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Abstract

We show that the quantum coordinate ring of the unipotent subgroup N(w) of a symmetric
Kac-Moody group G associated with a Weyl group element w has the structure of a quantum
cluster algebra. This quantum cluster structure arises naturally from a subcategory %,, of the
module category of the corresponding preprojective algebra. An important ingredient of the
proof is a system of quantum determinantal identities which can be viewed as a g-analogue
of a T-system. In case G is a simple algebraic group of type A,D, E, we deduce from these
results that the quantum coordinate ring of an open cell of a partial flag variety attached to G
also has a cluster structure.

1 Introduction

Let g be the Kac-Moody algebra associated with a symmetric Cartan matrix. Motivated by the
theory of integrable systems in statistical mechanics and quantum field theory, Drinfeld and Jimbo
have introduced its quantum enveloping algebra U,(g). Let n denote the nilpotent subalgebra
arising from a triangular decomposition of g. In the case when g is finite-dimensional, Ringel [Ri]
showed that the positive part Uy (n) of Uy(g) can be realized as the (twisted) Hall algebra of the
category of representations over F > of a quiver Q, obtained by orienting the Dynkin diagram of g.
This was a major inspiration for Lusztig’s geometric realization of U, (n) in terms of Grothendieck
groups of categories of perverse sheaves over varieties of representations of Q, which is also valid
when g is infinite-dimensional [Lul].

The constructions of Ringel and Lusztig involve the choice of an orientation of the Dynkin
diagram. In an attempt to get rid of this choice, Lusztig replaced the varieties of representations
of Q by the varieties of nilpotent representations of its preprojective algebra A = A(Q), which
depends only on the underlying unoriented graph. He showed that one can realize the enveloping
algebra U (n) as an algebra of C-valued constructible functions over these nilpotent varieties [Lul,
Lu4]. The multiplication of U (n) is obtained as a convolution-type product similar to the product
of the Ringel-Hall algebra, but using Euler characteristics of complex varieties instead of number
of points of varieties over finite fields. Note that this realization of U(n) is only available when
the Cartan matrix is symmetric.

One of the motivations of this paper was to find a similar construction of the quantized en-
veloping algebra U, (n), as a kind of Ringel-Hall algebra attached to a category of representations
of A. Unfortunately, there seems to be no simple way of g-deforming Lusztig’s realization of
U (n). In this paper we try to overcome this difficulty by switching to the dual picture.
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The dual of U (n) as a Hopf algebra can be identified with the algebra C[N] of regular functions
on the pro-unipotent group N attached to n. Dualizing Lusztig’s construction, one can obtain for
each nilpotent representation X of A a distinguished regular function @x € C[N], and the product
¢Ox @y can be calculated in terms of varieties of short exact sequences with end-terms X and Y
[GLS2]. For each element w of the Weyl group W of g, the group N has a finite-dimensional
subgroup N(w) of dimension equal to the length of w. In particular, when g is finite-dimensional,
we have N = N(wy), where wy is the longest element of W. In [GLS6], we have shown that the
coordinate ring C[N(w)] is spanned by the functions @x where X goes over the objects of a certain
subcategory %,, of mod(A). This category was introduced by Buan, Iyama, Reiten and Scott in
[BIRS], and independently in [GLS4] for adaptable w. Moreover, we have proved that C[N(w)]
has a cluster algebra structure in the sense of Fomin and Zelevinsky [FZ2], for which the cluster
monomials are of the form ¢ for rigid objects T of %,,.

The algebra C[N] has a quantum deformation, which we denote by A,(n) (see below §4.2),
and it is well known that the algebras U,(n) and A,(n) are in fact isomorphic. By works of
Lusztig and De Concini-Kac-Procesi, A,(n) has a subalgebra A,(n(w)), which can be regarded as
a quantum deformation of C[N(w)]. On the other hand, Berenstein and Zelevinsky [BZ2] have
introduced the concept of a quantum cluster algebra. They have conjectured that the quantum
coordinate rings of double Bruhat cells in semisimple algebraic groups should have a quantum
cluster algebra structure.

In this paper, we introduce for every w an explicit quantum cluster algebra </, (%),), defined
in a natural way in terms of the category %,,. In particular, for every reachable rigid object T of
%, there is a corresponding quantum cluster monomial Yr € /4 (%,,). Our main result is the
following quantization of the above theorem of [GLS6].

Theorem 1.1 There is an algebra isomorphism K : gy (G) = Ag(n(w)).

Note that quantizations of coordinate rings and quantizations of cluster algebras are defined
in very different ways. For example A,(n) = U,(n) is given by its Drinfeld-Jimbo presentation,
obtained by g-deforming the Chevalley-Serre-type presentation of U(n). In contrast, quantum
cluster algebras are defined as subalgebras of a skew field of rational functions in g-commuting
variables, generated by a usually infinite number of elements given by an inductive procedure.

As a matter of fact, there does not seem to be so many examples of “concrete” quantum cluster
algebras in the literature. Grabowski and Launois [GL] have shown that the quantum coordinate
rings of the Grassmannians Gr(2,n) (n > 2), Gr(3,6), Gr(3,7), and Gr(3,8) have a quantum
cluster algebra structure. Lampe [Lal, La2] has proved two particular instances of Theorem 1.1,
namely when g has type A,, or Agl) and w = ¢? is the square of a Coxeter element. Recently, the
existence of a quantum cluster structure on every algebra A,(n(w)) was conjectured by Kimura
[Ki, Conj.1.1].

Now Theorem 1.1 provides a large class of such examples, including all algebras U,(n) for
g of type A, D, E. By taking g = sl, and some special permutation wy € S,,, one also obtains that
the quantum coordinate ring A,(Mat(k,n — k)) of the space of k x (n — k)-matrices has a quantum
cluster algebra structure for every 1 < k < n. This may be regarded as a cluster structure on
the quantum coordinate ring of an open cell of Gr(k,n). More generally, for any simply-laced
simple algebraic group G, and any parabolic subgroup P of G, we obtain a cluster structure on
the quantum coordinate ring of the unipotent radical Np of P, which can be regarded as a cluster
structure on the quantum coordinate ring of an open cell of the partial flag variety G/P.



Note also that, by taking w equal to the square of a Coxeter element, our result gives a Lie
theoretic realization of all quantum cluster algebras associated with an arbitrary acyclic quiver
(but with a particular choice of coefficients).

Our strategy for proving Theorem 1.1 can be summarized as follows.

Let A;(g) be the quantum analogue of the coordinate ring constructed by Kashiwara [K2].
We first obtain a general quantum determinantal identity in A,(g) (Proposition 3.2). This is a
g-analogue (and an extension to the Kac-Moody case) of a determinantal identity of Fomin and
Zelevinsky [FZ1]. We then transfer this identity to A,(n) (Proposition 5.4). Here a little care must
be taken since the restriction map from A,(g) to A4(n) is not a ring homomorphism. Appropriate
specializations of this identity give rise, for every w € W, to a system X,, of equations (Proposi-
tion 5.5) allowing to calculate certain quantum minors depending on w in a recursive way. This
system is a g-analogue of a T-system arising in various problems of mathematical physics and
combinatorics (see [KNS]), and we believe it could be of independent interest. It will turn out that
all quantum minors involved in X,, belong to the subalgebra A,(n(w)), and that among them we
find a set of algebra generators.

On the other hand, we show that the generalized determinantal identities of [GLS6, Theorem
13.1], which relate a distinguished subset of cluster variables, take exactly the same form as the
quantum 7-system X,, when we lift them to the quantum cluster algebra 7, (€,). Therefore,
after establishing that the quantum tori consisting of the initial variables of the two systems are
isomorphic, we can construct an injective algebra homomorphism k from </, (%) to the skew
field of fractions F,(n(w)) of A;(n(w)), and show that the image of k contains a set of generators
of Ay(n(w)). Finally, using an argument of specialization ¢ — 1 and our result of [GLS6], we
conclude that K is an isomorphism from 27y, (%)) to Ay (n(w)).

