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Abstract. In this paper, we discuss a relationship between representation theory of
graded self-injective algebras and that of algebras of finite global dimension. For a positively graded self-injective algebra A such that A0 has finite global dimension, we construct
two types of triangle-equivalences. First we show that there exists a triangle-equivalence
between the stable category of Z-graded A-modules and the derived category of a certain
algebra Γ of finite global dimension. Secondly we show that if A has Gorenstein parameter ℓ, then there exists a triangle-equivalence between the stable category of Z/ℓZ-graded
A-modules and a derived-orbit category of Γ, which is a triangulated hull of the orbit
category of the derived category.
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1. Introduction
The notion of triangulated categories was introduced by A. Grothendieck and J. L.
Verdier in their work of derived categories. It appears in several parts of mathematics, for
example, representation theory, algebraic geometry and algebraic topology. In representation theory of algebras, there are many important triangulated categories. In this paper,
we study two major classes of triangulated categories, i.e. derived categories and stable
categories.
The derived category of an abelian category is a powerful tool which simplifies the study
of homological properties of the abelian category. In representation theory of algebras, the
notion of derived equivalences is important since it preserves a lot of homological properties
of algebras. Moreover the derived category connects representation theory of algebras with
various parts of mathematics, for example, algebraic geometry and mathematical physics.
In 1980s D. Happel introduced a different kind of triangulated categories in [Ha1]. He
showed that the stable category of a Frobenius category has a natural structure of a triangulated category. These triangulated categories are called algebraic. A typical example is
given by self-injective algebras. The category mod A of modules over a self-injective algebra
A is a Frobenius category, so the stable category modA is an algebraic triangulated category. Therefore we can study mod A by applying general theory of algebraic triangulated
categories.
There is an important relationship between the stable categories of self-injective algebras
and the derived categories of algebras. Happel studied their relationship from the following
viewpoint. For any algebra Λ over a field K, one can associate the trivial extension A =
Λ ⊕ DΛ where D is K-dual. This is a positively graded self-injective algebra with A0 = Λ
and A1 = DΛ. He showed that if Λ has finite global dimension, then there exists a
triangle-equivalence
(1.1)

modZ A ≃ Db (mod Λ)

where modZ A is the stable category of the category of Z-graded A-modules, and Db (mod Λ)
is the bounded derived category of mod Λ. This equivalence played an important role in
representation theory. Although these algebras Λ and A are quite different from homological viewpoint, their representation theories are closely related.
The first aim of this paper is to generalize Happel’s equivalence. From Happel’s result
it is natural to ask the following question.
Question 1.1. Let A be a Z-graded self-injective algebra. When is the stable category
modZ A triangle-equivalent to the derived category Db (mod Λ) for some algebra Λ ?
Our approach to this question is to apply the notion of tilting objects (Definition 2.9) and
tilting theorem (Theorem 2.11). If a Krull-Schmidt algebraic triangulated category T has a
tilting object T , then T is triangle-equivalent to the homotopy category Kb (proj EndT (T ))
of bounded complexes of finitely generated projective EndT (T )-modules.
Moreover it is well-known that if an algebra Λ has finite global dimension, then the
canonical embedding Kb (proj Λ) → Db (mod Λ) is an equivalence. These observations tell
us that it is reasonable to divide Question 1.1 into the following questions.
Question 1.2. Let A be a Z-graded self-injective algebra.
(1) When does the stable category modZ A have tilting objects ?
(2) If modZ A has tilting objects, do their endomorphism algebras have finite global
dimension ?
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The following first main result in this paper gives a complete answer to Questions 1.1
and 1.2 for the positively graded case.
Theorem 1.3 (Theorem 3.1, 3.10). Let A be a positively graded self-injective algebra. The
following conditions are equivalent.
(1) A0 has finite global dimension.
(2) modZ A has tilting objects.
(3) There exists a triangle-equivalence modZ A ≃ Kb (projΛ) for some algebra Λ.
(4) There exists a triangle-equivalence modZ A ≃ Db (modΛ) for some algebra Λ.
If A satisfies these equivalent conditions, then any algebra Λ in (3) has finite global dimension.
Applying Theorem 1.3 to the trivial extension A of Λ, we recover Happel’s equivalence
(1.1).
The second aim of this paper is to study the stable categories modZ/aZ A for positively
graded self-injective algebras A and positive integers a. The category modZ/aZ A, especially
modA for the case a = 1, is a classical object in representation theory. The category
modZ A has the grade shift functor (a) : modZ A → modZ A. We have a fully faithful
functor (modZ A)/(a) → modZ/aZ A where (modZ A)/(a) is the orbit category. This is not
an equivalence in general, and their difference has been widely studied. At least the image
of this functor generates modZ/aZ A as a triangulated category. These observations suggest
that modZ/aZ A will be triangle-equivalent to some derived-orbit category defined as follows.
Let Λ be an algebra of finite global dimension, and M be a bounded complex of Λop ⊗K ΛL

modules such that F := − ⊗Λ M : Db (mod Λ) → Db (mod Λ) is a triangle-equivalence.
Although the orbit category Db (mod Λ)/F does not necessarily have a structure of a triangulated category, we can construct a triangulated category D(Λ, M) which contains
Db (mod Λ)/F as a full subcategory and is generated by Db (mod Λ)/F (see [Ke2]). We call
D(Λ, M) the derived-orbit category.
The first example of derived-orbit categories is cluster categories D(Λ, DΛ[−2]). It was
introduced in [Ami1, Ami2, BMRRT, Ke2] from the viewpoint of cluster tilting theory and
their applications to the study of cluster algebras.
Now we pose the following question.
Question 1.4. Let A be a positively graded self-injective algebra such that A0 has finite global dimension and a a positive integer. Is the stable category modZ/aZ A triangleequivalent to some derived-orbit category D(Λ, M) ?
We study this question for a positively graded self-injective algebra satisfying the following condition.
Definition 1.5. Let A be a positively graded self-injective algebra. We say that A has
Gorenstein parameter ℓ if Soc A is contained in Aℓ .
The following second main theorem in this paper gives a partial answer to Question 1.4.
Theorem 1.6 (Theorem 6.2). Let A be a positively graded self-injective algebra of Gorenstein parameter ℓ. Assume that A0 has finite global dimension. Then there exist an algebra
Γ of finite global dimension, a Γop ⊗K Γ-module M, and a triangle-equivalence
modZ/ℓZ A ≃ D(Γ, M[1]).
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Thanks to our assumption on Gorenstein parameter, we can give an algebra Γ and a
Γ ⊗K Γ-module M quite explicitly.
As a special case of Theorem 1.6, we have the following result.
op

Corollary 1.7. Let Λ be an algebra, and A be the trivial extension of Λ. If Λ has finite
global dimension, then there exists a triangle-equivalence
modA ≃ D(Λ, DΛ[1]).
This means that the stable category of the trivial extension of Λ is triangle-equivalent
to the “(−1)-cluster category” D(Λ, DΛ[1]).
This paper is organized as follows. In section 2, we recall basic facts on triangulated
categories and representation theory of graded algebras which are used in the latter sections.
Our first main Theorem 1.3 is given in sections 3. In subsection 3.1, we give a proof of
Theorem 1.3 (1) ⇔ (2) ⇔ (3). We show implication (1) ⇒ (2) by constructing a tilting
object T in modZ A explicitly. In subsections 3.2 and 3.3, we give some properties of the
endomorphism algebra Γ of T . By applying them, we give a proof of Theorem 1.3 (1) ⇔ (4)
in subsections 3.4 and 3.5. Then we give examples of Theorem 1.3. In section 4, we give a
new proof of a result [IO2, Theorem 4.7] on higher preprojective algebra as an application
of Theorem 1.3. Moreover we discuss the case of classical preprojective algebras.
In section 5, we explain basic definitions and facts about DG categories. In particular
we define derived-orbit categories which play a central role in section 6. Moreover we give
a universal property of derived-orbit categories which plays an important role in the proof
of Theorem 1.6.
Our second main Theorem 1.6 is given in section 6. For a positively graded self-injective
algebra A of Gorenstein parameter ℓ, we give an algebra Γ and a Γop ⊗K Γ-module M in
Theorem 1.6 explicitly. Then we construct a triangle-equivalence D(Γ, M[1]) → modZ/ℓZ A
by applying a universal property of derived-orbit categories. Finally we give examples of
Theorem 1.6.
Conventions. Throughout this paper, let K be an algebraically closed field. An algebra
means a finite dimensional associative algebra over K. For an algebra Λ, JΛ means the
Jacobson radical of Λ. We always deal with finitely generated right modules. We denote
by mod Λ the category of Λ-modules, and by proj Λ the category of projective Λ-modules.
We denote the K-dual by D := HomK (−, K).
For a functor F : A → B between categories A and B, we denote by ImF the full
subcategory of B which consists of F (X) for X ∈ A.
2. Preliminaries
In this section, we recall basic facts on triangulated categories and representation theory
of group graded self-injective algebras. In particular we recall tilting theorem for algebraic
triangulated categories which plays an important role in the next section.
2.1. Derived categories. In this subsection, we recall basic facts about derived categories. For background for triangulated categories or derived categories, we refer to
[Ha1, Har, Ne].
For an algebra Λ, we denote by Kb (proj Λ) the homotopy category of bounded complexes
over proj Λ, and by Db (mod Λ) the bounded derived category of mod Λ. They have structure of triangulated categories and the canonical embedding Kb (proj Λ) → Db (mod Λ) is a
triangle-functor.
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They have properties defined as follows.
Definition 2.1.
(1) A K-linear category A is called Hom-finite if its morphism spaces are finite dimensional over K.
(2) An additive category A is called Krull-Schmidt if any object of A is decomposed
into a finite direct sum of objects in A which have local endomorphism rings.
Proposition 2.2. For an algebra Λ, the homotopy category Kb (proj Λ) and the derived
category Db (mod Λ) are Hom-finite Krull-Schmidt categories.
We have equivalent conditions for finiteness of global dimension below. We refer to
[RVdB] for the details of Serre functors, and refer to [Ha1, Chapter I.4] for the details of
Auslander-Reiten triangles.
Theorem 2.3. [Ha2, Corollary 1.5] [RVdB, Theorem I.2.4] Let Λ be an algebra. The
following conditions are equivalent.
(1) Λ has finite global dimension.
(2) The canonical embedding Kb (proj Λ) → Db (mod Λ) is an equivalence.
(3) Db (mod Λ) has a Serre functor.
(4) Db (mod Λ) has Auslander-Reiten triangles.
L

