Gr, (n))*
/ \h

H,(A) o Hieomm/(©)-

3.3. Homotopy equivalence of twisting elements.

Definition 3.9. Two twisting elements h,h’ in an Ay-algebra (4, {b,}) are homotopic
(through an element c) if there exists ¢ € A (of odd degree) such that

W —h= b, B, ..,W, e h,... h).
Z +1+4( ¢ )

r,t20 r times t times

Under this situation, define a map 1.: A — A by

a€Abe(a)=a+ D bra(l,... .M, ch,... ha).
N—— N—_——

rt>0 r times t times

We note that P.(h) = h' — e
Lemma 3.10. Suppose A is an Aso-algebra and h,h' € A are two twisting elements. Then
(i) h and I/ are homotopic through ¢ € A if and only if
T (h') — th(h) = b(ti/ (1) @ ¢ @ T3, (1));
(ii) in this case, we have, for any a € A,
T (Pe(a)) — Th(a) = b(tw (c) @ Th(a)) + Tw(c) @ Th(Oha).

Moreover, P (a) is the unique element satisfying this equality.

Proof: (i) Following the proof of Lemma [B.1] and using Definition [3.9] we get
b(th (1) ® ¢ ® T3(1))
= (1) @ O h' @t (1) @ ¢ @ Th(1) + 1 (1) @ (B — h) @ Th(1)
—T(1) ® ¢ @ T (1) @ Oph @ T1,(1)
= () = u(h)
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since O h' = 0 = 9y, h.
(ii) follows from a similar calculation
b(tw (¢) @ Th(a))
= Ty(1) ® Ok @1p(1) @ c® Th(a) + (1) @ (We(a) —a) + (1) @ (B —h) @ Th(1) ® @
—T (1) ® c @ (1) @ Oph ® Th(a) — T (c) @ Th(1) ® Oha
= T (Pe(a)) — th(a) — T (c) @ T (Oha).
The uniqueness is clear. O

It can be shown that this homotopy is an equivalence relation [25,[9]. In fact, the equality
in Lemma [3T0(i) means that tj,(h) and Tt/ (R") are homotopic as coalgebra morphisms from
k to TA. More precisely, we have

Proposition 3.11. Let A be an As-algebra.

(i) If h, W € A are twisting elements that are homotopic through ¢, then . is a cochain
map from (A,0r) to (A, 0y ), i.e., Yoo Oy = Opr 0.

(i1) If b € A is another twsiting element and b/, h" are homotopic through ¢, then h,h”
are homotopic through

/" / " "o o /
d'=c+d+ g brystera(h”y ... R R R e by h).
=0 N—— —— N —
T8,t2 r times s times t times

(iii) Under the above condition, o o Y. and Pper: (A,0n) — (A,0nr) are homotopic
cochain maps.

Proof: (i) We use Lemma B.10(ii) in two ways. Applying b on the formula, we get
b(Th/(C) ® Th(aha)) = Th/(ahllbc(a)) - Th(aha).
On the other hand, replacing a by Ja in the same formula, we get
b(tp (¢) ® Th(Opa)) = Th (Pe(Opa)) — Th(0Opa).
Therefore P, 0 0y, = Oy 0P, on A.
(i) First, we calculate
b(ThH(l) & C, & Th/(l) ®Xc® Th(l))
= (1) @ (h" = h) @ (1) @ c® (1) — T (1) @ ¢ @ T (1) @ (B — h) @ (1)
+Th//(1) & (C” — C — C,) & Th(l)
= Th//(l) X C// (039 Th(l) — Th/(l) X Th(l) — Th//(l) & C/ &® Th/(l).
Applying b to both sides and using Lemma B.T0(i), we get
b(th (1) @ ¢ @ 14(1)) = (T (1) — i (h)) + (Thr (B") — T (B)) = T (B") — i ().
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The result follows from Lemma B.I0[i).
(iii) A similar calculation shows that, for any a € A,
b(ThH(C/) & ’th/(c) & Th(a)) + ’l'h//(c/) & Th/(C) & Th(c‘)ha)
= () @ th(a) — tw(c) @ Th(a) — Thr () @ T (We(a)) + Thr (B o(a),
where the map VP .: A — A is defined by
a€ A bucla)= > bryerys(h’,.. 0N W e b, ha).
N —_— —_——  N——

78,620 r times s times t times

Applying b to the above, we get, after simplifying and using (i), the desired relation

Yo (Pe(a)) —per(a) = 8h”1|)0’70(a) + 1I)c’,c(aha)-
O

Corollary 3.12. Let A be an Aso-algebra and h,h' € A, two twisting elements that are
homotopic through c. Then

(i) Vo: A — A induces an isomorphism (V¢).: Hp(A) — Hp (A);

(i1) if B is another twisting element and ', h" are homotopic through ¢, then there is a
commutative diagram
(A

)
(ll)c/)*
\

Hy(A),

o).
/

Hp(A)

(q)c”)*
where ' is given by Proposition [Z11l(i).

Proof: As in [9], ¢ can be chosen such that ¢ in Proposition B.I1](ii) vanishes. By Proposi-
tion [B.11N(iii), W, induces an isomorphism (P.).: Hy(A) — Hp/(A) with inverse (Po).. The
rest follows. O

3.4. Morphisms on homotopic twisting elements. Let A be an A,,-algebra. Suppose
I, h € A satisfy the relation

, _ _
h—h:Zbr+1+t(h/7--'>h/7cah7"'>h)
7,t20 r times t times

for some ¢ € A (cf. Definition B.9] but h,h’ need not be twisting elements). Let f: A — B
be a morphism of A..-algebras. We set
Fr = f, W,...,W,c,h,...,h
(€)= D franl ¢ )
r¢20 r times t times
and define a map Fy/ p(c,-): A — A by
a€ A— Fpp(ca) = f, W,....,h,c,h,... ha).
(e, a) = > frpigal )

r,t20 r times t times
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Lemma 3.13. (i) In the above notations, we have the identities
F(t2(1) @ c® i (1)) = T%u) ® Frn(c) @ T8, gy (1).
(ii) For any a € A, we have
F(th(c) ® 4 (a)) = T%(Fh',h(c)) ® TE, 1y (Fa(a)) + T%(Fh',h(ca a)).
Proof: (i) Following the proof of Lemma [3.6, we get

F(t2(1) @ c® 1)) (1))
= oo W, )@ f (0, 0) @ Fiy e (W B e Ry ) @
N—— N—_—— —— N —

r>0;10,...,0r>0

150: Jo. 120 i, times i1 times 1o times jo times
@fj (h,...,h) @---@fj,(h,...,h
e ) ()
j1 times Jt times
= > Fu(@) @ @ Fp (W) @ Fpp(c) @ Fr(h) ® -+ @ Fy(h)
r,t>0 r times t times

= T%(l) ® Frrn(c) ® lergh(h)(l)-
(ii) can be proved by a similar calculation. O

Theorem 3.14. Let f: A — B be a morphism of Ay -algebras. Suppose h,h' € A are
twisting elements that are homotopic through c. Then

(i) Fr(h),Fp:(R') € B are twisting elements that are homotopic through Fp p(c);
(ii) the diagram