Another motivation of this paper was the open orbit conjecture of [GLS6, §18.3]. This conjec-
ture states that all functions ¢ associated with a rigid A-module 7 belong to the dual canonical
basis of C[N]. It can be seen as a particular instance of the general principle of Fomin and Zelevin-
sky [FZ2] according to which, in every cluster algebra coming from Lie theory, cluster monomials
should belong to the dual canonical basis. Since the dual canonical basis of C[N] is obtained by
specializing at ¢ = 1 the basis B* of A;(n) dual to Lusztig’s canonical basis of U, (n), it is natural
to conjecture that, more precisely, every quantum cluster monomial Yr of <y, (¢),) is mapped
by k to an element of B*. In fact, it is not too difficult to show that k(Y7 ) always satisfies one
of the two characteristic properties of B* (see below §12.3). But unfortunately, the second prop-
erty remains elusive, although Lampe [Lal, La2] has proved it for all cluster variables in the two
special cases mentioned above.

Finally we note that it is well known that the algebras A,(n(w)) are skew polynomial rings.
Therefore, by Theorem 1.1, all quantum cluster algebras of the form MQ(q) (é,) are also skew
polynomial rings, which is far from obvious from their definition. One may hope that, conversely,
the existence of a cluster structure on many familiar quantum coordinate rings will bring some
new insights for studying their ring-theoretic properties, a very active subject in recent years (see
e.g. [BG, GLL, MC, Y] and references therein).



2 The quantum coordinate ring A,(g)

2.1 The quantum enveloping algebra U,(g)

Let g be a symmetric Kac-Moody algebra with Cartan subalgebra t. We follow the notation of [K2,
§1]. In particular, we denote by I the indexing set of the simple roots ¢; (i € I) of g, by P C t*
its weight lattice, by /;(i € I) the elements of P* C t such that (h;, ;) = a;; are the entries of the
generalized Cartan matrix of g. Since g is assumed to be symmetric, we also have a symmetric
bilinear form (-,-) on t* such that (o, o) = ;.

The Weyl group W < GL(t") is the Coxeter group generated by the reflections s; for i € I,
where

si(Y) =7~ (hi, 7).
The length of w € W is denoted by /(w). We will also need the contragradient action of W on P*.

Let U,(g) be the corresponding quantum enveloping algebra, a Q(¢)-algebra with generators
ei, fi (i €1),q" (h € P*). We write t; = ¢". We denote by U,(n) (resp. U,(n_)) the subalgebra of
U,(g) generated by ¢; (i € I) (resp. f; (i €I)). Fori € I, let U,(g;) denote the subalgebra of U,(g)
generated by e;, fi,q" (h € P*).

Let M be a (left) U, (g)-module. For A € P, let M) = {m € M | ¢"m = ¢"*")m for every h € P*}
be the corresponding weight space of M. We say that M is integrable if (i) M = @) cp M), (ii) for
any i, M is a direct sum of finite-dimensional U, (g;)-modules, and (iii) for any m € M, there exists
1> 0such thate;, ---e;m=0for any iy,...,i; € I. We denote by Oiy(g) the category of integrable
U,(g)-modules. This is a semisimple category, with simple objects the irreducible highest weight
modules V(A ) with highest weight A € P, the monoid of dominant weights.

2.2 Bimodules
Let ¢ and * be the Q(g)-linear anti-automorphisms of U,(g) defined by

ple)=1fi, o(f)=e old")=4" 2.1
G=e fi=f @)=q" (2.2)

A right U, (g)-module N gives rise to a left U,(g)-module N? by defining
x-n=n-@(x), (neN, xeUyy(g)). (2.3)

We say that N is an integrable right module if N is an integrable left module. In particular, for
A € P., we have an irreducible integrable right module V*(1) such that V*(1)? = V(1). Let m;,
be a highest weight vector in V(A1), i.e.e;my = 0 for any i € I. Then m;, can be regarded as a
vector ny € V'(A), which satisfies n, f; = 0 for any i € I. Equivalently, V*(1) is isomorphic to
the graded dual of V(4 ), endowed with the natural right action of U,(g). It follows that we have a
natural pairing (-,-), : V'(1) x V(1) — Q(gq), which satisfies (n,,m)); = 1, and

(nx,m); = (n,xm),, (meV(A),neV'(A), xeUig)). (2.4)

We denote by Oin(g°P) the category of integrable right U, (g)-modules. It is also semisimple, with
simple objects V*(1) (A € Py).

The tensor product of Q(g)-vector spaces V'(4) ® V(A) has the natural structure of a U, (g)-
bimodule, via

x-(n@m)-y=(n-y)® (x-m), (x,y € Uy(g), me V(A), n€ V' (1)). (2.5)



2.3 Dual algebra
Let Uy(g)" = Homg,) (U,(g),Q(g)). This is a U,(g)-bimodule, via
(- w-y)(2)=yhz),  (nyzeUyle), veUyla)) (2.6)

On the other hand, U,(g) is a Hopf algebra, with comultiplication A: U,(g) — U,(g) ® Uy,(g)
given by

Ae)=e@l+n0e, Alf)=fior' +10f, Ad')=4d"e4", 2.7
with counit £: U,(g) — Q(g) given by
g(e)) =£(fi) =0, e(¢")=1, (2.8)
and with antipode S given by
S(e) = —t; 'ei, S(fi)=—fits S(¢")=q7". (2.9)
Dualizing A, we obtain a multiplication on U,(g)*, defined by
(vO)(x) = (v@0)(A(x),  (v,0€Uy(g)", x € Uy(g)) (2.10)

Later on it will often be convenient to use Sweedler’s notation A(x) = Y X(1) ® x(z) for the co-
multiplication. Using this notation, (2.10) reads (w6)(x) = ¥ w(x(1))0(x(2)). Combining (2.6)
and (2.10) we obtain

X (w0) -y =Y (xa) ¥y (X 0-y). (2.11)

2.4 Peter-Weyl theorem

Following Kashiwara [K2, §7], we define A,(g) as the subspace of U,(g)* consisting of the linear
forms y such that the left submodule U,(g)y belongs to Oin(g), and the right submodule yU,(g)
belongs to Ojn(g°P). It follows from the fact that the categories Ojn(g) and Ojn(g°P) are closed
under tensor product that A,(g) is a subring of U,(g)*.

The next proposition of Kashiwara can be regarded as a g-analogue of the Peter-Weyl theorem
for the Kac-Moody group G attached to g (see [KP]). We include a proof for the convenience of
the reader.

Proposition 2.1 ([K2, Proposition 7.2.2]) We have an isomorphism ® of U,(g)-bimodules

D V@) @V(2A) = Ago)

A€P+

given by
P(n@m)(x) = (nx, m),, (meV(A),neV(A), xeU,g)).

Proof — Tt follows from (2.5) and (2.6) that ® defines a homomorphism of U, (g)-bimodules from
@aep, VI(A)@V(A) to Uy(g)*. Since V(A) and V'(A) are integrable for all A € P,, we see that
Im® CA,(g).

Let us show that & is surjective. Let y € A,(g). We want to show that y € Im®. Since
V :=U,(g) v is integrable, it decomposes as a (finite) direct sum of irreducible integrable modules.



Thus, without loss of generality, we may assume that V is isomorphic to V(1) for some A € P,.
We may also assume that y is a weight vector of V (otherwise we can decompose it as a sum
of weight vectors). Since V := U,(g)y and W := yU,(g) are both integrable, we see that there
exist k and [/ such that e; ---¢; -y =y fj --- fj, = 0 for every iy,...,i, j1,...,j; € 1. Hence
y(xe;, ---€;) = Y(fj - fjx) = 0 for every x € U,(g). It follows that the linear form a € V*
defined by a(¢) = ¢(1) takes nonzero values only on a finite number of weight spaces of V.
Hence a is in the graded dual of V, which we can identify to V" (A). Moreover,

P(a® y)(x) = (a, xy) = alxy) =xy(1) = y(x)

for every x € U,(g). Therefore y = ®(a ® y) belongs to Im®.