If these conditions are satisfied, a Serre functor is given by − ⊗Λ DΛ, and the AuslanderL

Reiten translation is given by − ⊗Λ DΛ[−1].
2.2. Algebraic triangulated categories. In this subsection, we recall tilting theorem
for algebraic triangulated categories which is due to Keller [Ke1]. It provides us a method
to compare given triangulated categories with derived categories of rings.
First let us recall the definitions of Frobenius categories and its stable categories. We
refer to [Ke3, Qu] for more axiomatic definition of Frobenius categories.
Definition 2.4. [He] [Ha1, Chapter I. 2] Let A be an abelian category.
(1) A full subcategory B of A is called extension closed if for any short exact sequence
0 → X → Y → Z → 0, the condition X, Z ∈ B implies Y ∈ B.
(2) Let B be an extension closed full subcategory of A. An object X in B is called
relative-projective (respectively, relative-injective) if Ext1A (X, B) = 0 (respectively,
Ext1A (B, X) = 0) holds.
(3) An extension closed full subcategory B of A is called Frobenius if it satisfies the
following conditions.
(a) For any object X ∈ B, there exist exact sequences 0 → Y → P → X → 0 and
0 → X → I → Z → 0 in A such that each term is in B, P is relative-projective,
and I is relative-injective.
(b) Relative-projective objects coincide with relative-injective objects.
Definition 2.5. For a Frobenius category B, the stable category B of B is defined as
follows.
• The objects are the same as B.
• For X, Y ∈ B, the morphism set from X to Y is defined by the factor
HomB (X, Y ) = HomB (X, Y ) := HomB (X, Y )/P(X, Y )
where P(X, Y ) is the subset of HomB (X, Y ) which consists of morphisms factoring
through projective objects.
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The stable category of a Frobenius category has a natural structure of a triangulated
category (see [Ha1, Chapter I. 2]).
Definition 2.6. [Ha1, Ke3, Kra] A triangulated category T is algebraic if it is triangleequivalent to the stable category of some Frobenius category.
The class of algebraic triangulated categories contains the following important examples
(see also Lemma 2.23).
Example 2.7. Let Λ be an algebra. The category Cb (proj Λ) of bounded complexes of
projective Λ-modules has a structure of a Frobenius category. The stable category of
Cb (proj Λ) coincides with Kb (proj Λ). So Kb (proj Λ) is an algebraic triangulated category
(cf. [Ha1, Chapter I, 3 .2]).
In tilting theory, an important role is played by tilting objects defined as below.
Definition 2.8. Let T be a triangulated category.
(1) A thick subcategory of T is a triangulated full subcategory of T which is closed
under direct summands and isomorphisms.
(2) For a full subcategory X (respectively, object X) of T , we define thickT X (respectively, thickT X) as the smallest thick subcategory of T which contains X (respectively, X). We say that a full subcategory X of T generates T as a triangulated
category if thick X = T holds.
Definition 2.9. [Ke1, Ric1] Let T be a triangulated category. An object T ∈ T is called
tilting if it satisfies the following conditions.
(1) HomT (T, T [i]) = 0 for any i 6= 0.
(2) T = thickT T .
The following is a typical example of tilting objects.
Example 2.10. Let Λ be a ring. We regard Λ as a complex concentrated in degree 0.
Then Λ is a tilting object in Kb (proj Λ).
Now we state Keller’s tilting theorem. We refer to [IT, Appendix] for the following form.
Theorem 2.11. [BK] [Ke1, Theorem 4.3] Let T be an algebraic triangulated Krull-Schmidt
category. If T has a tilting object T , then there exists a triangle-equivalence
T ≃ Kb (proj EndT (T )).
Thus it is a basic problem in the study of algebraic triangulated categories to find tilting
objects. We study this for the stable categories of self-injective algebras in the subsection
3.1.
In the last of this subsection, we give the following easy observations for general triangulated categories.
Lemma 2.12. Let T be a K-linear triangulated category, and X be a full subcategory of
T which is closed under shifts [±1] and satisfies thickT X = T . If X is Hom-finite, then
so is T .
Lemma 2.13. Let T , U be triangulated categories, and X be a full subcategory of T which
is closed under shifts [±1]. For a triangle-functor F : T → U, the following assertions
hold.
(1) If thick X = T and the restriction functor F |X is fully faithful, then so is F .
(2) If T is Krull-Schmidt, thick(ImF ) = U and F is full, then F is dense.
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2.3. Group graded algebras. In this subsection, we recall basic facts on representation
theory for group graded algebras. We refer to [GG1, GG2] for details in theL
case G = Z.
We start with setting notations. Let G be an abelian group, and A =
i∈G Ai be a
G-graded algebra. For a G-graded A-module X, we write Xi the degree i part of X.
In the following, we give basic properties of the category modG A of G-graded A-modules,
which is defined as follows.
• The objects are G-graded A-modules.
• For G-graded A-modules X and Y , the morphism space from X to Y in modG A
is defined by
HomA (X, Y )0 := {f ∈ HomA (X, Y ) | f (Xi ) ⊂ Yi for any i ∈ G}.
We denote by projG A the full subcategory of modG A consisting of projective objects.
We recall that modG A has two important functors. The first one is the grade shift
functor. For i ∈ G, we denote by
(i) : modG A → modG A
the grade shift functor, which is defined as follows. For a G-graded A-module X,
• X(i) := X as an A-module,
• G-grading on X(i) is defined by X(i)j := Xj+i for any j ∈ G.
This is an autofunctor of modG A whose inverse is (−i).
The second one is the K-dual. The standard duality
D := HomK (−, K) : modA → modAop
induces the following duality. For a G-graded A-module X, we regard DX as a G-graded
Aop -module by defining (DX)i := D(X−i ) for any i ∈ G. Then we have the duality
D : modG A → modG Aop .
The following result gives basic properties of modG A.
Proposition 2.14. modG A is a Hom-finite Krull-Schmidt category
We have the following description of morphism spaces.
Lemma 2.15. Let X and Y be G-graded A-modules. Then
M
HomA (X, Y ) =
HomA (X, Y (i))0 .
i∈G

We describe projective objects and injective objects in modG A under a suitable assumption for A.
L

Proposition 2.16. Assume that JA = JA0 ⊕
i∈G\{0} Ai . We take a set PI of idem-

potents of A0 such that {eA0 | e ∈ PI} is a complete list of indecomposable projective
A0 -modules. Then the following assertions hold.
(1) Any complete set of orthogonal primitive idempotents of A0 is that of A.
(2) A complete list of simple objects in modG A is given by
{S(i) | i ∈ G, S is a simple A0 -module}.
(3) A complete list of indecomposable projective objects in modG A is given by
{eA(i) | i ∈ G, e ∈ PI}.
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(4) A complete list of indecomposable injective objects in modG A is given by
{D(Ae)(i) | i ∈ G, e ∈ PI}.
Finally we recall that the tensor algebra of two G-graded algebras admits a natural
G-grading.
Definition 2.17. For two G-graded algebras A and B, we define a G-grading on the tensor
algebra A ⊗K B by
nX
o
(A ⊗K B)i :=
a ⊗ b | a ∈ Ak , b ∈ Aℓ , k + ℓ = i

for any i ∈ G.
Moreover let C be a G-graded algebra, X be a G-graded Aop ⊗K B-module and Y be a
G-graded B op ⊗K C-module. We define a G-grading on the Aop ⊗K C-module X ⊗B Y by
nX
o
(X ⊗B Y )i :=
x ⊗ y | x ∈ Xk , y ∈ Y ℓ , k + ℓ = i
for any i ∈ G.

2.4. Positively graded algebras and Z/aZ-graded algebras. In this subsection, we
recall basic facts about positively graded algebras. Let A be a positively graded algebra
and a a positive integer.
First we regard A as a Z/aZ-graded algebra by
M
Aj .
Ai :=
j∈i+aZ

for any i ∈ Z. Throughout this paper, we often regard a Z-graded algebra as a Z/aZ-graded
algebra in this way.
Also we regard X ∈ modZ A as a Z/aZ-graded A-module by
M
Xi :=
Xj .
j∈i+aZ

In this way we have an additive functor
Fa : modZ A −→ modZ/aZ A.
In the case that a = 1, then modZ/aZ A coincides with mod A, and Fa is just the forgetful
functor from modZ A to mod A.
Since A is positively graded and by the above definition, A with both gradings satisfy
the assumption of Proposition 2.16.
L

Proposition 2.18. For a positively graded algebra A, the equation JA = JA0 ⊕
A
i6=0 i =

L
JA 0 ⊕
i6=0 Ai holds. In particular the assertions in Proposition 2.16 hold.
We have the following description of morphism spaces in modZ/aZ A (cf. Lemma 2.15).

Proposition 2.19. Let X and Y be Z-graded A-modules. Then
M
HomA (Fa (X), Fa (Y ))0 =
HomA (X, Y (ia))0 .
i∈Z
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2.5. Stable categories of self-injective algebras. In this subsection, we give basic
properties of stable categories of self-injective algebras.
Let G be an abelian group and A a G-graded algebra. We denote by modG A the stable
category of modG A. The following observation is clear.
Lemma 2.20. For any i ∈ G, the autofunctor (i) : modG A → modG A induces an
autofunctor (i) : modG A −→ modG A.
For the stable category, the following analogue of Proposition 2.15 holds.
Proposition 2.21. Let X and Y be G-graded A-modules. Then
M
HomA (X, Y ) =
HomA (X, Y (i))0 .
i∈G

In the following, we consider the stable categories of self-injective algebras. First we
recall the definition of self-injective algebras.
Definition 2.22. An algebra A is called self-injective if the following equivalent conditions
are satisfied.
(1) A is an injective A-module.
(2) A is an injective Aop -module.
Furthermore an algebra A is called symmetric if A is isomorphic to DA as a Aop ⊗K Amodule.
For a G-graded algebra A, the stable category modG A has the graded syzygy functor
Ω : modG A −→ modG A.
For X ∈ modG A, the object Ω(X) ∈ modG A is defined as the kernel of a fixed projective
cover of X in modG A. If A is self-injective, this functor is an equivalence, and a quasiinverse of it is given by the cosyzygy functor Ω−1 : modG A → modG A which is defined as
dual of the syzygy functor (cf. [ARS, IV 3]).
We have the following result by Proposition 2.18, and Happel’s general result [Ha1].
Lemma 2.23. [Ha1, Theorem 2.6] If A is a G-graded self-injective algebra, the following
assertions hold.
(1) modG A is a Frobenius category.
(2) modG A has a structure of a triangulated category whose shift functor [1] is given
by the graded cosyzygy functor Ω−1 .
We fix a positively graded self-injective algebra A and a positive integer a. Then we
have triangulated categories modZ A and modZ/aZ A. The additive functor Fa : modZ A →
modZ/aZ A induces an additive functor
Fa : modZ A −→ modZ/aZ A.
Since Fa is an exact functor and the diagram
modZ A

Ω−1

//

modZ A

Fa

Fa



modZ/aZ A



Ω−1

commutes, we have the following immediately.