.Ll)A
(4,07 - (A, 95))
Fh Fh’
(B, 98,0) — (B 98, ()
FFpr p(0)

commutes up to a cochain homotopy.
Proof: (i) Applying F to the formula in Lemma [310(i) and using Lemma [B13(i), we get

T, ) (Fe (W) = TF, gy (Fa(R)) = F(b™ (tj5(1) ® ¢ @ 13(1)))
= bP(F(ty(1) ® c® 13} (1))) = b7 (TE 1) (1) © Fa () @ TE, 1 (1)).
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The result is then proved by using Lemma [B.10(i) again.
(ii) Applying F to the formula in Lemma B.10{(ii) and using Lemma BI3(ii), we get

TFh,(h’)(Fh’ (Wi'(a))) — TF,L(h (Fn(a))
= b (T () (Fr () @ TE, 1y (Fa(@)) + T, 1y (Far n(c; @)))
T8, 4y (Fr (€)@ T, 4y (Fr(0ra)) + TE () (Fir (e, Ona))
= bP(TE () (Fwn(0)) @ T8, () (F(@)) + T8, (1) (O, ) P ()
T8, 4y (O, () Frr (¢, @) + Fie (e, Opa)).
On the other hand, applying Lemma B.I0(ii) to B, we get
Tgh/(h’)(d’gh/’h(c)(Fh(a))) - TJFB,L(h)(Fh(G))
= b” (Tgh,(h/)(':h',h(c)) ® TJFB,L(h)(Fh(G))) + Tgh, ) (Frrn(c)) ® TJFBh(h) (OF,(n) Fr(a))-
Comparing the two calculations and by the injectivity of TE} () We have
Fr (Wi (a)) — VE, (o (Fr(@) = O, (w)Fan(e,a) + Fi p(c, Ona),
which establishes the desired homotopy through Fp p(c, ). ([l
3.5. Homomorphisms on cohomology induced by homotopic morphisms. Suppose
{f,} and {g,} are two A.-morphisms from A to B that are homotopic through {h,}. In

terms of graded differential coalgebras, F,G: TA — TB are homotopic through H. For
he A, let H,: A — B be a map defined by

CLEA'—>Hh Zhn_H )

n times

Lemma 3.15. (i) If h € A, then
HETA () = T2o(1) © Hi(h) @ <L,y (1),
(ii) In addition, for any a € A,

H(Tf () = T2 (Ha(a)) + T (i (1) © T, (Fa(a).

Proof: (i) follows from a direct calculation

H(ty (h)

= Y gi(h... W@ @g(h...,h)@hy(h,....h)@F;(h,....B) @ @F,(h,..., ]
r,t>0,s>0 L L . . oy

21 times 2 times s times times times

1,0 >0 1 T J1 Jt
J15e-,3t>0

= > Gu(h) ® -+ ®Gu(h) ®Hu(h) @ Fp(h) @ -+ @ Fy(h)
r,t>0

r times t times

= TgTh)(l) ® Hp(h) @ TE, ) (1).
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The proof of (ii) is similar. O
Theorem 3.16. Suppose {f,,}, {gn} are two As-morphisms from A to B that are homotopic
through {h,}. Let h be a twisting element in A. Then

(1) Fr(h), Gp(h) are twisting elements in B that are homotopic through Hp(h) € B;

(i3) Wu,n) © Fn and Gp: (A,0n) — (B,0g,n)) are two maps of cochain complezes that
are homotopic.
Proof. (i) Applying G — F = bP% o H + H o b? to 1{}(h) € TA and using Lemma BI5(i), we
get,

T (Gn(h) — T (Fa(h)) = BE(H(TA () + HA (T (h)))
= bB(Tgh(h)(l) ® Hp(h) ® T]th(h)(l))-
The result then follows from Lemma B.I0(i).
(ii) Applying the same formula to Ti\(a) € TA (a € A) and using Lemma BI5(ii), we get
¢, (1) (Gn(a)) = TE, 4y (Fa(a))
— BP(eE, gy (Hn (@) + 2, (H(1) & T, 1 (Fa (@) + H(Ti (D)) + H(b(TA (1))

= b7(TE, () (Ha(h) © TF, (1) (Fr(@))) + T&, oy (Ha(h)) @ b(TE, 1y (Fi(a)))
+7E, (hy (O, () Hi (@) + Hr(ha)).
Therefore
Gp —Wh,n) ©Fr = 0g,(n) o Hr +Hp o O
by the uniqueness in Lemma BI0(ii). O

Corollary 3.17. Under the above conditions, there is a commutative diagram

e A ).
/ \
H, (1) (B) Hg, ) (B).
(Wny, (n))=

3.6. Twisting elements and twisted cohomology of C-algebras. When the A.-
structure is C, there are a number of simplifications. We summarize the results in the
following

Proposition 3.18. Suppose k is a field of characteristic 0.

(i) If A is a Cx-algebra, then any closed element h € A of even degree is a twisting
element.

(ii) If f: A — B is a morphism of Cx-algebras, then Fp(h) = fi(h).

(i1i) If two Coo-algebra morphisms f,g: A — B are homotopic through {h,}, then Hy(h) =
hi(h).
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Proof: This is because by(h) = 0 and

bn(h,...,h):%bn([h®---®h] x [h]) = 0

n times n—1 times

for all n > 2. Similarly, for all n > 2, f,(h,...,h) = 0 and h,(h,...,h) = 0. Therefore
—— —_——

n times n times

Fh(h) = fl(h) and Hh(h) = hl(h) O

4. HIGHER MASSEY PRODUCTS ON THE COHOMOLOGY OF A.,-ALGEBRAS

The triple Massey product [19], was generalized to the context of A-algebras [30]. We
give an explicit construction of the higher Massey products, usually defined for differential
graded algebras [14]21], for A.-algebras. Furthermore, we introduce an equivalence relation
on the set of defining systems under which the Massey product takes the same value in the
cohomology; this clarifies the dependency of the Massey product on the defining systems.
We establish some properties of the Massey products and the naturality under morphisms
of Asc-algebras. Finally, we study the triple and higher Massey products of Cy-algebras.

4.1. Triple Massey product. We first review the definition of the triple Massey product
on the cohomology of an A.-algebra A. Given classes oy, ag, g € H(A), let agy, a2, a23 € A
be their representatives, respectively. Suppose ba(ay, az) = 0 = ba(ag, a3). Then there are
ap2,ai13 S A such that bg(am, alg) = —bl(a(]Q) and bQ(alg, a23) = —bl(alg). If A is a
differential graded algebra, then by(ag1, a13) + ba(agz, azs) would be a cocycle representing
the usual triple Massey product. However, when A is a general A,.-algebra, this expression
is no longer closed. Instead, with a correction term from bg, we define [30]

p(aor, aiz, ags; ape, a13) = ba(ao1, a1z) + ba(ag2, az3) + bs(ao1, a1z, az3).

It is closed since

b1 (1(ao1, a12, azs; aoz, a13))
= ba(ba(ao1, a12), azs) + ba(@or, ba(ai2, azs)) + bibs(aor, a2, azs)
= 0.
Therefore the generalization of the triple Massey product for A,.-algebras should be defined
by the cocycle p(ao1, a1z, ass; a2, a13).