Now, @ is also injective. Indeed, if forn®@m € V'(A1) @ V(A1) we have ®(n®m) = 0, then for
every x € Uy(g), (nx,m); =0. If n# 0, since (-, -); is a pairing between V*(A1) and V(1) and
nU,(g) =V"(A), we get that m = 0 and n @ m = 0. Hence the restriction of ® to V'(A) ®V(A) is
injective. Finally, since the bimodules V*(1) ® V(A) are simple and pairwise non-isomorphic, ¢
is injective. O

In view of Proposition 2.1, we can think of A,(g) as a g-analogue of the coordinate ring of the
Kac-Moody group attached to g in [KP]. We therefore call A,(g) the quantum coordinate ring.
When g is a simple finite-dimensional Lie algebra, A,(g) is the quantum coordinate ring 0, (G) of
the simply-connected simple Lie group with Lie algebra g studied by many authors, see e.g. [J,
§9.1.1].

2.5 Gradings

Let Q C P be the root lattice. It follows from the defining relations of U,(g) that it is a Q-graded
algebra:

Uy(9) = P Ug(9)a (2.12)
acQ
where
Uy(9)a = {x€U,(g) | ¢"xq~" = ¢"®x forall h € P*}. (2.13)
By Proposition 2.1, we have
Ay) = D Ay(0)ys, (2.14)
Y,0€P
where
Ag(8)ys ={w €AL0) |d' - v-q" =q" "0y forall nl € P*}. (2.15)

Lemma 2.2  (a) With the above decomposition A,(g) is a P x P-graded algebra.
(b) Forx € Uy(8)a, W €Ay(8)y,s andy € Uy(g)p, we have x- Y-y € Ay(8)y—g.5+a-

(c) Forx € Uy(9)a, ¥ € Ay(8)y,5, we have y(x) # 0 only if ¢ =y — 6.



3 Determinantal identities for quantum minors

3.1 Quantum minors

For our convenience we reproduce mutatis mutandis a part of [BZ2, §9.2]. Using the isomorphism
@ from Proposition 2.1 we define for each A € P, the element

A = ®(ny @my) €Ag(g)sa- (3.1)

This is a g-analogue of a (generalized) principal minor, in the sense of [FZ1, §1.4]. An easy
calculation shows that

A (fq'e) =e(f) g M e(e), (feU,(n_), he P*, ec Uy(n)). (3.2)

For (u,v) € W x W, we choose reduced expressions i = (i), - - -, i2,41) and j = (ji) - - -5 J2, j1)

so that u = Siry " SiaSiy andv=s G " SiSi- Next, we introduce positive roots

Bk:SilSiz--'Sikfl(OCik), ’)/[:Sjlsj'z'--sj'lfl(ajl), (1§k§l(u), ISZSZ(V)) (33)
Finally, for A € P, we set
bk:(ﬁkv)“)a Cl:(,yla)‘)a (1§k§l(u)a ISISZ(V)), (3.4

and we define the (generalized) quantum minor A, (1) € Aq(g) by
_{ Aaw) (e1) A (b1) (bi(wy)
Auayp(n) = (f,-,(v> e f ) AA*- (e,-1 : e, ) ) (3.5)

Here, as usual, we denote by efk) (resp. fl.(k)) the g-divided powers of the Chevalley generators.
Equivalently, for x € U,(g) we have

_AA (1) (biwy) . plewy) (c1)
Aua.vi) (x) = A (e"ll '”eiz(i) xfm:) Sy ) (3.6)

It follows from the quantum Verma relations [Lu2, Proposition 39.3.7] that A,3),(1) depends
only on the pair of weights (#(4),v(4)), and not on the choice of u and v, or of their reduced
expressions i and j. Moreover it is immediate that A,z (1) € Ag(8)u)v(1)-

We have the following direct consequence of the definition of quantum minors.

Lemma 3.1 If [(s;ju) = (1) + 1 and I(s;jv) = 1(v) + 1 then

) (b)
Asuysyr) =17 - Buyva) € s

where b := (04,u(A)) > 0 (resp. ¢ := (aj,v(A)) > 0) is the maximal natural number such that
Ay wv(r) -eﬁb) # 0 (resp. f}c) Aua)vr) 7 0).

It is convenient to identify A,3),2) With an extremal vector of weight (u(4),v(A)) in the
simple U,(g) ® U,(g) highest weight module V"(1) ® V(A). Thus, we have

JirAys =0if (a;,0)

SO, ei-Ay_g =0if (Oti,5)
A}/.,B -e; =0if (ah’}/) <0,

>
Ays- fi=0if (o,7) >

0, (3.7)
0. (3.8)



In particular, we have fjl(v) : Au(/l),v(/l) =0= Au(l),v(l) €l
One may also identify A,(3) ,(x) With a matrix coefficientin V(A ). To do that, let us first denote
by
(ew)
=Ly e £ (3.9)
the extremal weight vector of V(A1) with weight v(4). Next, let (-, -); be the nondegenerate
bilinear form on V(A1) defined by
(xmlvyml)l = <nl(p<x>7ym/l>7w (x7y€ Uq(g)) (3.10)

Then, using (3.1) and (3.6) we easily get

Auayva) () = (myy, xmyy) s (2 € Ug(g))- (3.11)

3.2 A family of identities for quantum minors

Let (@;)ic; be the fundamental weights, i.e. we have (h;,®;) = (aj, ;) = &;. We note that the
fundamental weights are only determined up to a W-invariant element. Moreover, it is useful to

observe that
o,—a; ifi=j,
si@)=<"" " . (3.12)
ol otherwise.

We can now state the main result of this section. This is a g-analogue of [FZ1, Theorem 1.17].

Proposition 3.2 Suppose that for u,v € W and i € I we have l(us;) =1(u)+1 and [(vs;) =1(v)+1.

Then
—1 —daji
Aus;'(@)Nﬁ(@) A”(Gfi) v(w) =4 Ausi(af,-),v(wi) Au(wi),vsi(w,-) + I_;éIA“(ng)yv(wj) (3.13)
J#i

holds in Ay(g).

The proof of this proposition will be given after some preparation in Section 3.3 below, by fol-
lowing essentially the strategy of [FZ1, §2.3]. We first continue to review material from [BZ2,
§9.2].

Lemma 3.3 Ler v € Ay(g)y5 and W' € Ay(g)y 5. For i€ 1, assume that a = (0, 8) and ' =
(4, 8") are the maximal non-negative integers such that f* -y # 0 and f -y’ # 0. Then

(fl(a) ) l[/) (fi(a/) ] lI//) — fi(ll-ﬁ-a’) . (ww/)

This follows from the definition of the comultiplication of U,(g) and from (2.11). Note that we
have an analogous result where f; is replaced by e; and acts from the right. The next lemma is an
immediate consequence of Lemma 3.1 and Lemma 3.3.

Lemma 3.4 Let A, A" € P., u' V' ,u" V' € W, and i, j € I, be such that
I(sp)y=10")+1, Usp”)=10")+1, I(sapd)=1(")+1, I(sa”)=1(u")+1.
Then, putting a = (&, vV'(A") +Vv"(X")), and b = (04, W' (A") +u" (A")), we have

(@) _
f] * (Aul(l/),V/(A,/)Au”(l”),V/l()l,ll)) — AU,(A,)75_/'V,(A,)AMH(A«H),S_]'V”(A«”)7

(b) _
(All/(l/),V/(l/)AuU(lN),VN(/’LU)) . el — AS,‘M/(A./),V/(a,/)ASI'M//(A.//),VH(AN) .



The next lemma follows easily from Lemma 3.4 by induction on the length of u and v.