//

modZ/aZ A
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Lemma 2.24. Fa is a triangle-functor.
We have the following analogue of Proposition 2.19.
Proposition 2.25. Let X and Y be Z-graded A-modules. Then
M
HomA (X, Y (ia))0 .
HomA (Fa (X), Fa (Y ))0 =
i∈Z

We have the following observation.

Proposition 2.26. We have thick(Im Fa ) = modZ/aZ A.
Proof. Any object in modZ/aZ A has a finite filtration by simple objects in modZ/aZ A. By
Proposition 2.18, Im Fa contains all simple objects in modZ/aZ A. Since short exact sequences in modZ/aZ A give rise to triangles in modZ/aZ A, Im Fa generates modZ/aZ A as a
triangulated category.

We end this section by the following result which follows from the Auslander-Reiten
duality.
Proposition 2.27. [AR, Propositon 1.2] The stable category modZ A has a Serre functor.
3. Realizing sable categories as derived categories
The aim of this section is to show Theorem 1.3. First we give a proof of Theorem 1.3
(1) ⇔ (2) ⇔ (3). In the proof of (1) ⇒ (2), we construct a tilting object T . Next we
study properties of the endomorphism algebra of the tilting object T . Finally we prove
Theorem 1.3 (1) ⇔ (4) as an application. In the proof of (1) ⇒ (4), we construct a
triangle-equivalence in (4) in two different ways.
3.1. Existence of tilting objects in stable categories. In this subsection, we give a
proof of Theorem 1.3 (1) ⇔ (2) ⇔ (3). Throughout this section, let A be a positively
graded self-injective algebra.
Theorem 3.1. Let A be a positively graded self-injective algebra. The following conditions
are equivalent.
(1) A0 has finite global dimension.
(2) modZ A has tilting objects.
(3) There exists a triangle-equivalence modZ A ≃ Kb (projΛ) for some algebra Λ.
In the following, we give a proof of this result. We have Theorem 3.1 (2) ⇔ (3) by
Theorem 2.11. We prove Theorem 3.1 (2) ⇒ (1). Our strategy of proof is similar to [AI,
Example 2.5 (2)]. We need the following easy lemma which gives a property of triangulated
categories having tilting objects.
Lemma 3.2. [AI, Proposition 2.4] Let T be a triangulated category. If T has a tilting
object, then HomT (X, Y [i]) = 0 holds for any X, Y ∈ T and |i| >> 0.
Proof of Theorem 3.1 (2) ⇒ (1). We assume that gl.dim A0 = ∞ and modZ A has a tilting
object T . First we note that for any A0 -module X, the degree 0 part of a projective
resolution of X in modZ A gives a projective resolution of X in mod A0 by Proposition
2.18. So we have ExtiA (A0 /JA0 , A0 /JA0 )0 = ExtiA0 (A0 /JA0 , A0 /JA0 ) for any i ≥ 0.
Next since gl.dim A0 = ∞, the A0 -module A0 /J0 has infinite projective dimension. Thus
we have ExtiA0 (A0 /JA0 , A0 /JA0 ) 6= 0 for any i ≥ 0.
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Consequently we have
HomA (A0 /JA0 , A0 /JA0 [i])0 = ExtiA (A0 /JA0 , A0 /JA0 )0 = ExtiA0 (A0 /JA0 , A0 /JA0 ) 6= 0
for any i ≥ 0. This contradicts to Lemma 3.2.



In the rest of this subsection, we prove Theorem 3.1 (1) ⇒ (2) by constructing a tilting
object in modZ A. We need truncation functors
(−)≥i : modZ A → modZ A,

(−)≤i : modZ A → modZ A

which are defined as follows. For a Z-graded A-module X, X≥i is a Z-graded sub A-module
of X defined by
(
0
(j < i)
(X≥i )j :=
Xj (j ≥ i),
and X≤i is a Z-graded factor A-module X/X≥i+1 of X.
Now we define a Z-graded A-module by
M
(3.1)
T :=
A(i)≤0 .
i≥0

Since A(i)≤0 = A(i) is zero in modZ A for sufficiently large i, we can regard T as an object
in modZ A. Let
(3.2)

Γ := EndA (T )0 .

Now we have the following result, where the second assertion implies Theorem 3.1 (1) ⇒
(2).
Theorem 3.3. Under the above setting, the following assertions hold.
(1) T is a tilting object in the subcategory thick T of modZ A.
(2) If A0 has finite global dimension, then T is a tilting object in modZ A.
We prove the above result by checking two conditions in Definition 2.9. First we show
that the self-extensions of T vanish without assuming that A0 has finite global dimension.
Lemma 3.4. We have HomA (T, T [i])0 = 0 for any i 6= 0.
Proof. We take a projective resolution
· · · → P 2 → P 1 → A(i) → A(i)≤0 → 0
of A(i)≤0 in modZ A. Since A is positively graded, we have (P j )≤0 = 0 for j > 0. Thus
(Ωj T )≤0 = 0 holds for any j > 0. Since T = T≤0 , we have HomA (T, Ωj T )0 = 0 =
HomA (Ωj T, T )0 for any j > 0. Consequently we have
HomA (T, T [i])0 = HomA (Ωi T, T )0 = 0,
HomA (T, T [−i])0 = HomA (T, Ωi T )0 = 0
for i > 0.
Theorem 3.3 (1) follows from Lemma 3.4.
Next we prove the following result.
Lemma 3.5. If A0 has finite global dimension, then we have modZ A = thick T .
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Proof. We regard A0 as the natural Z-graded factor A-module of A, i.e. A0 (0) = A(0)≤0 .
Any object in modZ A has a finite filtration by simple objects in modZ A which are given by
simple A0 -modules concentrated in some degree by Proposition 2.18. Since A0 has finite
global dimension, it is enough to show that A0 (i) ∈ thick T for any i ∈ Z. We divide the
proof into two parts.
(i) We show A0 (i) ∈ thick T for any i ≥ 0 by induction on i. Obviously we have
A0 (0) = A(0)≤0 ∈ thick T . We assume A0 (0), · · · , A0 (i − 1) ∈ thick T . There exists an
exact sequence
0 → (A(i)≤0 )≥1−i → A(i)≤0 → A0 (i) → 0,
in modZ A. By the inductive hypothesis, we have (A(i)≤0 )≥1−i ∈ thick T . Thus we have
A0 (i) ∈ thick T .
(ii) We show that A0 (−i) ∈ thick T for any i ≥ 1. We assume A0 (−j) ∈ thick T for any
j < i. We put n := pdAop
D(A0 ) + 1. Then there exists an exact sequence
0
0 → X → Qn−1 → · · · → Q1 → Q0 → D(A0 ) → 0
in modZ Aop such that Qj is a Z-graded projective Aop -module for 0 ≤ j ≤ n − 1, and
X≤0 = 0. Thus we have an exact sequence
0 → A0 → D(Q0 ) → D(Q1 ) → · · · → D(Qn−1 ) → D(X) → 0
in modZ A such that D(Qj ) is a Z-graded projective A-modules for 0 ≤ j ≤ n − 1, and
(D(X))≥0 = 0. We have A0 (−i) = D(X)(−i)[−n] in modZ A. Since (D(X)(−i))≥i = 0, we
have D(X)(−i) ∈ thick T by the inductive hypothesis. Thus we have A0 (−i) ∈ thick T . 
Now we finished the proof of Theorem 3.3.



3.2. Calculation of the endomorphism algebra of the tilting object. We keep the
notations in the previous subsection. The aim of this subsection is to calculate Γ given in
(3.2). Although Γ is defined as a Hom-space in modZ A, we can calculate Γ as a Hom-space
in modZ A by removing projective direct summands from T .
Proposition 3.6. Take a decomposition T = T ⊕ P in ModZ A where T is a direct sum
of all indecomposable non-projective direct summands of T . Then the following assertions
hold.
(1) T is finitely generated.
(2) T is isomorphic to T in modZ A.
(3) HomA (Q, T )0 = 0 holds for any projective object Q in modZ A satisfying Soc Q ⊂ Qℓ
for some ℓ ≤ 0.
(4) There exists an algebra isomorphism Γ ≃ EndA (T )0 .
Proof. (1), (2) The assertions are obvious.
(3) Let Q1 and Q2 be indecomposable projective objects in modZ A. Since Q1 and Q2
have simple socle as A-modules, there exist integers ℓ1 and ℓ2 such that Soc Q1 ⊂ Q1ℓ1
and Soc Q2 ⊂ Q2ℓ2 . Then if ℓ1 < ℓ2 , we have HomA (Q1 , Q2 )0 = 0 since Q1ℓ2 = 0 and
Soc Q2 ⊂ Q2ℓ2 .
Now we show the assertion. Let Q be a projective object in modZ A satisfying Soc Q ⊂
Qℓ for some ℓ ≤ 0. We take a projective cover Q′ → T of T in modZ A. From our
construction of T and T , we have Soc Q′ ⊂ Q′≥1 . Thus by the above observation, we have
HomA (Q, Q′ )0 = 0. Hence HomA (Q, T )0 = 0 holds.
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(4) Since there exist algebra isomorphisms


 
EndA (T )0
HomA (P, T )0
EndA (T )0 0
EndA (T )0 ≃
,
=
HomA (T , P )0
0
0
EndA (P )0
it is enough to show that EndA (T )0 = EndA (T )0 .
Let Q be an indecomposable projective object in modZ A. Then there exists ℓ ∈ Z
such that Soc Q ⊂ Qℓ . First if ℓ ≤ 0, then by (3), we have HomA (Q, T )0 = 0. Next if
ℓ > 0, then we have HomA (T , Q)0 = 0 since T ℓ = 0. Consequently there exists no non-zero
morphisms from T to T factoring through projective objects in modZ A. Thus we have

EndA (T )0 = EndA (T )0 .
3.3. Global dimension of the endomorphism algebra of the tilting object. We
keep the notations in the previous subsections. The aim of this subsection is to show the
following result.
Theorem 3.7. If A0 has finite global dimension, then so does Γ.
In the following, we prove Theorem 3.7. We need the following observations.
Lemma 3.8. [ARS, III Proposition 2.7] Let Λ and Γ be algebras and M a Λop ⊗K Γ-module.
Then the algebra


Λ M
0 Γ
has finite global dimension if and only if so do Λ and Γ.
Lℓ−1
A(i)≤0 . Then the following assertions
Lemma 3.9. For a positive integer ℓ, let U := i=0
hold.
(1) There exists an algebra isomorphism


A0 A1 · · · Aℓ−2 Aℓ−1

A0 · · · Aℓ−3 Aℓ−2 

.. 
..
..
EndA (U)0 ≃ 
.
. 
.
.