We now study how it depends on the various choices made. First, ag1, a12, a23 can each
differ by a coboundary. Suppose, for example, a}, = a12 + b1(c12) is used instead, then we
can choose af, = ap2 + ba(ao1, c12), aj3 = a13 + ba(c12,a23) and, accordingly, the difference
in the cocycles is

/ o / . _
p(aot, ajg, a23; gy, aq3) — f1(@o1, @12, a23; aoz, a13) = bibs(ao1, 12, ags).
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So the two cocycles represent the same class in H(A). In addition, each of ag, a3 can differ
by a cocycle; this results a difference in ba (a1, H(A)) 4+ ba(H(A), a3) of the class represented
by w(ap1, ai2,ass; agz, a13). We define the triple Massey product (aq, ag,as) as the set of
the cohomology classes which arises from all such choices of ag2,a13. Thus (a1, a9, as) is
an element of H(A)/(ba(car, H(A)) + ba(H(A), a3)).

Finally, we establish the naturality of the triple Massey product. Let f = {f,}: A — B
be a morphism of A,-algebras. If ay,a, a3 € H(A) satisfy bs (a1, a2) = 0 = b (ag, a3),
then 81 = (fi1).a1,02 = (f1)se, 03 = (f1)«as € H(B) satisfy the corresponding rela-
tions bP(B1,32) = 0 = b8 (Ba,33). The latters are represented by by; = fi(ap1),bi2 =
fi(a12),bes = f1(az3) € B, respectively. We can choose byy = fi(ap2) + f2(ap1,a12) and
bis = fi(a13) + f2(ai2, ass). A straightforward calculation shows that

118 (bo1, b1z, bag; boz, biz) = f1 (1™ (ao1, a12, ags; age, a13)).

Thus (81, B2, 33) D (f1)« (a1, a2, a3).

4.2. Matric A-algebras. If A is any vector space over k, we denote by Mat(™ (A) the
set of m x m matrices with components in A. We write @ = (a;j)1<i j<m, Where a;; € A
is the (i, 7)-component of a € Mat (™) (A). Given two vector spaces A and B, we define a
product ®: Mat(™ (4) ® Mat(™ (B) — Mat™ (4 ® B) by

m
(@Ob)y =Y an@by, 1<ij<m,
k=1

where a € Mat™(A) and b € Mat(™(B). This product is associative under the natural
identification of tensor products of vector spaces.

If A is an A-algebra, then Mat(™ (A) has a grading given by Mat(™ (4)? = Mat (™ (AP)
and there is a collection of k-multilinear maps bi™ Mat(™ (4)®" — Mat™(A) (n > 1)
defined by

b (a1,...,an) =bu(a1 © - @ ay),

where ay,...,a, € Mat(™(A) and b, acts on Mat™ (A®") component-wise.

Proposition 4.1. If (A,{b,}) is an As-algebra, then so is (Mat(™ (A), {bslm)}).

Proof: For any aq,...,a, € Mat(m)(A), we have

(m) — 1(m
E br+1+t(a1, .o, Gy, bg )(aﬂ_l, e Q) Qpgsiy ey Q)
rt>0,s>1
r4+s+t=n

= > bp(@ O O Oby(ri1 O O Grgs) O Gppsr1 O O ay),

rt>0,s>1
r+s+t=n

which is zero by Definition 1] since b, acts on Mat("™ (A4) component-wise. O
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Definition 4.2. If (A,{b,}) is an A-algebra, the m x m matric Ax-algebra on A is
(Mat(™(4), {br"}).

More generally, if R is a ring that contains the field k, then we have an A..-algebra
R ®y, A that also has an R-module structure. The maps bZ: (R®y A)®" — R®y A is given
by

bR(ri @ ay,...,rp ®@an) = (r1---10) @bp(ar,. .., an),

where r1,...,7, € R and ay,...,a, € A. The matric A,-algebra is the special case when
R = Mat™ (k).

If f = {f,}: A — B is a morphism of A-algebras, then we define k-multilinear maps
£ (Mat (™ (A))#" — Mat(™(B) for all n > 1 by

f,(Lm)(al, conap) =f(a1 ©--- ©ay),
where a1,...,a, € Mat(m)(A) and f,, acts on Mat(m)(A®") component-wise.
Proposition 4.3. If f = {f,}: A — B is a morphism of As-algebras, then so is f(™) =
{F5 Mat™ (4) — Mat™) (B).
Proof: The proof is similar to that of Proposition 4.1} using Definition O

If f,g: A — B are two morphisms of A.-algebras that are homotopic through h = {h,},
then we can define k-multilinear maps h'™ : (Mat(™ (A))®" — Mat™ (B) for all n > 1 by

thm) (a17 e 7a'n) = hn(afl (ORERNO! an),
where a1, ..., a, € Mat(™(A) and h,, acts on Mat™ (A®") component-wise.

Proposition 4.4. If f,g: A — B are two morphisms of As-algebras that are homotopic
through h = {h,,}, then £ g™ : Mat(™ (A) — Mat™ (B) are homotopic through h(™ =
{hi™}.

Proof: The proof is similar to that of Proposition 1] using Definition 23] O
Let Matgrm)(A) C Mat(™ (A) be the subspace of strictly upper-triangular matrices in A,
that is, @ = (aj;) € MatS:n) (A) if a;; = 0 for all i > j. Since Matgrm)(A) is preserved by the
product ®, we have
Corollary 4.5. (i) If (A, {b,}) is an A -algebra, then so is (Matgrm)(A), {b,(qm)})
(ii) If f = {f,}: A — B is a morphism of Ax-algebras, then so is
Fm) = (£ MatT™ (4) — Mat™(B).

(iii) If f,g: A — B are two morphisms of Ax-algebras that are homotopic through h =
{h,}, then £(m) g(m). MatS:n)(A) — MatS:n)(B) are homotopic through h(™) = {h%m)}.
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If A is a vector space over k, then we regard elements of A®™ = A& ... @ A as column
—_——

m times
vectors and we write € = (2;)1<i<m, where z; € A. If A, B are two vector spaces, there is

a multiplication ®: Mat(™ (4) @ B®™ — (A ® B)®™ from the usual matrix multiplication
on vectors. If a = (a;5) € Mat (™ (A) and @ = (2;)1<i<m € B®", then a © x = (>oi ai ®
Zj)1<i<m- This multiplication satisfies the standard associativity upon natural identification
of tensor products of vector spaces. If A is an A,.-algebra, then A9 is an A.-module over
Mat (™ (A) or Matgrm) (A). If @ € Mat(™ (A) and & € A®™, we write

oo
Oa = an(aQ---Qan),
n=0 n times

where b, acts on the column vectors component-wise.

Lemma 4.6. If a € Mat(™ (A) and & € A®™, let a = (T o) € Mat(™+1) (A). Then
a&d — (&611 B%a:)

n times n times n—1 times
e — —~N = —
Proof: This follows from a® --- ® a = (a®"6®a a®"'§a®m) for any n > 1. O

Finally, using the inclusions
.- C Mat!™(4) ¢ Mat™*+D(4) .- and --- C Mat!™(4) c Mat"™(4) ¢ -+,

we get the A-algebras (Mat(>)(A), {bﬁi’o)}) and (Matsroo)(A), {b,(fo)}) as direct limits. The
results in the section hold also for m = oo.