Lemma 3.5 The quantum minors have the following multiplicative property:

A2 w(2) Bu(p) () = Dursp) v(a+p)s @,y €W, Al € Py).

In particular, the factors of the second summand in the right hand side of (3.13) pairwise commute.

The factors of the first summand in the right hand side of (3.13) also commute with each other, as

shown by the following lemma.

Lemma 3.6 Suppose that for u,v € W and i € I we have [(us;) =1(u)+1 and I(vs;) =1(v) + 1.

Then

Bus(@).(@) Du(@). vsi(@) = Bul@).vsi(@) Dusi(@) v(@)-
Proof — For x € Uy(n) we have
— ; — ; —
X ASi(ﬁfi),(Ui =x-A".¢; = E(X)A ‘e = E(X)Asl'(ﬁfi),ﬁfi'
Similarly, for y € U,(n_) we have
Aw},s;(ﬁh) Y= g(y)Aw,‘,S,'(lU,') .
By [BZ2, Lemma 10.2] we can then conclude that

AS,‘((,UI'), [0} A(Dl-.,s,-((D,-) = AG)’,‘,Si(m}) AS,‘((HI'), ;-

(In [BZ2], g is generally assumed to be finite-dimensional, but this assumption plays no role in
the proof of [BZ2, Lemma 10.2].) This proves the lemma for u = v = e. The general case then

follows from successive applications of Lemma 3.4.

3.3 Proof of Proposition 3.2

O

With the help of Lemma 3.4, we see by an easy induction on the length of u and v that it is sufficient

to verify the special case u =v =e, i.e.

AS,‘((D',‘),S,‘((D',‘) Aﬁi,wi - qilASi((D}'),G)} A(D,‘,S,‘((D',‘) = HA;)'Ja,]G’)'J .
J#i
—_———
Vi |4}

Note that
Yii=— Zaj,-wj =20, — Q; = (Dg—i-s[(w,-) eP,.
J#i
Thus, by Lemma 3.5 we have
vy = Al = Ay,

in particular the factors of ¥, commute. It follows from the definition of A% that

M w(ly) =1,

(3.14)

(3.15)



) v2 € Ag(9) .10

B) ej-yp=0=yn-fjforall jel
Here 1y stands for the unit of U, (g). By Proposition 2.1 these properties characterize y, uniquely,
so it is sufficient to verify the properties (1) — (3) for y;.

Property (1). We use that for any y,¢ € A,(g) we have (v ¢)(1y) = y(ly)¢(1y) since
A(1y) =1y ® 1y, and note that ¢° = 1. Now, A, si(@y) = fi- A% thus Ag, ) (1) = AP (f;) = 0.
Similarly, A, (@)@, (1v) = 0 and Ag, g,(1y) = 1. Finally,

hl'_ 7]11'
Ag(@)si@)(lv) = A% (e f;) = A% (filye:) + A (qq - qq—l ) —o+t

Thus l]/](lU> =1.

Property (2). Recall that A, 5 € Ay(g),,5. Since A4(g) is P x P-graded it follows from (3.15)
that both summands of y; belong to Ay(g)y, -

Property (3). Since A(e;) =e;® 1 +¢" ®@e; the operator e; - — acts on A,(g) as a “graded
g-derivation”, i.e. for y € A,(g),,s and ¥’ € A;(g), 5 We have

ei- (W)= (e; )W +q" 0y (e;- ). (3.16)

Similarly,
(wy) fi=w (W f)+d"" Ty )Y (3.17)
Now, for j # i we have (h;,®;) =0 and (hj,s;(®;)) = (hj, ®; — ;) = —a;; > 0. Thus, by (3.7),
the left multiplication by e; annihilates all the minors appearing in i, and as a consequence

ej-y; =0
It remains to show that ¢; - y; = 0. To this end we observe first that e; - A, (g, 5,(@) = Du(@).a;
for any u € W. In fact,

hi _ o —hi

q'—q
i Bua).so) = (€ifi) - Bum).o = (fiei) - Buw).o0 + = — 7 - Bui o
(hi,@;) _ (—hi,®;)
q q
=0+ -1 A”(wi)7wi = AM(@')@,"
q9—49
So, we can now calculate
éi- ll[l = ( ¢i 51 ﬁ)', z )Awl o; — (el ' AS,‘(G)'I'),CU,')AGTI',S,'(GT,')

+ ghisi(@ )>As,( )s,((D,)) (e Aa.a) — 4" Ay a1 (€0 Ay si(ar))
= Asi(&)',-)ﬁ)}A(D',-,(D,' - qOASi(ﬁ)})ﬁ)}AGE,GE =0. (318)
Finally, we have to show that y; - f; = 0 for all j € 1. Again, for j # i we see by (3.8) that
the map x — x - f; annihilates all the minors occuring in y;. In order to see that y - f; = 0, we

note that by Lemma 3.6, we have Ay,(g) o, Aw,.5i(@) = Aw.si(@) Dsi(@),0- Then we can proceed as
in (3.18). Proposition 3.2 is proved.
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4 The quantum coordinate rings A,(b) and A,(n)

4.1 The quantum coordinate ring A, (b)
Let U,(b) be the subalgebra of U,(g) generated by e; (i € I) and ¢" (h € P*). We have
A(Uy(b)) CUy(0) @Ug(b),  S(Uq(b)) € Uy(b), 4.1)

hence U, (b) is a Hopf subalgebra. Therefore, as in (2.10), U, (b)* has a multiplication dual to the
comultiplication of U, (b). Clearly, the map p: U,(g)* — U,(b)* given by restricting linear forms
from U,(g) to U, (b) is an algebra homomorphism.

We define A,(b) := p(A,(g)). Let O = @;c;Noy. For y,6 € P, let Ay(b)y 5 = p(Ay(9)y,5)-
Since Uy(b) € @qep, Uy(9)a> we have by Lemma 2.2,

Agb)= P Ayb)ys. (4.2)

y—6€0,

4.2 The quantum coordinate ring A, (n)

Recall that U,(n) is the subalgebra of U,(g) generated by e; (i € I). Because of (2.7), this is not
a Hopf subalgebra. Nevertheless, we can endow U,(n)* with a multiplication as follows. Recall
that every y € U, (b) can be written as a Q(g)-linear combination of elements of the form x¢” with
x € Uy(n) and h € P*. Given y € Uy(n)*, we define the linear form y € U,(b)* by

Vixd") =y(x),  (x€Uyn), heP). 4.3)

Clearly, 1: ¥ — V¥ is an injective linear map. Moreover, since A(th) = Zx(l)qh ®x(2)qh, it
follows immediately from (2.10) that

(V- 0)(xg") = (¥ 9)(x), (v, €Ug(m)", x € Uy(n), h e P*). (4.4
Therefore 1(U,(n)*) is a subalgebra of U,(b)*, and we can define
yoo=1"'(y9). (4.5)

We have U,(n) = @yeg, Uy(n)a, where Uy(n)q = Uy(n) NU,(g)q is finite-dimensional for
every o € Q. Let

Ay(n) = @ Homgy) (Uy (1), Q(q)) = @ Ay(n)g CUy(n)" (4.6)

acQy acQ

denote the graded dual of U,(n). It is easy to see that A,(n) is a subalgebra of U,(n)* for the
multiplication defined in (4.5). Moreover, 1(4,(n)) C A,(b), and more precisely (4.3) shows that

1(Ay(n)g) =A4(b)ao, (xeQy). 4.7)

To summarize, A;(n) can be identified with the subalgebra 1(A,(n)) = @yep, Ag(b)a0 of Ay(b).
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4.3 The algebra isomorphism between A,(n) and U,(n)
For i € 1, let §; € Endgy,)(Uy(n)) be the g-derivation defined by &;(e;) = &;; and
Si(xy) = &i(x)y+q"“x8(y),  (x€Uy(n)a, y € Uy(n)). (4.8)

It is well known that there exists a unique nondegenerate symmetric bilinear form on Uy, (n) such
that (1,1) =1 and

(6i(x)vy):(xv eiy)v (xEUq(n),yqu(n), iEI). (49)

Denote by v, the linear form on U, (n) given by yi(y) = (x,y). Then, the map ¥: x — v is an
isomorphism of graded vector spaces from U, (n) to A,(n).