A0
A1 
0
A0
(2) The algebra A0 has finite global dimension if and only if so does EndA (U)0 .

Proof. (1) Since HomA (A(i)≤0 , A(j)≤0 )0 = Aj−i , we have the assertion.
(2) The assertion follows from (1) and Lemma 3.8.



Now we can prove Theorem 3.7.
Proof of Theorem 3.7. We take a positive integer ℓ such that A = A≤ℓ . Then A(i)≤0 is a
Lℓ−1
A(i)≤0 . Then EndA (U)0 has
projective object in modZ A for any i ≥ ℓ. Let U := i=0
finite global dimension by Lemma 3.9 (2). We can decompose U = T ⊕ P ′ where T is the
direct summand of T given in Proposition 3.6 and P ′ is a projective direct summand of U.
By Proposition 3.6 (3) and (4), we have
 


EndA (P ′ )0 HomA (T , P ′ )0
HomA (T , P ′ )0
EndA (P ′ )0
≃
.
EndA (U)0 ≃
HomA (P ′ , T )0
EndA (T )0
0
Γ
The assertion follows from Lemma 3.8.
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3.4. Existence of a triangle-equivalnce. We keep the notations in the previous subsections. In this subsection, we prove Theorem 1.3 (1) ⇔ (4) by applying results in previous
subsections.
Theorem 3.10. Let A be a positively graded self-injective algebra. The following conditions
are equivalent.
(1) A0 has finite global dimension.
(2) There exists a triangle-equivalence modZ A ≃ Db (modΛ) for some algebra Λ.
The implication Theorem 3.10 (1) ⇒ (2) follows from the following observation.
Theorem 3.11. The following assertions hold.
(1) There exists a triangle-equivalence
thickT −→ Kb (projΓ).
(2) If A0 has finite global dimension, then there exists a triangle-equivalence
modZ A −→ Db (modΓ).
Proof. (1) The assertion is immediate from Theorems 2.11 and 3.3 (1).
(2) We assume that A0 has finite global dimension. First by Theorem 2.11 and Theorem
3.3 (2), there exists the triangle-equivalence modZ A → Kb (projΓ). Moreover Γ has finite
global dimension by Theorem 3.7. By Theorems 2.3, the canonical embedding Kb (projΓ) →
Db (modΓ) is an equivalence. Composing these equivalences, we have the desired triangleequivalence.

The implication Theorem 3.10 (1) ⇒ (2) follows from Theorems 3.11 (2). Now we prove
Theorem 3.10 (2) ⇒ (1).
Proof of Theorem 3.10 (2) ⇒ (1). Assume that there exists a triangle-equivalence modZ A ≃
Db (modΛ) for some algebra Λ. By Theorem 2.27, Db (modΛ) has a Serre functor. By Theorem 2.3, we have a triangle-equivalence Kb (projΛ) ≃ Db (modΛ). Consequently we have
a triangle-equivalence modZ A ≃ Kb (projΛ). By Theorem 3.1, A0 has finite global dimension.

Since finiteness of global dimension is preserved under derived equivalences, we have the
following result from Theorem 3.10.
Corollary 3.12. If A0 has finite global dimension, then so does the endomorphism algebra
of arbitrary tilting object in modZ A.
This result implies the last assertion of Theorem 1.3. Thus we finish the proof of Theorem
1.3.

3.5. Direct construction of a triangle-equivalence. When A0 has finite global dimension, we gave a triangle-equivalence modZ A ≃ Db (mod Γ) in Theorem 3.11. However
the construction heavily depends on Theorem 2.11 which is shown by using a lot of techniques in differential graded algebras. In this subsection, we give a direct construction
of the equivalence without using Theorem 2.11. We keep the notations in the previous
subsections.
We consider the decomposition T = T ⊕P given in Proposition 3.6. Since Γ ≃ EndA (T )0 ,
Γ acts on T from the left naturally. By this action, we can regard T as a Z-graded Γop ⊗K Amodule (see Definition 2.17 for grading on Γop ⊗K A). Thus we have the left derived tensor
functor
L
− ⊗Γ T : Db (mod Γ) −→ Db (modZ A).
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Now we consider the quotient category (cf.[Har, Ne]) Db (mod A)/Kb (proj A) and the
canonical functor
(3.3)

Z

Db (modZ A) −→ Db (modZ A)/Kb (projZ A).

The following triangle-equivalence is a realization of modZ A as the quotient category
Db (modZ A)/Kb (projZ A).
Theorem 3.13. [Ric2, Theorem 2.1] Let A be a Z-graded self-injective algebra. The canonical embedding modZ A → Db (modZ A) induces a triangle-equivalence
modZ A −→ Db (modZ A)/Kb (projZ A).
Now we consider the composition
(3.4)

H : Db (modZ A) −→ Db (modZ A)/Kb (projZ A) −→ modZ A.

of the canonical functor and a quasi-inverse of the triangle-equivalence given in Theorem
3.13. Moreover we consider the composition
L

−⊗Γ T

H

G : Db (mod Γ) −−−−−→ Db (modZ A) −−→ modZ A.
Theorem 3.14. Under the above notations, the following assertions hold.
(1) G induces a triangle-equivalence Kb (proj Γ) → thick T .
(2) If A0 has finite global dimension, then G is a triangle-equivalence.
Proof. (1) Clearly G(Γ) is isomorphic to T , which is isomorphic to T . Moreover G induces
an isomorphism
HomDb (modΓ) (Γ, Γ[i]) ≃ HomA (G(Γ), G(Γ)[i])0
for any i ∈ Z. Indeed we have HomDb (modΓ) (Γ, Γ[i]) = 0 = HomA (G(Γ), G(Γ)[i])0 for any
i 6= 0, and EndDb (modΓ) (Γ) ≃ Γ ≃ EndA (T )0 ≃ EndA (G(Γ))0 by Proposition 3.6 (4).
By this and Lemma 2.13 (1), G is fully faithful on Kb (projΓ). Thus G induces a triangleequivalence Kb (projΓ) → thickT .
(2) If A0 has finite global dimension, then thickT = modZ A by Theorem 3.3 (2). Also
the canonical embedding Kb (projΓ) → Db (mod Γ) is an equivalence by Lemma 2.3 and
Theorem 3.7. Thus by (1), G is an equivalence.

3.6. Examples. In this subsection, we give some examples and applications of results in
previous subsections.
First application is famous Happel’s equivalence (1.1) [Ha2], which gives a relationship
between representation theory of algebras and that of the trivial extensions. We show it
as a consequence of our results.
Example 3.15. [Ha2, Theorem 2.3] Let Λ be an algebra. The trivial extension A of Λ is
defined as follows.
• A = Λ ⊕ DΛ as an abelian group.
• The multiplication in A is given by
(x, f ) · (y, g) := (xy, xg + f y).
for any x, y ∈ Λ and f, g ∈ DΛ. Here xg and f y are defined by the natural
Λop ⊗K Λ-module structure on DΛ.
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Then A is an algebra, and moreover it is easy to check that A is symmetric (see Definition
2.22). Furthermore A has a structure of a positively graded algebra defined by


(i = 0),
Λ
Ai := DΛ (i = 1),

0
(i ≥ 2).

Under this setting, Λ has finite global dimension if and only if there exists a triangleequivalence
modZ A ≃ Db (mod Λ).
Proof. First we assume that Λ has finite global dimension. Let T be the tilting object
constructed in (3.1), and T the direct summand of T given in Proposition 3.6. Then we
have T = Λ, and so EndA (T )0 = EndA (Λ)0 ≃ Λ by Proposition 3.6. Thus by Theorem
3.11, we have the desired triangle-equivalence.
The converse follows from Theorem 3.10.

In the second application, we study positively graded self-injective algebras which have
Gorenstein parameters. As a consequence of Theorem 3.11, we have Chen’s [Ch] result.
Example 3.16. [Ch, Corollary 1.2] Let A be a positively graded self-injective algebra of
Gorenstein parameter ℓ (see Definition 1.5). Let


A0 A1 · · · Aℓ−2 Aℓ−1

A0 · · · Aℓ−3 Aℓ−2 

.. 
..
..
Γ := 
.
. 
.
.