4.3. Higher Massey products. We generalize the triple Massey product for Ay,-algebras
[30] discussed in §4.1] to higher Massey products of m cohomology classes. We now use
the labeling 0 < 4,5 < m for the components of @ = (a;;) € Mat™*V(A). If a,a’ €

Matgrerl)(A), we write @ ~ a' if a;; = aj; for all i, j except i = 0, j = m. We have a simple

Lemma 4.7. If a,a’ € MatS:nH)(A) and b, b’ € Matgrerl)(B) satisfy a ~ a' and b ~ b/,
thena®b=a ob.

Definition 4.8. Let (A, {b,}) be an A,-algebra and m > 2. The matrix a@ = (a;j)o<i j<m €
Matgrerl)(A) is a defining system for aq,...,am, € H(A) if

(i) Oga = 0; let u(a) = (0ga)om € A;

(ii) each oy (i =1,...,m) is represented by a;_1,; € A, which is closed by (i).

When m = 2, a defining system of a1,as € H(A) is simply a choice of representatives

ap1,a12 € A of ag, s, respectively, and p(ap1,a12) = ba(ap1,ai2) is a cocycle representing
the class ba(agr, a12) € H(A). The case m = 3 is about the triple Massey product discussed
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in 4711 For a general m, the formula is

m
= E E br’(aioil y Aiyigy "t 7a7;'r71i7')'

r=1 0=ip<i;<--<ipr=m

We remark that if a € Mat(m+1)(A) then

g0 = Z b m+1 .,a) € Matgrmﬂ)(A)
n times
can be regarded as the “curvature” of a in the context of (non-associative) As-algebras.
Furthermore, pu(a) = 0 if and only if a is a twisting element of Mat(m+1)(A). In this case,
the equations dq,a = 0 generalizes the Maurer-Cartan equation for flat connections. In
general, applying Corollary B.2(i) to Mat(m+1)(A), we get

Z by 4144 a@ - 0a00,a0a® -®a)=0.

r,t20 r tlmcs t times
This is the non-associative, Ay-algebraic version of the Bianchi identity. (See [14] 22| 2]
for the case of differential graded algebras). Furthermore, by Corollary B.2l(iii), we get

Oadac == ) | br112(@0 - 080 0aa©a0 - Oaoc),
7t2>0 r tlmcs t times
where ¢ can be either in Mat™ ) (A), or in A®(m+1) | This reflects the familiar relation in

geometry between the square of the connection and the curvature.
Proposition 4.9. (i) If a is a defining system of a1, ..., am € H(A), then bi(u(a)) = 0.

(it) If @' is another defining system and @' = a, then pu(a’) — p(a) = by(ag,, — aom) and
hence [u(a)] = [u(a)] € H(A).

Proof: (i) Since dqa ~ 0, by Lemma [L.7] the Bianchi identity reduces to by (dga) = 0 and
hence by (p(a)) = 0.

(ii) is obvious.

Definition 4.10. The (higher) Massey product of the cohomology classes ai,...,q;,, €
H(A) is defined if there is a defining system a of them. The class [u(a)] € H(A) is the
(higher) Massey product of oy, ..., ap, through the defining system a. The (higher) Massey
product of oy, ... ,a, € H(A) is the set (aq,...,an) C H(A) of elements [u(a)], where a
runs over all the defining systems of ay, ..., am,.

We establish a property of the higher Massey product, generalizing the case when A is a
differential graded algebra [14] 22].

Theorem 4.11. Let A be an Ax-algebra. Suppose the Massey product of aq,...,qp, €
H(A) is defined. Then for any v € H(A), the Massey product of &1, - - , @m—1, ba(aum,7y) is
also deﬁned} and <Oé_1, T, Qm—1, 52(am77)> ) _b2(<a17 T ,Oém>,’7).
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Proof: Let a € MatS:nH)(A) be a defining system of a1,...,an. We write a = (¢ g/),
where ay € Matgln)(A) and @’ € A®™. By Lemma [L6 J4,a0 = 0 in Matg_m)(A) and
Day@’ = (”(Oa)) in AP, Let ¢ € kerb; C A be a representative of v and set ¢ = ((c)) €
A®S(MFD) - Then dge = (%,) for some b’ € A®™. Let b = (% g,) € Matgrerl)(A). Then
bi—1;=a—1; fori=1,...,m—1 and by—1,m = ba(@m—1,m,c), which are representatives of
O, -, Om—1, ba(m,y) € H(A), respectively. Using Lemma 6] again, we get

Opb = (3,70061,0 8?b/

since 0 = Jqyap = —0ggag. By Corollary B.2l(iii) and Lemma 4.7, we have

0z0q4C = —52(8,1(1 o C) _ _<b2(ﬂ(a)76)> c A®(m+1)

> = (0 0a0qc)

0
So b is a defining system of @g, . .., @m_1, b2 (m,y) and u(b) = —bs(u(a),c). O
A similar statement can be made for the Massey product of by (5, 1), s, . . ., .

4.4. Homotopy equivalence of defining systems. In Proposition 4.9 we saw that the
cohomology class of u(a) does not depend on the (0, m)-component of a. In fact, it is
invariant under a wider equivalence of the defining systems.

Definition 4.12. Let A be an A, -algebra. Two defining systems a,a’ of ay,...,a,, €
H(A) are homotopic (through c¢) if there is ¢ € MatS:nH)(A) such that

a—a=>) by(@0 - 0decoad - Oa)

r,t>0 r times t times

a and a’ are equivalent if there is ¢ € MatS:nH)(A) such that

o' —ar Y by1(@ 0 0dEcOa0 - Oa)

rt>0 r times t times

Clearly, if a =~ a’ or if @ and a’ are homotopic, then they are equivalent. In fact, this
equivalence is the weakest relation with this property. When m = 3, the equivalence of the
defining systems reflects the ambiguity in defining the triple Massey product in §4.11

Ifac Matgfn—i—l)(A), then the map T&mﬂ): Matgfnﬂ)(A) — TMatimH)(A) was given in
g3.1l We define another map Tq: Matg_mﬂ)(A) — Matg_mﬂ)(TA) by the composition of

T&mﬂ) with the product ®. That is, we have
o0
. (m+1)
Ta: b€ Mat]" "/ (A) = > a0 -0aob.
n=0 n times

Let 14(1) = 1 + T4(a) € MatS:nH)(k @ TA). We recall that b acts on Matgrmﬂ)(TA)
component-wise.
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Lemma 4.13. Let (A, {b,}) be an Ax-algebra.
(i) If a € Mat(m+1)(A) is a defining system, then b oTg = Tg 0 0q 0N Mat(m+1)(A).
(i) Two defining systems a,a’ € Mat(m+1)(A) are homotopic through c if and only if
Ta(a') — Ta(a) = b(1,(1) ® ¢ © 14(1)).

Proof: (i) By Lemma B.I[(i), we have
b(m+1) o Tglm-i-l) _ Tgn-i-l) 09y + T(m+1)(8aa) o Tglm-i-l)‘
Taking the product ®, the second term on the right hand side vanishes by Lemma [£.7] and

we get the result.
(ii) Following the proof of Lemma [B.I0(i), we get

b+ (17 (1) ® c @ 17"V (1))
= 1) @0yd @tV @ cod 1) + (1) @ (@ — a) @ 1d V(1)
—" ) eeoi"MN 1) ® dua @ (D).