Proposition 4.1 Let A,(n) be endowed with the multiplication (4.5). Then ¥ is an isomorphism
of algebras from Uy(n) to Ay(n).

Proof — We need to show that

Yy (2d") = (V- W) (2¢"),  (x. 3,2 € Uy(n), h e P7). (4.10)

By linearity, we can assume that z = ¢;, - - -¢;, for some iy, ...,i, € [. By definition,
Vo (2q") = (1,2) = (8, -+ & (x), 1). (4.11)

Let us assume, without loss of generality, that x € U,(n)¢. It follows from (4.8) that
S;, -+ - O, (xy) Zq oK) g i, -6y, (x)0;, - 6ik1 (y) (4.12)

where the sum is over all subsets K = {k; < --- <k, } of [1,m], J = {j1 <--- < js} is the comple-
ment of K in [1,m], and

O-(J7K):<hk17a_ Z aj>+"'+<hkr,a— Z (Xj>.
JEJ, j<ki JEJ, j<ky

Moreover, a summand of the r.h.s. of (4.12) can give a nonzero contribution to (4.11) only if
a =Y jc;@;. In this case we have

G(J,K):<hk], Y ocj>+---+<hk,, Y aj>, (4.13)

Jel), j>k Jel, j>ke

and
(xy, 2 Zq UK (e, ---eiy, x) (i, ey, ¥). (4.14)

On the other hand, it is easy to deduce from (2.7) that

Z) = ZqG(LK)eij] e eijstikl .. .[ikr X eikl e eikr
K
where 6(J,K) is again given by (4.13). It then follows from the definition of ¥, and y, that
(V- %) (z4") = (9 5) ( Zq T ey, iy x) (ed, i ¥) = Wiy (24"
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S Determinantal identities for unipotent quantum minors

5.1 Principal quantum minors

Let A € Py, and u,v € W. The quantum minor Au(;t) v(2) is called principal when u(1) =v(1). In
this case we have by Lemma 2.2 (c) that A3 ,(z)(x) = 0 if x € U, (g)o. Therefore the restriction
P(Ava)v(r)) € Aq(b) is given by
P(Aya)aa) (") = £(x)g™ M) (x € Uy(n), he PY). (5.1)
Define
A:(A)7v(/1) =A) ) 0S8 €Uy()", (5.2)

where S is the antipode of U,(g).

Lemma 5.1 (a) The principal quantum minors p(A,) ) (v € W, A € Py) are invertible in
Ay(b), with inverse equal to p(Aj(/l).v(/l))'

(b) The principal quantum minors p (A, (1)) are g-central in A,(b). More precisely, for
v € Ay(b)y 5 we have

P(Aayn) W =q" P10y p(Ag) o))

Proof— (a) First, we note that p (Aj( M) l)) belongs to A, (b). Indeed, let U, (b_) be the subalgebra
of U,(g) generated by f; (i € I) and ¢" (h € P*), and U[? the subalgebra generated by ¢" (h € P*).
Since S is an anti-automorphism of U,(g) which stabilizes U,(b), U,(b_), and U(?, it is clear that
Ai(l),v(l) generates an integrable left (resp. right) submodule of U,(g)*. So A:(l),v(l) €A,(g), and
p(Aj( M) A)) € A,(b). Now, it follows easily from the definition that

Ay ey (d") = €(x)g™ A (x e Uy(n), he PY),

so that

(Av(k)w(l) Ay ) =Y Ay @ d"A ) v (K2 d") = e(xg"),

which proves (a).

(b) As for (a), it is enough to evaluate each side of the equation at a typical element xg"
of U,(b). Since the equation relates two elements of Ay(b)y1y(1),51v(1), W€ may assume that
x € U,_s. By linearity, we may further assume that x = e;, ---¢;,, where o, +---+ 0o = y— 6,
without loss of generality. Using (2.7), we have

(Avayva) W) (") =Y. A o) @)W x2)d") = Ay o) (8 -+ i) W(xg™),
because Ay (1) (X(1)¢g") # O only if x(;) € Uy(g)o. Hence
(Av(l),v(l) ) (xq") = g" M TOA G ) (@) wing").
On the other hand it also follows from (2.7) that

(v-A) =Y wixq o (X2 d") = w(xd ) A v (@)

hence the result. O
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5.2 Unipotent quantum minors

The quantum minor A,3) (1) belongs to A(g),(2),.(1)> hence its restriction p(A,(1),,(1)) belongs
to Ay (6)u(2),v(2)- Therefore, if v(1) # 0, it does not belong to 1(A,(n)). But a slight modification
does, as we shall now see.

We define the unipotent quantum minor D,y,) 1) by

D) va) =P (Au(l),v(l) 'Aj(x),v(z)) : (5.3)

This is an element of A, (b),(1)—v(1),0 C 1(Uy(n)*). In fact, the same calculation as in the proof of
Lemma 5.1 shows that for x € U, (n) and h € P*, we have

D2y vn) (X0") = Duay vy (50") Ay, vy (@) = Aua),va) (%) = Dugay ) (%) (5.4)
Thus, we can regard D, (1), (1) as the restriction to U,(n) of the quantum minor A,z ,(1). But we

should be aware that this restriction is not an algebra homomorphism. For example, by Lemma 3.5
we have

Au) v - Bugu) () = Buqu) ) - BDuyvays - (v €W, A, € Py
The corresponding commutation relation for unipotent quantum minors is given by the following
Lemma 5.2 Foru,v € W and A, 1 € P, we have

(v(1),u(2))=((A),u(1)) p

Du(2)w(a) - Dugu).vip) = 4 u(p) (1) Pu(a) v(a)-

Proof — Let us write for short p(A, 1) v(1)) = Au(a),v(1) and p(A:(x),v(/l)> = A:(l),v(?l)‘ We have,
by Lemma 5.1,

Dya) v Puyn) = Bua) v(a) Aoy, via) Bulu), () D), v(n)

Similarly, Lemma 3.6 implies:
Lemma 5.3 Suppose that for u,v € W and i € I we have [(us;) = l(u) + 1 and I(vs;) = 1(v) + 1.
Then

(vsi(@;), usi(@;))—(v(@;), u(wi))D

Dysy(@),v(@) Pu(@),vsi(@:) = 4 u(@,), vs;(@;) Dusi(@), v(ay) -

d

We can also regard the quantum unipotent minors as linear forms on U, (n) given by matrix coef-
ficients of integrable representations. Indeed, using (3.11), we have

Dy wa) (%) = (myay, xmyy)a,  (x € Uy(n)). (5.5)
In particular, when u = e we get the same quantum flag minors
Dj v)(x) = (mp, xmypy)n,  (x €Uy(n)). (5.6)

as in [Ki, §6.1] (up to a switch from U, (n_) to U,(n)).

14



5.3 A family of identities for unipotent quantum minors

We are now in a position to deduce from Proposition 3.2 an algebraic identity satisfied by unipotent
quantum minors. Later on, we will see that particular cases of this identity can be seen as quantum
exchange relations in certain quantum cluster algebras.

As in §3.3, let us write y; = @; + 5;(®;), so that

utn) o) = [ @) () (5.7)

JF#
where, by Lemma 3.5, the order of the factors in the right-hand side is irrelevant.

Proposition 5.4 Suppose that for u,v € W and i € I we have l(us;) =1(u)+1 and l(vs;) =1(v)+1.

Then

—1+B
" Dygy(ay). v(@) D). vsi(@) + Duty) w(n)

4" Dusy(@).v5:(@) Duta) (@) = 4
holds in A,(n), where

A= (vsi(@;), u(@;) —v(®;)), B = (v(@;), u(@;) — vsi(@;)).