A0
A1 
0
A0
Then A0 has finite global dimension if and only if there exists a triangle-equivalence
modZ A ≃ Db (mod Γ).
Proof. Let T be the object defined in (3.1), and T the direct summand of T defined in
Lℓ−1
Proposition 3.6. Clearly we have T =
i=0 A(i)≤0 and EndA (T )0 ≃ EndA (T )0 ≃ Γ by
Propositions 3.6 and 3.9. Then the assertion follows immediately from Theorem 3.11. 
Remark 3.17. The trivial extensions are positively graded symmetric algebras of Gorenstein parameter 1. Thus Example 3.15 is a special case of Example 3.16.
Next we give two more concrete examples.
Example 3.18. Let n be a positive integer. Let A = K[x]/(xn+1 ) be a positively graded
algebra with deg x := 1. Then A is symmetric and has Gorenstein parameter n.
Since global dimension of A0 = K is zero, the category modZ A has a tilting object T
given in (3.1) by Theorem 3.3 (2). By Theorem 3.11, there exists a triangle-equivalence
(3.5)

modZ A ≃ Db (mod Γ)

where Γ = EndA (T )0 . By Example 3.16, the algebra Γ is isomorphic to the n × n upper
triangular matrix algebra over K.
Let us consider the special case n = 2 and A = K[x]/(x3 ). For i = 1, 2, let X i be the
Z-graded ideal (xi )/(x3 ) of A. Then we have a chain A ⊃ X 1 ⊃ X 2 of Z-graded ideals
of A. It is known that {X i (j) | i = 1, 2, j ∈ Z} is a complete set of indecomposable
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non-projective Z-graded A-modules, and the Auslander-Reiten quiver of mod A is given
as follows (cf. [ASS, Chapter V]).
oo
X 1?? (−1)
❄

⑧
⑧⑧
······
⑧⑧
⑧
⑧
(3.6)
X 2 (−1)oo

oo
oo
X?? 1 (1)
X?? 1 (2)
X?? 1 (3)
?? 1❄oo ❄
❄❄
❄❄
⑧X
❄❄
⑧
⑧
⑧
❄
⑧
❄
❄
⑧
⑧
❄❄
⑧
❄❄
❄❄
⑧
⑧
⑧⑧
❄❄
❄❄ ⑧⑧⑧
❄❄ ⑧⑧⑧
❄❄ ⑧⑧⑧
❄❄ ⑧⑧⑧
 ⑧
 ⑧
 ⑧
 ⑧
X 2 (1)oo
X 2 (2)oo
X 2 (3)
X 2 oo

······

Here dotted arrows show the Auslander-Reiten translation in modZ A.
Next we write the Auslander-Reiten quiver of Db (mod Γ). In this case, Γ = EndA (T )0
is isomorphic to the 2 × 2 upper triangular matrix algebra over K. Define Γ-modules by
P 1 := (K K), P 2 := (0 K) and I 1 := (K 0). The set {P 1, P 2 , I 1 } is a complete set
of indecomposable Γ-modules, and the Auslander-Reiten quiver of Db (mod Γ) is given as
follows (cf. [Ha1, Chapter I.5]).
oo
P 2?? [−1]
❄

⑧
⑧⑧
······
⑧⑧
⑧
⑧
(3.7)
I 1 [−2]oo

oo
I 1?? [−1]
❄

❄❄
❄❄
❄❄


P??
?? 1❄oo ❄
⑧P
❄❄
⑧
❄❄
⑧⑧
⑧
❄❄
⑧
❄❄
⑧
❄❄ ⑧⑧⑧
⑧
❄ ⑧⑧
 ⑧
I 1 oo
P 2 oo

⑧
⑧⑧
⑧⑧
⑧
⑧
P 1[−1]oo

2

1

oo
[1]
❄

❄❄
❄❄
❄❄


1

I??
⑧⑧
⑧
⑧⑧
⑧⑧

[1]
······

P [1]

b

Here dotted arrows show the Auslander-Reiten translation in D (mod Γ).
The above Auslander-Reiten quivers of modZ A and Db (mod Γ) have the same shape.
This is a consequence of our triangle-equivalence Theorem 3.11.
Example 3.19. Let n be a positive integer and A = K[x1 , · · · , xn ]/(x2i | 1 ≤ i ≤ n). We
define a grading on A by deg xi := 1 for any 1 ≤ i ≤ n. Then A is a positively graded
symmetric algebra of Gorenstein parameter n.
Since global dimension of A0 = K is zero, Theorem 3.1 shows that modZ A has a tilting
object T given in (3.1). By Theorem 3.11, we have a triangle-equivalence
modZ A ≃ Db (mod Γ).
where Γ = EndA (T )0 . By Example 3.16, the algebra Γ is given by the following quiver
with relations.
α11

1
(

·
α1n

//

//

α21

2

·
α2n

αji αji+1 = 0
αji αki+1 = αki αji+1

αn−2
1

//
//

······

·
αn−2
n

αn−1
1

//
//

n−1

·
αn−1
n

//
//

n

(1 ≤ i ≤ n − 2, 1 ≤ j ≤ n)
(1 ≤ i ≤ n − 2, 1 ≤ j, k ≤ n)

4. Application to higher preprojective algebras
In this section, we apply our results to a certain class of graded self-injective algebras
called higher preprojective algebras. In particular we give another proof of [IO2, Theorem
4.7] in our context.
Throughout this section, we fix a positive integer n.
4.1. Main result. First we give basic definitions of higher preprojective algebras and
higher represetation-finite algebras. After that we give our main result in this section.
Definition 4.1. Let Λ be an algebra with global dimension at most n. Then the tensor
algebra
Π = Πn+1 (Λ) := TΛ (ExtnΛ (DΛ, Λ))
of the Λop ⊗K Λ-module ExtnΛ (DΛ, Λ) is called the (n + 1)-preprojective algebra of Λ.
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This is naturally regarded as a graded algebra, i.e. the degree i part Πi is the i-th tensor
product ExtnΛ (DΛ, Λ) ⊗Λ · · · ⊗Λ ExtnΛ (DΛ, Λ).
Remark 4.2. The (n + 1)-preprojective algebras are the 0-th homology of derived (n + 1)preprojective algebras which are introduced in [KVdB].
The homological behavior of the (n + 1)-preprojective algebra Π becomes very nice if we
assume that Λ is an n-representation finite algebra defined as follows.
Definition 4.3. [Iya2, IO1] An algebra Λ is called n-representation finite if it satisfies the
following conditions.
(1) gl.dimΛ ≤ n.
(2) There exists a Λ-module M satisfying
add M = {X ∈ modΛ | ExtiΛ (M, X) = 0 for any 1 ≤ i ≤ n − 1}
= {X ∈ modΛ | ExtiΛ (X, M) = 0 for any 1 ≤ i ≤ n − 1}.
We call such M an n-cluster tilting Λ-module.
Example 4.4. We explain our conditions for the case n = 1. The condition (1) above
means that Λ is hereditary. The condition (2) above means that there exists a Λ-module
M such that add M = mod Λ. Consequently 1-representation finite algebras are nothing
but representation finite hereditary algebras. By Gabriel’s theorem (see [ASS, Chapter
VII, Theorem 1.7, Theorem 5.10]), they are Morita equivalent to path algebras of Dynkin
quivers.
The following gives a basic property of Π.
Proposition 4.5. [IO2, Corollary 3.4] Let Λ be an n-representation finite algebra. Then
Π is a graded self-injective algebra.
Now we apply Theorem 3.11 to Π for an n-representation finite algebra Λ. Since Π0 = Λ
has finite global dimension, the stable category modZ Π has a tilting object T given in (3.1).
Thus we have a triangle-equivalence
modZ Π ≃ Db (mod EndΠ (T )0 ).
The following main result in this section gives a simple description of EndΠ (T )0 .
Theorem 4.6. Let Λ be an n-representation finite algebra, T the tilting object in modZ Π
given (3.1). Then there exists an algebra isomorphism
EndΠ (T )0 ≃ EndΛ (Π).
Applying Theorem 3.11, we immediately obtain the following result given in [IO2, Theorem 4.7].
Corollary 4.7. [IO2, Theorem 4.7] Let Λ be an n-representation finite algebra. Then there
exists a triangle-equivalence
modZ Π ≃ Db (mod EndΛ (Π)).
In the rest of this section, we prove Theorem 4.6. First we recall basic results in higher
Auslander-Reiten theory. A key role is played by the following functors.
Definition 4.8. [Iya1] Let Λ be an algebra with global dimension at most n. Then the
functors
τn := DExtnΛ (−, Λ) : modΛ −→ modΛ
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and
τn− := ExtnΛ (DΛ, −) : modΛ −→ modΛ
are called the n-Auslander-Reiten translations.
The restrictions of n-Auslander-Reiten translations to n-cluster tilting modules give a
higher analogue of Auslander-Reiten translations.
Proposition 4.9. [Iya1, Theorem 2.3] [Iya2, Proposition 1.3, Theorem 1.6] Let Λ be an
n-representation finite algebra, and M an n-cluster tilting Λ-module. We denote by MP (respectively, MI ) a maximal projective (respectively, injective) direct summand of M. Then
the following assertions hold.
(1) τn induces an equivalence add(M/MP ) → add(M/MI ), and τn− induces its inverse.
(2) For any indecomposable projective Λ-module P , there exists i ∈ N such that τn−i (P )
is an indecomposable injective
Λ-module.
L
−i
(3) We have add M = add i≥0 τn (Λ).
The (n + 1)-preprojective algebra Π of an n-representation finite algebra Λ can be described in terms of n-Auslander-Reiten translation.

Lemma 4.10. [IO2, Lemma 2.13] Let Λ be an n-representation finite algebra. For any
i ∈ N, there is an isomorphism
τn−i (Λ) ≃ Πi
of Λ-modules. In particular, Π is an n-cluster tilting Λ-module (Proposition 4.9).
Now we are ready to prove Theorem 4.6.
Proof of Theorem 4.6. First we describe T in Proposition 3.6 explicitly. Let PI(Λ) be a
complete set of orthogonal primitive idempotents of Λ. By Proposition 4.9 and Lemma
4.10, we can decompose PI(Λ) = ∐ℓi=0 PIi (Λ) where
PIi (Λ) := {e ∈ PI(Λ) | τn−i (eΛ) 6= 0, τn−(i+1) (eΛ) = 0}.
Let
ei :=

X

e.

e∈PIi (Λ)

Then by the definition of PIi (Λ), we have
(4.1)

τn−i (Λ) = τn−i ((ei + · · · + eℓ )Λ).

We remark that PI(Λ) can be regarded as a complete set of orthogonal primitive idempotents of Π.
We define T i by putting
T i := ((ei + ei+1 + · · · + eℓ )Π(i − 1))≤0 .
Then T defined in Proposition 3.6 can be described as
T =

ℓ
M

T i,

i=1

and we have EndΠ (T )0 ≃ EndΠ (T )0 .
Next we show that EndΠ (T )0 ≃ EndΛ (Π). By Lemma 4.10, we have
eΠ = eΛ ⊕ τn− (eΛ) ⊕ τn−2 (eΛ) ⊕ · · · ⊕ τn−i (eΛ)
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as a Λ-module for any e ∈ PIi (Λ). Since one can see that
(
−(k+i−1)
τn
((ei + · · · + eℓ )Λ) (−i + 1 ≤ k ≤ 0)
i
(4.2)
(T )k =
0
(otherwise)
for 1 ≤ i ≤ ℓ, there exist isomorphisms
HomΠ (T i , T j )0

≃

HomΠ0 ((T i )−i+1 , (T j )−i+1 )

(4.2)

≃
HomΛ ((ei + · · · + eℓ )Λ, τn−(j−i) ((ej + · · · + eℓ )Λ))
Prop 4.9
≃
HomΛ (τn−i ((ei + · · · + eℓ )Λ), τn−j ((ej + · · · + eℓ )Λ))
(4.1)

≃

HomΛ (τn−i (Λ), τn−j (Λ))

for i ≤ j, and we have HomΠ (T i , T j )0 ≃ HomΠ0 ((T i )−i+1 , (T j )−i+1 ) = 0 for i > j.
Thus we have algebra isomorphisms


0
HomΠ (T 1 , T 1 )0
 HomΠ (T 1 , T 2 )0 HomΠ (T 2 , T 2 )0



EndΠ (T )0 ≃ 

..
..
.
.