Taking the product ®, the first and third terms on the right hand side vanish by Lemma [£7]
since Oqa ~ Oy a’ ~ 0. The result follows. O

Theorem 4.14. If a and a’ € Matgrmﬂ)(A) are two equivalent defining systems, then
[n(a’)] = [n(a)] € H(A).
Proof: By Proposition £9(ii), it suffices to show the result when a and a’ are homotopic.
By Lemma A.T3(i) and Lemma .7} we have

b(te(a)) = 14(0ga) = Oqa.
So, applying b to the formula in Lemma [T3|(ii), we get Oya’ = dqa and p(a’) = p(a). O

4.5. Naturality of the higher Massey products. Given a morphism f = {f,}: A — B
of As-algebras, the induced morphism f("+1) = {f,(LmH)}: Mat(™ D (4) — Mat(™m+1)(B)
of A-algebras determines to a morphism F(™t1): TMat(™+D(4) — TMat™+1)(B) of
coalgebras. For any a,b € Mat(™ 1) (A), we have

Fln Zf (a®--0aob),

n tlmes

which we denote by Fq(b) for short.
Theorem 4.15. Suppose f: A — B of Ax-algebras and m > 2.

(1) If @ = (aij)o<ij<m € Matgrmﬂ)(A) is a defining system of ai,...,c, € H(A), then
Fa(a) € Matgrmﬂ)(B) is a defining system of (f1)xa1, ..., (f1)sam € H(B), and pP(Fq(a)) =
fi(u(a)).
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(i1) If a and @' are two equivalent defining systems, then so are Fg(a) and Fg (a').

Proof: (i) Using Lemma [£.13)i) and following the proof of Theorem B.7|(ii), we have

aFa(a)(Fa(a)) = Fa(0aa).

Since Jga = 0, the right hand side is equal to f;(0qa) ~ 0. Therefore Fq(a) is a defining sys-
tem and pP(Fa(a)) = fi(u4(a)). Next, we note that (Fg(a))i—1; = fi(a;—1,). Since a;_1;
is closed and represents o (for each 1 < i < m), we get b (fi(a;_1,)) = fi(bf!(a;_1,)) =0
and that fi(a;—1,) represents (fi).c.

(ii) First, if @ ~ a/, then Fg(a) ~ Fo/(a’). If a and a’ are homotopic through ¢, then by
the proofs of Lemma B.I3)(i) and Theorem B.14)(i) (which can be adjusted without assuming
twisting elements), we get

Fa(a') — Fg(a)

= > b(Fa(@)© - 0F 4 (@) OF 4 4(c) ©Fa(a) © --- © Fa(a)),
r,t>0

r times t times
where
Faralc) = Z frpi(@ O 0dOcOa® --Oa).
r,t>0 r times t times
By Lemma [I3[(ii), Fe(a) and Fg/(a’) are homotopic through Fg o(c). O

Corollary 4.16. Let f: A — B be a morphism of As-algebras. If the Massey product
of ag ..., € H(A) is defined, then so is that of (f1)«(c1)...,(f1)«(om) € H(B), and
<(f1)*(a1) ey (fl)*(am)> D) (fl)*<041 R ,am>.

This generalizes the naturality of the triple Massey product in §4.11

Recall that there is an A..-structure {b,} on H(A) after choosing the maps p; and q;
(§2.4). When A is a differential graded algebra, it was a folklore that the As-structure on
H(A) gives the Massey products [29, [7, 26 [I7]. The precise statement seems to be a long
standing puzzlel] We now establish the exact relationship in the more general context of
Ao-algebras.

Proposition 4.17. Let A be an Ax-algebra and oy, . .., a,, € H(A). If BJ_i(aiH, ce ) =
0 for any i,j satisfying 0 < i < j <m, j—1i < m, then the Massey product of aq, ..., o,
is defined and by, (o, ..., cm) € (a1, ..., o).

Proof: Notice that H(H(A)) = H(A) as by = 0. Let a € MatS:nH)(H(A)) be given by
a1, =0 (1 <i<m)and o;; = 0if j # i+1. By the assumption, ais a defining system of

3It was claimed in Theorem 3.1 of [I7] that when A is a differential graded algebra, the conclusion of
Proposition IT holds under a weaker assumption that for any j—i < m, the Massey product of ai41,...,q;
is defined and contains 0. We think that the stronger condition Bj,i(owrh ...,a;) =0 as in Propistion E17]
is necessary even when A is a differential graded algebra.
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a1, .. am € HH(A)) = H(A) and g (a) = by, ..., ayy). Tt suffices to show that the
Massey product of aq, ..., ay, is defined and contains ") (a). Applying Theorem EI5(i)
to the quasi-isomorphism q: H(A) — A in §2.4] we get a defining system a = Qq(ax) €
Matg_erl)(A) of [q1(a)] = a; (1 < i < m). More explicitly, a;; = q;j—i(®it1,...,q;) for
0 < i < j < m. Therefore the Massey product of aq,...,q,, is defined. Furthermore,
01 (1) (@) = (@) and hence ;P (q) = (A (a)] € (an, .., ). O

It is clear from the proof that the Massey product of ay, ..., a;, as elements of H(H(A))
through the defining system « is identical to that as elements of H(A) through the defining
system a = Qq ().

Finally, we consider two morphisms f,g: A — B of Ay-algebras that are homotopic
through h. Recall that f(m+1) glm+1). MatS:”H)A — MatS:nH)(B) are morphisms of A-
algebras that are homotopic through h(™+1) . As before, we use Hg(a) to denote

m+1 Zh a0 - )

Theorem 4.18. Suppose f,g: A — B are two morphisms of Ax-algebras that are homo-
topic through h. Let a € Matgrmﬂ)(A) be a defining system of ay ..., an € H(A), where
m > 2. Then Fq(a) and Gg(a) are two equivalent defining systems of (f1)«c; = (81)«; €
H(B) (1 <i<m) and hence define the same Massey product.

Proof: Using Lemma [3.15(i) and following the proof of Theorem B.10(i), we get

TGa(a)(Gal@)) = TF,(a)(Fala))
= b¥(tg a(@) O TE, (@) + H(72 (0aa).