Proof — Again let us write for short p(Au(MN(M) = Au(l),v(l) and p(Aj(A) v(?L)) = A:()L) )" We

apply the restriction homomorphism p to the equality of Proposition 3.2, and we multiply both
sides from the right by

Av@n) e Bots(@).v(s(@)) = Doty o)
Note that all these minors commute by Lemma 3.5. The result then follows directly from the
definition of unipotent quantum minors, and from Lemma 5.1 (b). O

It is sometimes useful to write the second summand of the right-hand side of Proposition 5.4
as a product. It is straightforward to deduce from (5.7) and Lemma 5.1 (b) that we have

D e ﬁ D - (5.8)
M(%)v(%) q i M(ﬁj),v(ﬁ)'j) ’ :
JFi
where
—a;;
C= Y ajap(v(®@;), u(@) —v(@))+) ( N J) (@;), u(@;) —v(@))). (5.9
j<k j#i
itk ’
5.4 A quantum 7-system

Leti= (i1,...,i,) € I" be such that I(s;, ---s;,) = r. We will now deduce from Proposition 5.4 a
system of identities relating the unipotent quantum minors

D(k,l;j) = Dy s (@), s, 51, (@) 0<k<i<rnr jel). (5.10)
Here, we use the convention that D(0,/;j) = Dg,, iy sy (@;)> & quantum flag minor. This system

can be viewed as a g-analogue of a T-system, (see [KNS]). It will allow us to express every
quantum minor D(k,[; j) in terms of the flag minors D(0,m;1).
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Note that, because of (3.12), every quantum minor D(k,[; j) is equal to a minor of the form
D(b,d; j) where i, =iy = j. When this is the case, we can simply write D(b,d; j) = D(b,d). Note

that in particular, D(b,b) = 1 for every b. By convention, we write D(0,b) = Dg, , 5 s, (@;,)- We
will also use the following shorthand notation:
b=(j) = max({s<b|iy=ju{0}), (5.11)
b- = max({s<b|is=i,}U{0}), (5.12)
‘Lt(b,]) = s -'Sib(w]'). (5.13)
In (5.13) we understand that p(0, j) = @;. Clearly, we have D(b,d; j) = D(b™(j),d™ (j)).
Proposition 5.5 Let 1 < b <d < r be such that i, = iy = i. There holds
_>
¢*D(b,d)D(b™,d") =g P D(b,d")D(b,d) + ¢“[[D(b(j),d"(j))* (5.14)
J#i
where
A= (u(d,i), u(b™,i)—pu(d™,i)),  B=(u(d",i), u(b™,i) —u(d,i),
and
. —ajj . . :
C= X aan(u(d . a0.0) - a0 + X (737 )l ) ).
j<k i#i
JF#iF#k
Proof — This follows directly from Proposition 5.4, (5.8), and (5.9), by taking
U=S8i " Si_» V=35 Si; =1, =1g4.
O

6 Canonical bases

6.1 The canonical basis of U,(n)

We briefly review Lusztig’s definition of a canonical basis of U, (n).

Recall the scalar product (-,-) on U,(n) defined in §4.3. In [Lu2, Chapter 1], Lusztig defines
a similar scalar product (-,-), using the same g-derivation §; (denoted by ;r in [Lu2, 1.2.13]) but
with a different normalization (e;,e;); = (1 —¢q~2)~!. Tt it easy to see that (x,y) = 0 if and only if
(x,y)L =0, and if x,y € U, (n)g then

(e, y)L = (1—g )~ %P (x,y), (6.1)

where, for B =Y, c;o;, we set deg B = ¥, ¢;. This slight difference will not affect the definition of
the canonical basis below, and we will always use (-, ) instead of (-,-);.
Let A = Q[g,q~']. We introduce the A-subalgebra Uy (n) of U,(n) generated by the divided

powers el(k) (i €I, k € N). We define a ring automorphism x — ¥ of U,(g) by

q:q—l’ e =ej, ﬁ:fla (lGI) (62)
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This restricts to a ring automorphism of Uy (n).
The canonical basis B is an A-basis of U (n) such that

b=b, (b €B). (6.3)
Moreover, for every b,b" € B the scalar product (b,b") € Q(g) has no pole at g = o, and
(byb')] gm0 = p - (6.4)
By this we mean that

ajq’ +---aiq+ap
agh+---+dig+ay

(b,b) = (ai,d; €Z, a; #0, a, #0),

with j <k whenb # b, and j =k,a; = a, when b =1b'. It is easy to see that if an A-basis of Uy (n)
satisfies (6.3) and (6.4), then it is unique up to sign (see [Lu2, 14.2]). The existence of B is proved
in [Lu2, Part 2], and a consistent choice of signs is provided. Of course, B is also a Q(g)-basis
of Uy(n).

6.2 The dual canonical basis of U,(n)

Let B* be the basis of U,(n) adjoint to B with respect to the scalar product (-, -). We call it the
dual canonical basis of Uy(n), since it can be identified via ¥ with the dual basis of B in A, (n).

Note that B* is not invariant under the bar automorphism x — X. The property of B* dual to
(6.3) can be stated as follows. Let o be the composition of the anti-automorphism * and the bar
involution, that is, o is the ring anti-automorphism of U,(n) such that

olg)=q', ole)=e 6.5)
For B € Q., define

—degB. (6.6)

o(b)=q"Pb, 6.7)
(see [Re, Ki)).

6.3 Specialization at ¢ = 1 of U,(n) and A, (n)

Recall that Uy (n) is the A-submodule of U, (n) spanned by the canonical basis B. If we regard C
as an A-module via the homomorphism g > 1, we can define

Ui(n) :=C®4Us(n). (6.8)

This is a C-algebra isomorphic to the enveloping algebra U (n).
Similarly, let A4 (n) be the A-submodule of A,(n) spanned by the basis ¥(B*). Define

Al(n) = (C@AAA(‘II). (6.9)

This is a C-algebra isomorphic to the graded dual U (n);r. This commutative ring can be identified
with the coordinate ring C[N] of a pro-unipotent pro-group N with Lie algebra the completion 1
of n (see [GLS6]).
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6.4 Global bases of U,(n_)

We shall also use Kashiwara’s lower global basis B of U,(n_), constructed in [K1]. It was
proved by Grojnowski and Lusztig that ¢(B) = B!°", where ¢ is the anti-automorphism of (2.1).

For i € I, we introduce the g-derivations ¢} and ;¢’ of U,(n_), defined by €(f;) = i¢'(f;) = 6;j
and, for homogeneous elements x,y € U,(n_),

exy) = €(x)y+q"MDxe(y), (6.10)
e (xy) = q<h"’Wt(y)>,-e’(x)y+x,-e’(y). (6.11)

Note that ;¢ = x o€} o . Let us denote by (-, -)x the Kashiwara scalar product on U, (n_). It is the
unique symmetric bilinear form such that (1, 1)x = 1, and

(fiX,Y)K:(X, 6;()’))[(, (erq(n*% yeUlI(n*% iEI). (6'12)

It also satisfies

(xfi, )k = (x, €' (y))k, (xeUyn-), yeUy(n_), i€l). (6.13)

Let @ be the composition of ¢ and the bar involution, that is, @ is the ring anti-automorphism of
U, (g) such that

o@)=q"", Ble)=Ffi. Pfi)=e 9(d")=q" (6.14)
The following lemma expresses the compatibility between the scalar products and g-derivations
on Uy(n) and Uy(n_).

Lemma 6.1 (a) Fori€l, we have e o® =@o ;.

(b) For x,y € Uy(n) we have (x,y) = (@(x), ¢(y))k-

Proof — As ;¢ o @ and ¢ o §; are both linear, it is enough to prove that ;' 0o @(z) = @ o §;(z) for
any homogeneous element z of U,(n). We prove this by induction on the degree of z. If the degree
is 1, then this follows easily from the definition of all these maps. Then assume that the degree of
z is bigger than one. Then, without loss of generality, we can assume that z = xy with degrees of x
and y smaller than the degree of z. Now

i€ (0(xy)) = i€/ (@0 (x)) = ¢ "Plie (@) P(x) + D) i€ (P(x)).