.
.
.
1
ℓ
2
ℓ
ℓ
ℓ
HomΠ (T , T )0 HomΠ (T , T )0 · · · HomΠ (T , T )0

HomΛ (τn−1 (Λ), τn−1 (Λ))
0
 HomΛ (τn−1 (Λ), τn−2 (Λ)) HomΛ (τn−2 (Λ), τn−2 (Λ))
≃ 
..
..
..

.
.
.



HomΛ (τn−1 (Λ), τn−ℓ (Λ)) HomΛ (τn−2 (Λ), τn−ℓ (Λ)) · · · HomΛ (τn−ℓ (Λ), τn−ℓ (Λ))
!
M
= EndΛ
τn−i (Λ) = EndΛ (Π).
i≥1


4.2. Classical cases. In this subsection, we consider the case n = 1. Then Λ is the path
algebra of a Dynkin quiver Q (see Example 4.4), and Π is the classical preprojective algebra
associated to the quiver Q (see [BGL, Rin]). Then Π is a positively graded self-injective
algebra by Proposition 4.5, and Π is 1-cluster tilting as a Λ-module (i.e. add Π = mod Λ)
by Proposition 4.9 and Lemma 4.10. By Theorem 4.6, there exists a triangle-equivalence
modZ Π ≃ Db (mod EndΛ (Π)).
Now we recall a description of Π in terms of quivers with relations.
• Define the double quiver Q of Q by
Q0 := Q0 ,
o
G n α∗
α
j −→ i | i −
→ j ∈ Q1 .
Q1 := Q1

Then we have an involution ( )∗ : Q1 −→ Q1 defined by
(
α∗ (α ∈ Q1 ),
α∗ :=
β (α = β ∗ for some β ∈ Q1 ).
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• Define relations ρi for each i ∈ Q0 by
X
ρi :=

 α 
i−
→j ∈Q1
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ǫα αα∗,

(
1
(α ∈ Q1 ),
ǫα :=
−1 (α∗ ∈ Q1 ).
• Define the grading on the quiver Q by
(
0 (α ∈ Q1 ),
deg α :=
1 (α∗ ∈ Q1 ).
Since the relations ρi are homogeneous of degree 1 with respect to the above grading
on Q, the above grading on Q gives rise to the grading on KQ/hρi | i ∈ Q0 i. Then there
exists an isomorphism of graded algebras
Π ≃ KQ/hρi | i ∈ Q0 i.
Let us give a concrete example. Let Q be the quiver
1

α1

//

α2

2

//

······

αn−2

//

n−1

αn−1

//

n

of type An , and Λ the path algebra of Q. Then Π and EndΛ (Π) are described by quivers
with relations as follows.
First the quiver with relations of Π is given by
(
∗
αn−2
αn−1
α2
α1
α1 α1∗ = 0 = αn−1
αn−1 ,
//
//
//
oo
oo
·
·
·
·
·
·
n
−
1
n
1 oo ∗ // 2 oo
∗
∗
∗
∗
∗
αn−1
α1
α2
αn−2
αi αi = αi−1 αi−1
(2 ≤ i ≤ n − 1).
The grading on Π is given by deg αi := 0 and deg αi∗ := 1.
Next we draw the quiver with relations of EndΛ (Π). The Auslander-Reiten quiver of
mod Λ = add Π is given by
AA ◦ ❀
✄✄ ❀
AA • ❀
AA ◦ ❀
✄✄ ❀ ✄✄ ❀

◦

AA ◦ ❀
AA • ❀
AA • ❀
✄✄ ❀ ✄✄ ❀ ✄✄ ❀
AA ◦ ❀
AA • ❀
AA • ❀
AA • ❀
✄✄ ❀ ✄✄ ❀ ✄✄ ❀ ✄✄ ❀

•

AA ◦ ❀
AA • ❀
AA •
✄✄ ❀ ✄✄ ❀ ✄✄
AA ◦ ❀
AA • ❀
AA • ❀
✄✄ ❀ ✄✄ ❀ ✄✄ ❀

◦

AA ◦ ❀
AA • ❀
AA • ❀
AA •
✄✄ ❀ ✄✄ ❀ ✄✄ ❀ ✄✄
AA ◦ ❀
AA • ❀
AA • ❀
AA • ❀
✄✄ ❀ ✄✄ ❀ ✄✄ ❀ ✄✄ ❀

•

•

•

•

•

•

•

• ❀❀

AA • ❀
AA • ❀
✄✄ ❀ ✄✄ ❀
AA • ❀
AA • ❀
AA • ❀
✄✄ ❀ ✄✄ ❀ ✄✄ ❀


• ❀❀

AA • ❀
AA • ❀
AA • ❀
✄✄ ❀ ✄✄ ❀ ✄✄ ❀
AA • ❀
AA • ❀
AA • ❀
AA • ❀
✄✄ ❀ ✄✄ ❀ ✄✄ ❀ ✄✄ ❀


•

•

•

•

•

where the number of vertices ◦ is n. These vertices ◦ correspond to indecomposable projective Λ-modules. Thus EndΛ (Π) is given by the full subquiver consisting of vertices •
with mesh relations.
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5. Derived-orbit categories
In this section, we collect basic facts on DG categories, together with an application to
orbit categories of derived categories. In particular, we give the definition of derived-orbit
categories and their universal property.
In [Ke1], B. Keller introduced the derived category of differential graded category (DG
category), and developed fundamental theory. It gives a powerful tool for study of algebraic
triangulated categories which are often realized as derived categories of DG categories.
One of their application is to construct derive-orbit categories [Ke2]. They are triangulated categories associated with orbit categories of derived categories, which do not have a
structure of triangulated categories in general. In their construction, we need to introduce
DG orbit categories.
5.1. DG categories. In this subsection, we recall basic definitions and typical examples
of DG categories. We refer to [Ke1] for the details.
Definition 5.1. An additive category A is called a differential graded (DG) category if
the following conditions are satisfied.
(1) For any X, Y ∈ A , the morphism set HomA (X, Y ) is a Z-graded abelian group
M
HomA (X, Y ) =
HomiA (X, Y ).
i∈Z

for any f ∈ HomiA (X, Y ) and g ∈ HomjA (Y, Z) where
such that gf ∈
X, Y, Z ∈ A and i, j ∈ Z.
(2) The morphism set are endowed with a differential d such that the equation
i+j
(X, Z)
HomA

d(gf ) = (dg)f + (−1)j g(df )
holds for any f ∈ HomA (X, Y ) and g ∈ HomjA (Y, Z) where X, Y, Z ∈ A and j ∈ Z.
For a DG category A , we denote by H0 (A ) an additive category whose objects are the
same as A , and the morphism set from X to Y is H0 (HomA (X, Y )).
Let A and B be DG categories. An additive functor F : A → B is called a DG functor
if it preserves the grading and commutes with differentials. Clearly a DG functor A → B
induces an additive functor H0 (A ) → H0 (B).
The following are typical examples of DG categories. Those shows that usual categories
of complexes are dealt with in the context of DG categories.
Example 5.2. (1) Let A be an additive category. We can regard A as a DG category such
that morphism sets are concentrated in degree 0, namely Hom0A (X, Y ) = HomA (X, Y ) for
any X, Y ∈ A.
(2) Let A be an additive category. We define the DG category Cdg (A) as follows.
• The objects are chain complexes over A.
• For X, Y ∈ Cdg (A), the morphism sets from X to Y is defined by
Y
HomnCdg (A) (X, Y ) :=
HomA (X i , Y i+n ),
i∈Z

HomCdg (A) (X, Y ) :=

M

HomnCdg (A) (X, Y ).

n∈Z

• The differential is given by

dn ((fi )i∈Z ) = (dY fi − (−1)n fi+1 dX )i∈Z
for (fi )i∈Z ∈ HomnCdg (A) (X, Y ).
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0

Then one can check that the category H (Cdg (A)) coincides with the homotopy category
K(A) of complexes over A.
Later we deal with the full DG subcategory Cbdg (A) of Cdg (A) which consists of bounded
complexes over A. Clearly we have Kb (A) = H0 (Cbdg (A)).
Next we recall the derived categories of DG modules over DG categories. Let A be a DG
category. A DG A -module is a DG functor A op → Cdg (Mod Z). Then DG A -modules
form a DG category which we denote by Cdg (A ). We denote by K(A ) := H0 (Cdg (A ))
the homotopy category of DG A -modules. By formally inverting quasi-isomorphisms in
K(A ), we obtain the derived category D(A ) of DG A -modules.
For a DG category A , the homotopy category K(A ) has a structure of a triangulated
category. Moreover the derived category D(A ) also has a structure of a triangulated
category such that the canonical functor K(A ) → D(A ) is a triangle-functor.
The above derived categories contains the derived categories of algebras.
Example 5.3. Let Λ be an algebra. We denote by Mod Λ the category of all Λ-modules.
As we observed in Example 5.2 (1), we regard Λ as a DG category whose morphism
space is concentrated in degree 0. So we can consider the DG category Cdg (Λ) of DG
Λ-modules introduced in the above. This coincides with the DG category Cdg (Mod Λ) of
complexes over Mod Λ discussed in Example 5.2 (2). Also we have K(Λ) = K(Mod Λ) and
D(Λ) = D(Mod Λ).
For a DG category A , the category H0 (A ) does not have a structure of a triangulated
category in general. However we can naturally construct a triangulated category which
contains H0 (A ) as a full subcategory.
We call a DG functor A → Cdg (A ) sending X to HomA (−, X) the Yoneda embedding.
This is fully faithful, and we regard A as a DG full subcategory of Cdg (A ), and H0 (A )
as a full subcategory of H0 (Cdg (A )) = K(A ). Furthermore we regard H0 (A ) as a full
subcategory of D(A ) via the composition H0 (A ) → K(A ) → D(A ).
Definition 5.4. Let A be a DG category. We call the full subcategory thickD(A ) (H0 (A ))
of D(A ) the triangulated hull of H0 (A ).
This is a triangulated category which contains H0 (A ) as a full subcategory and is generated by H0 (A ).
5.2. Derived-orbit categories. The aim of this subsection is to introduce derived-orbit
categories following [Ke2]. First we recall DG orbit categories.
Definition 5.5. Let A be a DG category, and F : A → A a DG functor. A DG category
A /F + is defined as follows.
• The objects are the same as A .
• For X, Y ∈ A , the morphism set from X to Y is defined by
∞
M
HomA (F n X, Y ).
HomA /F + (X, Y ) :=
n=0