Ga(a)

Since H(t4(0gqa)) = H(dga) ~ 0, the result follows from Lemma EI3(ii) and Theorem ZI4l
O

4.6. Massey products on the cohomology of C..-algebras. Let (A,{b,}) be a Cu-
algebra. We consider first the triple Massey product (§4.1]). Let oy, a9, a3 € H(A) and let
ao1,a12,a23 € A be their representatives, respectively. Suppose ba(ay,as) = ba(ao, a3) =
ba(as, 1) = 0. Then there exist agg,a13,ah; € A such that by(agy,a12) = —bi(ags),
bQ(alg,CLQg) = —bl(alg) and bQ(CLQg, a01) = —bl(a’zl). Recall that

(1 ® ag] M az = ay ® ag ® az + (~D)1%la; © a3 © ag + (—1)laHezbleslg, @ o) @ ay;

the same formula can be written for [ag; ® a12] X as3. We can check, using by(A x A) =0
and b3([A ® A] x A) =0, that

((aon, ara, ags; agg, arz) +(—1)1921193 (agy ) ags, ara; (—1)1lleslaly, | (—1)lezllasly, )

+(—=1)lealHezDlasl (g5 a0y, aro; dhy, age) = 0.
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Consequently, we have
0 € (a1, 0, a3) + (—1)*213(ay, ag, ag) + (—1) Il He2Dlosliag 0y ay).
Similarly, corresponding to a; X [ ® as], we have

0 € (a1, an, ag) + (—1)ll2l(ay a1, ag) + (—1)le2lFlesDlenliay oy, an).
We now consider higher Massey products. Recall the notations S, , and e(o) in §2.31

Proposition 4.19. Let A be a C-algebra and let o, . .., € H(A). Fizr < m. Suppose
foranyo € S, and any i, j =0,...,m with0 < j—i < m, we have Bj_i(aa(,qu), e Qg(g)) =
0. Then the Massey product of a1y, - .-, Qy(m) i defined for any o € S, and we have

0€ > (1 () s Aopmy).

O’GST,m

Proof: By Proposition B.I7] the assumption implies that for any o € S,,,, the Massey
product of ag(1), ..., Qg(m) is defined and Bm(ag(l), o Q(m)) € (Qg(1)s- -+ Ag(m))- Since
(H(A),{b,}) is a Cwo-algebra [5], we have

0= Y (=1 bmlasa)- s (m)

UESr,m

and the result follows. O

5. SPECTRAL SEQUENCE AND HIGHER MASSEY PRODUCTS

5.1. A spectral sequence for the twisted cohomology. So far, the A, -algebra A is
either Z- or Zy-graded. In both cases, we write A = A° ® A!, where A°, Al are the even,
odd parts of A, respectively. Here k means the integer k modulo 2. If h € A0 s a twisting
element, then the twisted differential 0, : AF — AFFT defines a Zo-graded cochain complex
(A°®,0p) and the twisted cohomology Hp(A) is always Zo-graded.

We now assume that A is Z-graded, ie., A = @, AR If the degree of the twisting
element h is non-negative, then both the component hg in A° and the positive-degree part
h — hg are twisting elements. The twisted cohomology groups defined by hg and by h — hg
behave very differently (see [20] for the case of twisted de Rham comple:é). We now assume
ho = 0, i.e., the twisting element h has positive degree. Denote the twisted differential 0y,

on A by d. Then there is a natural filtration F of the Zs-graded cochain complex (A°®,d)
given by FPA = P2 A", or
FPAb= P A

n=
n>p
n=k mod 2

“In geometry, Oy is a superconnection while 9y, is a usual connection, as s~ 'ho is of degree 1.
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(see [27, [T}, 20, [16] when A is the de Rham complex). The graded components are Gr? A =
AP or
AP, if p =k mod 2,

p Ak _
GYA_{O, if p # k mod 2.

Lemma 5.1. There is a spectral sequence {EX?,d,} converging to twisted cohomology Hy,(A).
Moreover,

(i) EPY =0 for any p € Z and r > 0;
(ii) d, = 0 if r is even;

(iii) Egg = Egé 41 for any p € Z and m > 1.

m

(iv) B = EE° = HP(A).

Proof: The filtration is clearly exhaustive and weakly convergent. By Theorem 3.2 of [23],
the corresponding spectral sequence converges to the twisted cohomology group.

(i) EF' =0 for all r > 0 since EL' = GrPAPHL = 0.

(i) If 7 is even, then either g or ¢ — 7 + 1 is odd. So d,: EF? — EPT47"t ig yero,

(iii) follows from (ii).

(iv) We have EP° = E2Y = AP and d: AP — APt! s the (untwisted) differential & = b;.
So Ego = HP(A) and the rest follows from (iii). O

We postpone the discussion on the general d, to §5.3l Instead, generalizing the work
on the twisted de Rham complex [27. [I], we describe the differentials d3 and d5 when A is
an As.-algebra. For simplicity, we assume that the twisting element h is of homogeneous
degree 2 (corresponding a closed 3-form for the de Rham complex). Then by, (h,...,h) =0

H‘,—/
_ n times
for any n > 1. Any element of Ego is a class [z] € HP(A) represented by a closed element
x € AP, ie., by(x) = 0. The map d3 is given by ds[z] = [ba(h,x)]. It is easy to check
that by(h, z) is closed (since h and x both are) and the class [ba(h, )] € HP*3(A) does not
depend on the choice of the representative of [z].

If dsfz] = [0], i.e., ba(h,x) = —by(z') for some 2’ € AP*2, then [z] represents a class
[z]5 € Effo = Eé’o. When A is a differential graded algebra, then ds[z]s = [ba(h,2’)]5 (see
[27, 1] for the case of de Rham complex). But for a general A-algebra, we claim that
ds[z]5 = [b2(h,z") 4+ bs(h, h,z)]5. Note that ba(h,z") + bs(h, h,z) = u(h, h,z;0,2") is closed

and represents a class in the triple Massey product ([h], [h], [z]). Furthermore,
b2(h7 b2(h7 33‘/) + b3(h7 h7 33‘)) = _bl(b3(h7 h7 33‘/) + b4(h7 hv hv :E))

is zero in E§+7’6 and hence [ba(h,z’) + bs(h, h,z)] € HPT5(A) = E§+5’6 indeed descends to

3.0 — E§+5’0. We note that x’ is not unique; we can add an arbitrary closed

a class in EY
element to 2’. Yet the freedom in 2’ does not exhaust all the defining systems of [h], [h], [x].

This results in a smaller ambiguity of the triple Massey product in ba([h], H(A)) (rather
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than by ([h], H(A)) + ba(H(A), [z]) as in §&T]). Happily, it is the subspace ba([h], H(A)) that
descends to zero in By = Fs.

5.2. Twisting elements and matric A-algebras. We continue to assume that A is
a Z-graded A..-algebra and has the filtration given in §5.I1 If @ € A is an element of

positive, even degree, we write a = ag + a4 + ag + - - -, where ag; € A%. We define a™ =
(@ij)o<i,j<m—1 € Matgrm) (A) as the strictly upper-triangular matrix given by a;; = ay(;_;) if
i < j. Likewise, if x € FPAP, we write © = x, + pt2 + - -+, where 2,49, € APT2E (5 > 0).
We define a column vector mﬁ,”” = (Tp_a(m—i—1))o<i<m—1 € A®™. In components, we have
0 a2 a4 - azm-4 G2m-2 Tp42m—2
0 a2 - azm-6 a2m-14 Tp+2m—4
a™ = : : , acg”) = :
a2 aq Lp44
0 as Tp+2
0 Tp

We denote the zero matrix and the zero vector by 0™ and Oém), respectively.

Given two graded Z-graded vector spaces A, B and two elements a € AG, b € BO of
positive degrees, then for each m > 2, the matrix that corresponds to a ® b € (A ® B)ﬁ
is a(™ © p™), Similarly, if z € FPBP, then for each m > 2, a ® x determines the column
vectors a(™ © wl(,m) € (A® B)¥™. Finally, by taking a direct limit, we can define a®) and
mﬁ?") with similar properties.