By induction on the degrees of x and y we can assume that ;¢'(¢(x)) = @(8;(x)) and ;¢'(@(y)) =
®(5(y)), so that
(@0)) =9 (4" Px8) + 5(1)y)) = 9(3(w)),

which proves (a). Then
(@(eix), @)k = (@) f1, @)k = (P(x).i€¢' (9()))x = (P(x), P(&:(¥) -

By induction on the degrees of x and y we can assume that (¢(x), @(5;(y)))kx = (x,6(y)) = (eix,y),
which proves (b). O

Let B"? denote the upper global basis of U,(n_). This is the basis adjoint to B'°% with respect
to (-, -)x. By Lemma 6.1(b), we also have B"? = @ (B*).
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Let us denote by #(eo) the crystal of Uy(n_), and by b.. its highest weight element. The
elements of BV (resp. B") are denoted by G'°%(b) (b € %B(w)) (resp. G"P(b)). As usual, for
every i € I, one denotes by ¢; and j‘: the Kashiwara crystal operators of Z(e0). We will need the
following well known property of the upper global basis, (see [K2, Lemma 5.1.1], [Ki, Corollary
3.16]):

Lemma 6.2 Let b € H(), and put k= max{] E N ] (,e’) '(G* (b)) # 0}. Then, denoting by
(i) the kth g-divided power of i€, we have (; G"P(b)) € B"P. More precisely,

(1€) V(G (b)) = G*((¢ D),
where €7 is the crystal operator obtained from e; by conjugating with the involution * of (2.2).

The integer k = max{;j € N | (¢})/(G"P(b)) # 0} =max{j € N| (&)’ '(b) # 0} is denoted by &(b).
Similarly, the integer k = max{j € N| (;¢/)/(G"P(b)) # 0} = max{j € N | (e})/(b) # 0} is denoted
by &7 (b).

6.5 Unipotent quantum minors belong to B*

Using the isomorphism W: U,(n) — A,4(n) of 4.3, we can regard the unipotent quantum minors
Dy(3)v(») as elements of Uy (n). More precisely, let dy1) y1) = ¥~ (Dy(a).0(2)) be the element of
U,(n) such that

Dy o) (X) = (duyvn)s X)), (x € Ug(n)). (6.15)

By a slight abuse, we shall also call d,(3) (1) @ unipotent quantum minor. In this section we show:

Proposition 6.3 For every A € Py and u,v € W such that u(A) —v(L) € Q- the unipotent quan-
tum minor d, ) y(») belongs to B*. More precisely, writing u = s, ---Si,, v = Sj,, ---Sj, and
defining by and c; as in (3.4), we have

duy iy =9 (G (@, )0+ (@)" Fo) - Fitba) ).

W

Proof — We proceed in two steps, and first consider the case when u = e is the unit of W, that is,
the case of unipotent quantum flag minors d; ;). By (5.6), we have for x € U,(n),
(day(ny> X) = (my, xmy)) 5 = (@(x)my, mya))a-

It is well known that the extremal weight vectors m,, ;) belong to Kashiwara’s lower global basis
of V(1), and also to the upper global basis. More precisely, we have

A_CI

l()

where b, is the highest weight element of the crystal Z(A) of V(1). Hence we have

(rsa) %) = (9m, G (T Fiitn ) ) - (6.16)

£C10)

It follows from (6.16) that (dj (1), x) = 1 if @(x) = GV <fjl(v) ]7]‘]’ bm), and (dj, (1), x) = 0 if
@(x) is any other element of B'°%. Therefore, dj (1) 1s the element of B* given by

drvi) =@ (Gup (fh(; ...Efllboo» .
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Now let us consider the general case when u = s;,, ---s;, is non trivial. Fork =1,... 1 (u), write
ug = i, ---8i,. Using Lemma 3.1, we have for x € U;(n),

Dy (2)v(a) (X) = Ay a) v(a) () = (Auk,l(x),v(x) €, ) (x)
where by = (04, ux—1 (1)) =max{j | A, 2)v2) -egkj) # 0}. Now we can also write

b
Dy ()v(2)(X) = <duk,1(/1),v(/1), e,g,{k)x) = ((&' )(b")duk,l(x),v(x),X) ,

hence
duyn) = (8 )00

where (§;)?) means the bth g-divided power of the g-derivation &;. Since ux(1) —v(A) € Q. the
restriction p (A, (2),(1)) is nonzero, hence by = max{; | (6ik)(b)duk71(,1)’v(,1) #0}. Applying @ and
assuming by induction on k that

duk,l(l),v(),) = ¢ (Gup ((ré?(k71 )bkfl e (E?] )blfﬁ“]t;](?;) .. .f‘](;ll boo))
we get by Lemma 6.1(a) that
(g (a)vn) = (i) (G“p ((@Tk,l )t (e, )b]fj-,l(i,v)) - f] bw))

and
* ~% ~% i
by = & <(eik71 )bk—l (eil )blfjll(( ). .f;ll bOC)) .

Thus, applying Lemma 6.2, we get that

O(dy () n)) =G ((@Z)bk (@) bm) ,

and the statement follows by induction on k. O

7 Quantum unipotent subgroups

In this section we provide a quantum version of the coordinate ring C[N(w)] studied in [GLS6],
following [Lu2, Sa, Ki].

7.1 The quantum enveloping algebra U,(n(w))

We fix w € W, and we denote by A} the subset of positive roots o of g such that w() is a negative
root. This gives rise to a finite-dimensional Lie subalgebra

n(w) = P ng

oA,

of n, of dimension /(w). The graded dual U(n(w))g, can be identified with the coordinate ring
C[N(w)] of a unipotent subgroup N (w) of the Kac-Moody group G with Lie(N(w)) = n(w). (For

more details, see [GLS6].)

20



In order to define a g-analogue of U (n(w)), one introduces Lusztig’s braid group operation on
U,(g) [Lu2]. For i € I, Lusztig has proved the existence of a Q(g)-algebra automorphism 7; of
U,(g) satisfying

T,'(qh) _ qs,-(h), (71)

Tile) = —t7'f;, (7.2)

Ti(fi) = -—eit, (7.3)

Tle) = Y (—1)Vq e el (j#i), (7.4)
r-‘rS:—(h,',OC_,')

T = Y (a0 G (7.5)
r+s=—(h;,a;)

(This automorphism is denoted by Tl’ _, in[Lu2].) For a fixed reduced decomposition w =s; ---s;,,
let us set, as in (3.3),

ﬁk:Sil"‘sikq(O‘ik)» (1 SkSI’) (76)
Then A, = {By,...,B,}. We define following Lusztig, the corresponding quantum root vectors:
E(By) =T, ---T;_,(e), (1<k<r). 7.7)

It is known that E(B;) € Uy(n)g,. Fora = (ai,...,a,) € N, set

E(a) := E(ﬁ])(al)...E(Br)(ar)7 (7.8)

where E (B;) (@) denotes the ayth g-divided power of E (). Lusztig has shown that the subspace of
U,(n) spanned by {E(a) | a € N"} is independent of the choice of the reduced word i = (iy,..., i)
for w. We denote it by U, (n(w)). Moreover,

P:={E(a) |laeN"} (7.9)

is a basis of U, (n(w)), which we call the PBW-basis attached to i.
In fact, U, (n(w)) is even a subalgebra of U,(n). This follows from a formula due to Leven-
dorskii-Soibelman (see [Ki, 4.3.3]).

7.2 The quantum coordinate ring A, (n(w))

Using the algebra isomorphism W': U, (n) — A, (n) of 4.3, we can define A, (n(w)) : =¥ (U, (n(w)).
This is a subalgebra of A,4(n).