• The composition of morphisms are defined as follows. For f ∈ HomA (F i X, Y ) ⊂
HomA /F + (X, Y ) and g ∈ HomA (F j Y, Z) ⊂ HomA /F + (Y, Z), we define
g · f := g · F j (f ) ∈ HomA (F i+j X, Z) ⊂ HomA /F + (X, Z).
• The differential of A /F + is induced from that of A .
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Definition 5.6. Let A be a DG category, and F : A → A a DG functor. The DG orbit
category A /F is defined as follows.
• The objects are the same as A .
• For X, Y ∈ A , the morphism set from X to Y is defined by


F
F
→ ······ .
→ HomA /F + (X, F Y ) −
HomA /F (X, Y ) := colim HomA /F + (X, Y ) −
• The composition of morphisms in A /F is induced from that in A /F + .
• The differential of A /F is induced from that of A /F + .

Example 5.7. As we observed in Example 5.2 (1), an additive category A can be regarded
as a DG category. For an additive functor F : A → A, we define the orbit category A/F
as a special case of the above definition.
The following proposition explains the reason why we consider DG orbit categories. It
allows us to deal with orbit categories in the context of DG orbit categories.
Proposition 5.8. Let A be a DG category, F : A → A a DG functor, and the induced
functor H0 (F ) : H0 (A ) → H0 (A ). Then the following assertions hold.
(1) There exists an equivalence H0 (A /F ) ≃ H0 (A )/H0 (F ).
(2) The triangulated hull thickD(A /F ) (H0 (A /F )) of H0 (A /F ) is a triangulated category
which contains H0 (A )/H0 (F ) as a full subcategory, and is generated by H0 (A )/H0 (F ).
Proof. (1) Clearly we have H0 (A /F + ) ≃ H0 (A )/H0 (F )+ . For any X, Y ∈ A , there are
isomorphisms
HomH0 (A /F ) (X, Y )



F
F
→ ······
→ HomA /F + (X, F Y ) −
≃ H0 colim HomA /F + (X, Y ) −


H0 (F )
H0 (F )
≃ colim HomH0 (A /F + ) (X, Y ) −−−→ HomH0 (A /F + ) (X, F Y ) −−−→ · · · · · ·


H0 (F )
H0 (F )
≃ colim HomH0 (A )/H0 (F )+ (X, Y ) −−−→ HomH0 (A )/H0 (F )+ (X, F Y ) −−−→ · · · · · ·
≃ HomH0 (A )/H0 (F ) (X, Y ).

The second isomorphism follows from exactness of colimit (cf. [Mi, Theorem III.1.9]).
(2) This is clear.

Now we are ready to define derived-orbit categories.
Definition 5.9. Let Λ be an algebra of finite global dimension, and M a bounded complex
of Λop ⊗K Λ-modules. Let A := Cbdg (proj Λ) be the DG category of bounded complexes over
proj Λ (Example 5.2 (2)). Then we have H0 (A ) = Kb (proj Λ) = Db (mod Λ) by Proposition
2.3. Since Λop ⊗K Λ has finite global dimension, there exists a quasi-isomorphism pM → M
with a bounded complex pM of projective Λop ⊗K Λ-modules. Consider the DG functor.
F := − ⊗Λ pM : A → A .
Then we have

L

H0 (F ) = − ⊗Λ M : Db (mod Λ) → Db (mod Λ).
We call the triangulated hull
D(Λ, M) := thickD(A /F ) (H0 (A /F ))
of H0 (A /F ) the derived-orbit category of (Λ, M).
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By Proposition 5.8, we have H0 (A /F ) ≃ H0 (A )/H0 (F ) ≃ Db (mod Λ)/(− ⊗Λ M). Thus
we have the following result.
Proposition 5.10. The derived-orbit category D(Λ, M) is a triangulated category which
L

L

contains Db (mod Λ)/(− ⊗Λ M) as a full subcategory. Moreover Db (mod Λ)/(− ⊗Λ M) is
closed under shifts [±1] and generates D(Γ, M[1]) as a triangulated category.
5.3. A universal property of derived-orbit categories. In this subsection, we recall a
universal property of derived-orbit categories following [Ke2, Section 9] and [IO2, Theorem
A. 20].
Let A be a positively graded self-injective algebra, and Γ an algebra of finite global
dimension. Let U ∈ Db (modZ (Γop ⊗K A)), N ∈ Db (mod(Γop ⊗K Γ)), and
L

F := − ⊗Γ N : Db (mod Γ) −→ Db (mod Γ).
We consider the derived tensor functor
L

− ⊗Γ U : Db (mod Γ) −→ Db (modZ A)
and the canonical functor
H : Db (modZ A) −→ modZ A
given in (3.4). Composing them, we have a triangle-functor
L

G := H ◦ (− ⊗Γ U) : Db (mod Γ) −→ modZ A.

(5.1)

Now we can state a universal property of derived-orbit categories.
Theorem 5.11. [IO2, Theorem A. 20] We fix an integer a. Assume that there exists a
triangle
L

(5.2)

P −→ U(a) −→ N ⊗Γ U −→ P [1]

in Db (modZ (Γop ⊗K A)) such that P belongs to Kb (projZ A) as an object in Db (modZ A).
Then there exist an additive functor Db (mod Γ)/F → (modZ A)/(a) and a trianglee : D(Γ, N) → modZ/aZ A which makes the diagram
functor G
Db (mod Γ)

G

//

modZ A

nat.

nat.





Db (mod Γ)/F
//

commutative.

e
G

//

Z/aZ

mod

Fa

xx





D(Γ, N)

(modZ A)/(a)

A

6. Realizing stable categories as derived-orbit categories
In this section, we compare the stable categories of self-injective algebras and derivedorbit categories. We give a precise statement of Theorem 1.6 by giving Γ and M explicitly
and prove it. We start with the following motivating observation.
Let A be a positively graded self-injective algebra and ℓ a fixed integer. By Proposition 2.25, the triangle-functor Fℓ : modZ A → modZ/ℓZ A induces a fully faithful functor
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(modZ A)/(ℓ) → modZ/ℓZ A where (modZ A)/(ℓ) is the orbit category of modZ A with respect
to (ℓ). Moreover thickmodZ/ℓZ A ((modZ A)/(ℓ)) = modZ/ℓZ A holds by Proposition 2.26.
In view of the equivalence modZ A ≃ Db (mod Γ) in Theorem 3.11, it is reasonable to
expect that modZ/ℓZ A is realized as a derived-orbit category D(Γ, M) for a certain M. In
fact, we see in Theorem 6.2 that this is the case if A has Gorensten parameter ℓ.
6.1. Main result. In this subsection, we give a precise statement of Theorem 1.6 in Theorem 6.2. We fix the following notations.
Let A be a positively graded self-injective algebra of Gorenstein parameter ℓ (see Definition 1.5) such that A0 has finite global dimension. Let T be the tilting object in modZ A
given in (3.1), and T the direct summand of T given in Proposition 3.6. Then we have
Lℓ−1
A(i)≤0 . We naturally identify relevant algebras
T = i=0


A0 A1 · · · Aℓ−2 Aℓ−1

A0 · · · Aℓ−3 Aℓ−2 
Lem 3.9 
..
.. 
..

=
(6.1) Γ := EndA (T )0 = EndA (T )0
.
.
. 

.

A0
A1 
0
A0

We regard Γop ⊗K A as a Z-graded algebra by Definition 2.17, and regard T as a Z-graded
Γ ⊗K A-module. It is convenient to write T as the following matrix form.
op



A(ℓ − 1)≤0
 A(ℓ − 2)≤0
T =
..

.
A(0)≤0

0
 1−ℓ 2−ℓ ··· −1
A0 A1 · · · Aℓ−2 Aℓ−1

A0 · · · Aℓ−3 Aℓ−2
 
..
..
..
 =
.
.
.
 

A0
A1
0
A0







.



Here the numbers 1 − ℓ, 2 − ℓ, · · · , −1, 0 above show the degrees. The action of Γ on T from
the left is given by the matrix multiplication. Thus T is isomorphic to Γ as a Γop -module.
Now we consider a Z-graded A-module
M :=

2ℓ−1
M

A(i)≥1−ℓ .

i=ℓ

It is convenient to write M as the following matrix form by the similar way to T .

(6.2)







A(2ℓ − 1)≥1−ℓ

 A(2ℓ − 2)≥1−ℓ  
 =
M =
..

 
.

A(ℓ)≥1−ℓ

1−ℓ

2−ℓ

···

−1

0

Aℓ
0
Aℓ−1 Aℓ
..
.. . .
.
.
.
A2 A3 · · · Aℓ
A1 A2 · · · Aℓ−1 Aℓ





.



The algebra Γ acts on M from both sides by the matrix multiplication, and we can
regard M as a Γop ⊗K Γ-module. Since the action of Γ on M from the left commutes with
that of A from the right, we can regard M as a Z-graded Γop ⊗K A-module.
We consider triangle-functors
L

F := − ⊗Γ M[1] : Db (mod Γ) −→ Db (mod Γ),
L

G := H ◦ (− ⊗Γ T ) : Db (mod Γ) −→ modZ A
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where H is given in (3.4). We know by Theorem 3.14 that G is an equivalence.
We are ready to state our main results in this section.
Proposition 6.1. We have the following commutative diagram of triangle-equivalences up
to an isomorphism of functors.
Db (mod Γ)

(6.3)

G

modZ A
//

(ℓ)

F





Db (mod Γ)

modZ A
//

G

The above commutative diagram suggests that the derived-orbit category D(Γ, M[1]) is
equivalent to modZ/ℓZ A, and this is in fact the case by the following result.
Theorem 6.2. There exists a triangle-equivalence
e : D(Γ, M[1]) −→ modZ/ℓZ A
G

which makes the following diagram commutative.
G

Db (mod Γ)

(6.4)

//

modZ A
Fℓ

nat.