Lemma 5.2. Let A be an Ax-algebra. If h € A0 s of positive degree and x € FPAP,
y € FPH1APTL then

) Ont =Y € if and only if O, myxp = =1y,.1. In particular, Oz =y if an
) 0 FP2m LA Gf and only if Oyemay” =y I cular, O f and
only if Op(m) wém) = ygjz)l for all m > 2.

(ii) Oph € FPH2mH+L A if and only if 3h(m)h(m) = 0™ In particular, h is a twisting

element in A if and only if R"™ is one in Matg_m)(A) for any m > 2.

Proof: (i) If Opx —y € FPT2m+1 A by comparing the homogeneous components of d,z and
yin APTL @ APT3 @ ... @ APT27~1 e get, for each i = 1,...,m,

Z Z br(hgil, e ,h2i7,71 s 517p+2ir) =0.

r=1 d1,.0r21
i1+t =i

These equalities are equivalent to dj,m) :cém) = ygjz)l. The rest is straightforward.

(ii) is proved similarly. O

Combining Lemmas and 0.2 we get

0 - L. — (m) (m)
Corollary 5.3. Suppose h € A° is of positive degree and x € FPAP. Then (ho “67’ ) €

Matgrmﬂ)(A) is a defining system if and only if Oph € F?™ A and Opx € FPH2m—1A. In
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this case, the component of Opx in APT?m~1 s

B(m) m(m)
(Ohx)prom—1 = N< 0 Op >

. (m) glm)y _ . .
In particular, (ho mé’ ) is a twisting element if and only if Oph € F*™ LA and Opx €

Fp+2m+1A,

5.3. Higher differentials and higher Massey products. Let A be an A-algebra and
h € A, a twisting element of positive degree. With the filtration FPA defined in §5.1], we
recall that Gr? A = AP and the results in Lemma 5.1 We apply the Appendix on spectral
sequences to the Zo- graded setting of twisted differential. We want to describe the spaces

0 +2m+1,0
B2m+1 C Zypy1 C AP, 2m+1 = 2m+1/B2m+1 and the maps dgp41: E2m+1 By

for all m > 0.
Theorem 5.4. Let x € AP. Then

(i) xp € Zﬁ’,onﬂ if and only if there exists * = xp + Tppo + -+ + xp+2m 2, where Tpyo; €

. (m
AP+20 (0 < i < m), such that Oy (m) ac]g, m) — OI(,JF)I, or equivalently, (h( ) T ) S Mat(m+1)(A)
is a twisting element. In this case, 0 € ([ha], ..., [ha], [zp]).
—_——
m—1 times
(i1) x) € ngwl if and only if there exists y = Yp—om+1 + Yp—2m+3 + -+ + Yp—1, where
. €T

Yp—2it1 € APTHTL (0 < i < m), such that Op,(m) y;@QmH = (O(Tfl) >, or equivalently,

(m) ,,(m) . .
(’B ) e Matg_mﬂ)(A) is a defining system (of [ha],...,[h2], [Yp—2m+1]) and x, =
_,_/
m—1 times
(h(m) yém)), In this case, x, € (ha, ..., ho, Yp—2m+1)-
0 0 » &p ) ) y Yp—2m

m—1 times
(111) Suppose x, € Zggm represents a class [Tp|am+1 € Eggwl. Let x be given by (i) and

~ . . Zp+2m+1
let & = x + Tprom with any choice of Tprom € APT?™. Then ah(mﬁ)azé D= ( ’ o) > for
P

(m+1) 7(m+1) .
some zpromi1 € APTETLor equivalently, (h zp o) e Matg_er )(A) is a defining sys-
R(m+1) g(m+1)
tem (of [hal, ..., [ha], [xp]). Furthermore, zpiomy1 = (", — *% ) € APY2HL descends
————
m times B
to a class in Eg;infﬂ’o which is equal to dom11[Tpl2m+1-

Proof: (i) By the description of ZP? in the Appendix, x, € Z;Onﬂ if and only if there is
T=Tp+Tp2+ -+ Tprom—2 € AP D APT2 g ... @ APT2m=2 guch that dx € FPH2mtl g
The rest follows from Lemma [5.2(i) and Corollary (5.3
(ii) By the description of B?? in the Appendix, Ty € B2m 41 if and only if there is y =
Yp—2m+1+tYp—2mist- - +yp_1 € APT2MTLG AP=2mE3 .. g AP~L quch that dy—z, € FPT3A.
The rest follows from Lemma [5.2(i) and Corollary [(5.3]
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(iii) By the description of d, in the Appendix, dom+1[Tplam+1 is represented by zpiom41 €
Zg:;i"fﬂ’o C APTImHL gquch that di — zpjom+1 € FPT2™T3A. The rest follows from
Lemma [5.2)(i) and Corollary (5.3 O

Given z, in Theorem [5.4](i), the element z satisfying the condition is not unique. As in
§5.1], this freedom does not exhaust all the defining systems of [hs], ..., [ha], [z,]. Let z,+2’,
—_——

m—1 times

/
p+2(m—1)’
A / / / p+2m .
where & = xp + 2’ + 2,9, for some z, ., € A . Then the difference

R(m+1) i;(wwrl))
7

/_ / DY
where 2’ =z, o+ -+ 0 0

be another choice and let 2, 5,1 = (

/ h(m+1) i;/,,(m—i—l) . iig)m—i-l)
Zptom+1 T Fp+2mtl = M

0 0

(™) w’(m)
= M< 0 6’+2> + b1(2) 4 0m — Tp+am)

descends to an element in the image of da;,—1 which is a Massey product of [ha], ..., [ha], [2},, 2 —
—_——
m—2 times
Zpy2]. Therefore the class in Es,, = Eog;41 remains the same. This generalizes the discus-
sion on the special case (m = 2) on d; and the triple Massey product in §5.11

We also remark that the elements z,,2,. .., Zp19(m—1) chosen in Theorem [5.4] for a given
m > 1 can not be used recursively without correction for higher values of m. This phe-
nomenon already appeared in the special case when A is the de Rham complex [16]. We
now illustrate this fact for general A-algebras in a more concise way. Suppose the el-
ement x, in Theorem [5.4(i) is actually in Zg?n 13, then doyq1[7p]2my1 given by Theo-
rem [5.4(iii) is zero in Eg:gi"f“’o, i.e., Zptomt+1 € Bg:gi"f“’o. By Theorem [E.4)(ii), there

exists ¥ = Yo + Ypia T 0 F Ypioy, Where y o € AP+20 (1 < i < m) such that
1(m) - Zp+2m+1
8h(m) Ypio = < Oé’fﬁ;” > Therefore

1(m)
8h(m+1) <53§)m+1) _ <y1(7)+2>) _ Oén.:—li_l).
p

Thus when m increases by 1, the element x in Theorem [5.4(i) should be replaced by

T+ Tprom — Y = p + (Tpr2 = Ypio) T+ (Tpram — Yprom)-

5.4. Naturality of the spectral sequence. If f: A — B is a morphism of A,.-algebras
and h € Ais a twisting element, then so is Fy(h) € B and there is an induced homomorphism
(Fn)«: Hp(A) — Hg, (1)(B). We want to describe explicitly the induced morphism of the
spectral sequences. If & is of homogeneous degree 2 as in the example in §&.T]and if f is strict,
then Fp(h) = f1(h) € B is of homogeneous degree 2 as well. In this case, the morphism of
spectral sequences is induced by f1. It is easy to see, using the explicit formulas of d3 and
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d5 in m that
(fi)s0df =d¥ o (f)s, (fi)sodf =df o (f1)..

In the general situation, we have

Proposition 5.5. If f: A — B is a morphism of Ax-algebras and h € A is a twisting
element, then the cochain map Fj,: (A,d4) — (B,d?), where d* = 0, and d® = OF, (h)
is a morphism of filtered cochain complexes and hence there is a morphism of the spectral
sequences (AEP?, d4) — (BEPY dB). For all m > 0, the homomorphisms (f1),: AESEnH —
BE§&+1 are induced by f1: A — B and (f1)s 0 dé“mJrl = d2Berl o (f1)«. In particular, we have
(f1)x: ApPY _, BEEO,

Proof: The cochain map Fj, clearly preserve the filtrations. On the graded components
GrP A = AP it is simply f;: AP — BP. The rest is self-evident by the discussion of naturality
in the Appendix. d

The result that the morphism of the spectral sequence is induced by f; alone is consistent
with the naturality of the higher Massey products in §4.5. We note that AEPY are the
graded components of HZ(A). Although the homomorphisms on E., depend solely on fi,
the induced map (Fp,)«: Hp(A) — Hg, ) (B) does depend on all f,, for n > 1.

We apply Proposition to a number of cases.

First, suppose q: H(A) — A is the quasi-isomorphism in §241 Denote by (EF?,d,) the
spectral sequence associated to the Z-graded A..-algebra H(A). Since b; = 0, we have
B = BP0 = EPY — EPY — HP(A). The map q;: EF’ = HP(A) — EY = AP is a quasi-
isomorphism of cochain complexes and hence the induced homomorphisms (q1)«: EP
EPY are the identity maps for all » > 2. With the relation between the higher differentials
and the higher Massey products (Theorem [5.4{(iii)), this is consistent with the relation of
(higher) Massey products with the A.o-structure on H(A) (Proposition [£17]).

Next, if as in §3.3 h,h' € A are two twisting elements that are homotopic through c,
then by Proposition B.I1(i) and Corollary B.I2)(i), there is a cochain map P.: (A, ) —
(A, Op), which preserves the filtration on A. Moreover, . is the identity map on the
graded components. So the induced isomorphism identifies the two spectral sequences
(EP1d,) = (EP,d.), which converge to Hy(A) and Hy/(A), respectively. We note that
although Hj(A) and Hy/(A) have identical graded components, the isomorphism between
the total spaces is induced by V., not the identity map.

Finally, if f,g: A — B are two morphisms of A..-algebras that are homotopic through
h, then f1,g1: A — B are cochain maps that are homotopic through h;. Consequently, the
morphisms on the spectral sequence “EP? induced by f and g are identical when r > 2.
This is consistent with Theorem and Corollary [3.17] since Yy, () induces the identity

isomorphism on spectral sequences.
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APPENDIX. SPECTRAL SEQUENCES

We summarize some aspects of spectral sequences used in Section 5. We refer the readers
to numerous discussions in the literature (for example [4, 23]) although the version we
present here is somewhat different. We will treat the cohomological spectral sequences only
as the homological ones are parallel.

Let (C*,d) be a (Z-graded) cochain complex with a filtration F, that is, we have a
descending d-invariant sequence

~.DFPC* DO FPFIC® o ...

and thus each (FPC®,d) is a cochain complex. Let Gr?C*® = FPC®/FPT1C*® be the graded
components; each Gr’C*® = FPC*®/FPT1C*® is also a cochain complex whose coboundary
operator will also be denoted by d. Let

Z;?q — FrCPtan d—l(Fp+GC+q+1)’ qu — FPCPtan d(Fp—rJrleJrq—l)
(which are usually denoted by ZF?, BY respectively) and
EP = ZP9/ (BP9 + ZET.
Then the coboundary operator d induces the higher differentials d,.: EFY — EFT™7 ! with
d? = 0, and EP!, is the cohomology of (Ef?,d,). The filtration is exhaustive and weakly
convergent, then the spectral sequence converges to the cohomology groups (cf. Theorem 3.2
of [23]).
We reserve the notations ZF?, BP? for the new spaces
ZPt = 7P Z7E T BRY = BRY/(BRN 27,
Then EF? = ZFP?/BE?. There are natural isomorphisms (through which we identify)
7P = {x € GrPCP'?|3F € FPCPY? such that 2 = & + FPTICPYY, di € FPiropratly
and
BP? = {z € GrPCP™ |35 € FP~" "1 CPT471 such that dj € FPCPYY, ¢ = djj + FPHCPTa}.

For example, Z§? = GrPCP*4, BI? = 0 and Ef? = Gr?CP"? whereas

77 = ker(d: GrPCPTe — GrPCPTITY) BY = im(d: GrPCPTT! — GrPOPHY)
and EY? = HPTI(GrPC*®,d) as expected. We have a sequence of inclusions

0=B'c---cBMcBM c-..czlM, czrc.. Ccz=GPCPr.
Finally, if the filtration is weakly convergent, then
7P = {x € GrPCPT|3z € FPCPY? such that 2 = 7 + FPHLCPYY di = 0},
BPY = {x € GrPCP* |35 € CPT97! such that dj € FPCPTI, & = djj 4+ FPTiCPHa},

and E5 = Z5/B5 are the graded components of the cohomology groups H(C*®,d).
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We now describe the higher differentials d,: EP?Y — EPT™" 1 If 4 class [x] € EM! =
ZF1/BM is represented by x € ZF? c GrPCPT4, choose a lifting & € FPCPT? of z. Then
di € FPtrCPtatl and we denote by z € GrPT"CPtet! its graded component. In fact,
z € ZPT (since if we choose Z = dZ, then dZ = 0 € FPT2rCP+a+2) and d, is given by

dr[a:] — [Z] c Ef”’q_"ﬂ,

We check that the result is independent of the choices made. If ¥’ € GrPCP™Y is another
lifting of x, then &' —% € FPH1CP+4 and d(#' ) € FPH"CP+9+1, Since the graded component
2 € GrPtCPT4 of dF differs from z by an element in BYT97" 1 they descend to the same
class in EPT"97""1 On the other hand, if [r] =0 or x € BF?, then we can choose T = dy,
where § € FP~"+1CPT4=1 Thus z = dZ = 0 and d,[z] = 0, which is required by consistency.

Let (C'*,d") be another (Z-graded) cochain complex with a filtration, also denoted by
F. Suppose f: (C*,d) — (C',d’) is a morphism of filtered cochains, i.e., fod = d of
and f: FPC®* — FPC’®. Then there is an induced morphism of the associated spectral
sequences (FF d,) — (EP?,d") (see, for example, Theorem 3.5 of [23]). More concretely,
induces cochain maps (using the same notation) f: Gr?C*®* — GrPC’®. It can be shown that
f(ZP%) c Z", f(BP?) ¢ B! and hences f induces a map f,: EFY — E?. Furthermore, we
have f, od, = d/. of,, which can also be seen from the above explicit description of d,.. This
gives a morphism between the two spectral sequences.
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