D(Γ, M[1])

//

e
G

modZ/ℓZ A

We prove these results in the next subsection.
6.2. Proof of Theorem 6.2. We keep the notations in the previous subsection. In this
subsection, we prove Proposition 6.1 and Theorem 6.2. Our strategy is to construct a
triangle (5.2) and apply Theorem 5.11.
We start with the following observation.
L

Lemma 6.3. There exists an isomorphism M ⊗Γ T ≃ M in Db (modZ (Γop ⊗K A)).
L

Proof. First since T is isomorphic to Γ as a Γop -module, we have M ⊗Γ T = M ⊗Γ T . Next
the matrix multiplication gives an isomorphism
f : M ⊗Γ T ∋ m ⊗ x 7−→ mx ∈ M
op

of (Γ ⊗K A)-modules. Finally since f (M ⊗Γ (T i )) ⊂ Mi holds for any i ∈ Z, we have that
f is an isomorphism in modZ (Γop ⊗K A).

Lemma 6.4. The following assertions hold.
(1) There exists an exact sequence
0 −→ M −→

2ℓ−1
M

A(i) −→ T (ℓ) → 0

i=ℓ

Z

op

in mod (Γ ⊗ A).
(2) There exists a triangle
(6.5)

2ℓ−1
M

φ

A(i) −→ T (ℓ) −−→ M[1] ⊗Γ T −→

i=ℓ

b

Z

in D (mod (Γ

L

op

2ℓ−1
M
i=ℓ

⊗K A)).

A(i)[1]
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Proof. (1) The following figure shows that the Z-graded A-module M is the first syzygy of
the Z-graded A-module T (ℓ).


A0 A1 · · · Aℓ−2 Aℓ−1 Aℓ
0


A0 · · · Aℓ−3 Aℓ−2 Aℓ−1 Aℓ

 
.
.
.
.
.
.


..
..
..
..
..
..
T (ℓ) M = 



A2 A3 · · · Aℓ
A0
A1
0
A0
A1 A2 · · · Aℓ−1 Aℓ

Thus there is an exact sequence

0 −→ M −→

2ℓ−1
M

A(i) −→ T (ℓ) → 0

i=ℓ

L2ℓ−1
A(i))0 ≃ Γ by the similar way as in Lemma 3.9.
in modZ A. We can show EndA ( i=ℓ
L2ℓ−1
op
Thus i=ℓ A(i) is a Z-graded Γ ⊗K A-module. It is easy to check that the above exact
sequence is in modZ (Γop ⊗K A). Thus we have the assertion.
(2) Since each short exact sequence in modZ (Γop ⊗ A) gives a triangle in D(modZ (Γop ⊗K
A)), the assertion follows from (1) and Lemma 6.3.

Now we are ready to prove Proposition 6.1 and Theorem 6.2.
Proof of Proposition 6.1. We use the map φ given in (6.5). Let P =
X ∈ Db (mod Γ), we have a triangle
L

L

L

L

H(X ⊗Γ φ)

L

L2ℓ−1
i=ℓ

A(i). For

L

H(X ⊗Γ P ) −→ H(X ⊗Γ T (ℓ)) −−−−−→ H(X ⊗Γ M[1] ⊗Γ T ) −→ H(X ⊗Γ P )[1]
L

L

in modZ A by applying H(X ⊗Γ −) to the triangle (6.5). Here we have H(X ⊗Γ T (ℓ)) =
L

L

L

G(X)(ℓ) and H(X ⊗Γ M[1] ⊗Γ T ) = GF (X). Since X ⊗Γ P belongs to Kb (projZ A)
L

as an object in Db (modZ A), we have H(X ⊗Γ P ) = 0. Thus we have an isomorphism
L

H(X ⊗Γ φ) : G(X)(ℓ) → GF (X) in modZ A. Consequently we have an isomorphism
L

H(− ⊗Γ φ) : (ℓ) ◦ G −→ G ◦ F of functors.



Thanks to Proposition 6.1, we can show the following property of the derived-orbit
category D(Γ, M[1]).
Proposition 6.5. The following assertions hold.
(1) We have an equivalence Db (mod Γ)/F ≃ (modZ A)/(ℓ).
(2) The derived-orbit category D(Γ, M[1]) is a Hom-finite Krull-Schmidt category.
Proof. (1) By Proposition 6.1, G induces an equivalence Db (mod Γ)/F ≃ (modZ A)/(ℓ).
(2) By (1), Db (mod Γ)/F is Hom-finite. By this fact and since Db (mod Γ)/F is closed
under shifts [±1] and generates D(Γ, M[1]) as a triangulated category, D(Γ, M[1]) is Homfinite by Lemma 2.12.
To show that D(Γ, M[1]) is Krull-Schmidt, we only have to show that it is idempotent
split. The category D(Γ, M[1]) is defined as a thick subcategory of the derived category
of some DG orbit category (see Definition 5.9). By [Ne, Proposition 1.6.8], the derived
categories of DG categories are idempotent split. Thus D(Γ, M[1]) is idempotent split. 
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Proof of Theorem 6.2. Applying Theorem 5.11 to the triangle (6.5) given in Lemma 6.4
e : D(Γ, M[1]) → modZ/ℓZ A which makes the diagram
(2), there exists a triangle-functor G
(6.4) commutative.
e is an equivalence. By Theorem 5.11 and Proposition 6.5 (1), we have
We show that G
a commutative diagram
Db (mod Γ)/F

//

(modZ A)/(ℓ)




D(Γ, M[1])

e
G

//

modZ/ℓZ A

e is an
where the upper functor is an equivalence. Applying Lemma 2.13, we have that G
equivalence.

6.3. Examples. In this subsection, we give examples of Theorem 6.2.
First we consider positively graded symmetric algbras.

Example 6.6. Let A be a positively graded symmetric algebra of Gorenstein parameter
ℓ, Γ the algebra given in (6.1), and M the Γop ⊗K Γ-module given in (6.2).
Now we show that there exists an isomorphism M ≃ DΓ of Γop ⊗K Γ-modules. Indeed
since A is symmetric and has Gorenstein parameter ℓ, there is an isomorphism
ϕ : A −→ D(A(ℓ))
of graded Aop ⊗K A-modules. Then the restriction of ϕ gives an isomorphism
ϕ|Ai : Ai −→ D(Aℓ−i )
of K-vector spaces.
Now we define an isomorphism



Aℓ
0
D(A0 )
0
 Aℓ−1 Aℓ

 D(A1 )
D(A0 )
 .


.. . .
..
..
..
 −→ 
ϕ
e:M =
.
.
.
.
.
 ..


 A

 D(A ) D(A ) · · · D(A )
A
·
·
·
A
2
3
ℓ
ℓ−2
ℓ−3
0
A1 A2 · · · Aℓ−1 Aℓ
D(Aℓ−1 ) D(Aℓ−2 ) · · · D(A1 ) D(A0 )
of K-vector spaces by





 = DΓ



ϕ((x
e ij )) := (ϕ(xij ))
for any (xij ) ∈ M. One can check that ϕ
e is an isomorphism of Γop ⊗K Γ-modules.
By the above description of M, if A0 has finite global dimension, then we have a triangleequivalence
D(Γ, DΓ[1]) ≃ modZ/ℓZ A.
by applying Theorem 6.2.
The second example is an application of Example 6.6 to trivial extensions (see Example
3.15).
Example 6.7. Let Λ be an algebra, and A the trivial extension of Λ. We consider the
positive grading on A given in Example 3.15. Then A is a positively graded symmetric
algebra of Gorenstein parameter 1 (Remark 3.17). Thus if Λ has finite global dimension,
then there exists a triangle-equivalence
D(Λ, DΛ[1]) ≃ modA.

30

KOTA YAMAURA

by Example 6.6. Thus the stable categories of trivial extensions are always triangleequivalent to “(−1)-cluster categories”.
Finally we continue to discuss Example 3.18.
Example 6.8. We keep the notations in Example 3.18. So A = K[x]/(xn+1 ) is a positively
graded symmetric algebra with deg x = 1. Then A has Gorenstein parameter n. By
Corollary 6.6, there exists a triangle-equivalence
modZ/nZ A ≃ D(Γ, DΓ[1]).

(6.6)

where Γ is an n × n upper triangular matrix algebra over K.
Now we consider the special case n = 2 as in Example 3.18. Since a complete set of
indecomposable Z/2Z-graded A-modules is given by {F2 (X i (j)) | i = 1, 2, j = 0, 1}, we
obtain the Auslander-Reiten quiver of modZ/2Z A by identifying each vertex X with X(2)
in the Auslander-Reiten quiver (3.6).
X?? 1 (1)
?? 1❄oo❄
⑧X
⑧ ❄❄❄
❄
⑧
❄❄
⑧
⑧⑧
❄❄
⑧
⑧
❄
⑧
❄❄
❄ ⑧⑧⑧
⑧
⑧

2
o
o
2 oo
X (1)
X
X2
On the other hand, let
L

F := − ⊗Γ DΓ[1] : Db (mod Γ) −→ Db (mod Γ).
Then we have F ≃ τ [2] by Theorem 2.3. By this and since Γ is hereditary, the orbit
category Db (mod Γ)/F has the natural structure of triangulated category by [Ke2, Section
4, Theorem]. Thus we have D(Γ, DΓ[1]) = Db (mod Γ)/F . We obtain the Auslander-Reiten
quiver of D(Γ, DΓ[1]) by identifying each vertex X with F X in the Auslander-Reiten quiver
(3.7).
P?? 1 [1]
?? 1❄oo ❄
❄
⑧P
⑧⑧
⑧⑧
⑧
⑧
P 2oo

⑧
❄❄
⑧⑧
❄❄
⑧
❄ ⑧⑧⑧
I 1 oo

❄❄
❄❄
❄❄


P2
The above Auslander-Reiten quivers of mod
A and D(Γ, DΓ[1]) have the same shape,
and this is a consequence of our triangle-equivalence Theorem 6.2.
Z/2Z
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