Lusztig [Lu2, 38.2.3] has shown that 2% is orthogonal, that is (E(a),E(b)) =0 if a # b.
Moreover

(E(B).E(BY) = (1—g )=t (1<k <), (7.10)
and
(E( kr:[l {ak},ﬁ")) : (7.11)
where by definition
{all = ja 11 ‘22. (7.12)



Denote by & the basis
E(a), (aeN") (7.13)

of U,(n(w)) adjoint to %. We call &;" the dual PBW-basis of U,(n(w)) since it can be identified
via W with the basis of A,(n(w)) dual to Z;. In particular we have the dual PBW generators:

E (B =(1-q %) “*AHEB),  (1<k<r). (7.14)

7.3 Action of 7; on unipotent quantum minors

Proposition 7.1 Let A € P*, and u,v € W be such that u(A) —v(L) € Q-+, and consider the
unipotent quantum minor d, ) (1) Suppose that l(s;u) = 1(u) + 1, and I(s;v) = I(v) + 1. Then

Ti (dyaywn)) = (1—q ) @B D o0 -
The proof will use Proposition 6.3 and the following lemmas.

Lemma 7.2 We have T, o9 =@oT,.

Proof — This follows immediately from the definitions of @ and of 7;. a

The next lemma is a restatement of a result of Kimura [Ki, Theorem 4.20], based on previous
results of Saito [Sa] and Lusztig [Lu3]. Note that our 7; is denoted by Ti_1 in [Ki].

Lemma 7.3 Let b € 9(0) be such that &(b) = 0. Then

1

Ti(Gup(b)) _ (1 _qZ)(Ot;.,wt(b)) G'P (flq’f(b) (Z;*)sl*(b)b) 7

where @} (b) := €' (b) + (o, wt(b)).

1

Proof of Proposition 7.1 — By Lemma 7.2 and Proposition 6.3, we have

(T(duiryva)) = Ti <GUP ((?ﬁ(w)b’(“) @) bm>) :

S|

. ~Ci(y ~e
Let us write for short b := (¥ )b ... (& )blfjl(l( ). “fj;'bew € PB(c0). Then

(u) i v)

€/(b) = max{s | e}?‘Au(/l),v(/l) # 0}.

The assumption I(s;v) = [(v) + 1 implies that (a;,v(4)) > 0, so by (3.7), we have €;(b) = 0, and
we are in a position to apply Lemma 7.3. Because of the assumption /(s;u) = [(«) + 1 we have

& (b) = max{s [ Ayn)v1)-€ # 0} = (ai,u(A)),

and

¢; (b) = & (b) + (04, wi(b)) = (,u(A)) + (04, v(A) —u(A)) = (&, v(4)).
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Thus, again by Proposition 6.3, we have

Ti(dyayvn)) = @ (Ti(G™D))
- <( 2)(061,V(7L)—u(7t))Gup (}ljw,-*(b) (g;k)sf(b)b))

= (1 g 2)lerd)-u)g (Gup ((gj)&‘,-*(b)@z(u))bz(u @, o' (b f‘“ .

_ (1 —q )(at (A)_Ll(l))dSiu(l)JiVM)'

7.4 Dual PBW generators are unipotent quantum minors

Recall from (7.6) the definition of the roots .

Proposition 7.4 Fork=1,...,r, we have
E*(Be) =dy, i (@), 51,51, (@)

Proof — We have e;, = da;ik @)’ hence

i (
E(Bk) = El e Tikq (daz-k, S[k(a)';k)) .
Applying k — 1 times Proposition 7.1, we get

E(Bk) = (1 - qiz)NdS,‘l “-Sik l(m’k) Vzl Ylk(a)'ik)7

where
N = _(aik—l ) aik) - (aik—27 Siy (aik)) - (aiw Siy = Sigy (aik))'

Now,
Bk = Siy - 'sik 1 (aik)

= + Z Sty Si alk) Sipg1 Sy (aik))
k—1

= 0 — Z (ain’ Sipr " Si (aik))airﬂ

n=1

so that deg B = 1+ N. Hence,

_ 1—degf *
dSil“'Sikfl(wik)ySil'“sik(wil‘) (1 ) EPCE (Bx) = E™(Br)-
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7.5 The skew field F,,(n(w))

It is well known that A, (n(w)) is an Ore domain. This follows for example from the fact that it has
polynomial growth (see [BZ2, Appendix]). Hence A,(n(w)) embeds in its skew field of fractions,
which we shall denote by F,(n(w)).

Recall the shorthand notation of §5.4 for unipotent quantum minors.

Proposition 7.5 Let 0 < b < d < r be such that i, = iy. Then the unipotent quantum minor D(b,d)
belongs to Fy(n(w)). In particular, the quantum flag minors D(0,d) = Dag, . 5,51, (@) belong to

Fy(n(w)).

Proof — If b=d~, by Proposition 7.4, we have D(d~,d) = W(E*(B4)), so
D(d",d) € Ay(n(w)) C Fy(n(w)).

Recall the determinantal identity (5.14). Arguing as in [GLS6, Corollary 13.3], we can order the
set of minors D(b,d) (0 < b < d <r) so that (i) the minors D(d~,d) are the smallest elements, and
(ii) the minor D(b~,d) is strictly bigger than all the other minors occuring in (5.14). This allows
to express, recursively D(b~,d) as a rational expression in the minors D(¢™,c¢) (1 < ¢ <r), and
shows that D(b~,d) € F,(n(w)). O

We will show later (see Corollary 12.4) that, in fact, all quantum minors D(b,d) are polyno-
mials in the dual PBW-generators D(c ™, c). Hence, they belong to A, (n(w)).

7.6 Specialization at ¢ = 1 of A,(n(w))

Let Ay (n(w)) denote the free A-submodule of A,(n(w)) with basis W(Z%"). This integral form
of A,(n(w)) is an A-algebra, independent of the choice of the reduced word i. Moreover, if we
regard C as an A-module via the homomorphism g — 1, we can define

Ai(n(w)) := C®, Ax(n(w)). (7.15)

This is a C-algebra isomorphic to the coordinate ring C[N(w)], (see [Ki, Theorem 4.39]). In
particular, if D,3) (1) is a unipotent quantum minor in A,(n(w)), the element 1 ® D, (1) (1) can
be identified with the corresponding classical minor in C[N(w)].

8 Quantum cluster algebras

In this section we recall, following Berenstein and Zelevinsky [BZ2], the definition of a quantum
cluster algebra.

8.1 Based quantum tori

Let L = (A;) be a skew-symmetric r X r-matrix with integer entries. The based quantum torus
T (L) is the Z[g*'/?]-algebra generated by symbols Xi,...,X,,X; !,..., X! submitted to the re-
lations

XX '=x"'X,=1, XX, =q"XX, (1<i,j<r). (8.1)

1
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Fora = (aj,...,a,) € Z', set
XP o= grLeisaidix .. xor (8.2)

Then {X? | a € Z'} is a Z[g*'/?]-basis of .7 (L), and we have for a,b € 7,
XaXb — q% Zi>j(aibj7biaj)lijxa+b — q):i>j(a,-bjfb,-aj)l,-ijXa. (83)
Since .7 (L) is an Ore domain, it can be embedded in its skew field of fractions .%.

8.2 Quantum seeds

Fix a positive integer n < r. Let B = (bij) be an r x (r —n)-matrix with integer coefficients. The
submatrix B consisting of the first r —n rows of Bis called the principal part of B. We will require
B to be skew-symmetric. We call Ban exchange matrix. We say that the pair (L, B) is compatible
if we have

Y bihi=8;d,  (1<j<r—n 1<i<r) 8.4
i=1

for some positive integer d.

If (L,B) is compatible, the datum . = ((X,,...,X,),L,B) is called a quantum seed in .Z.
The set {Xi,...,X,} is called the cluster of .7, and its elements the cluster variables. The cluster
variables X,_,11,...,X, are called frozen variables, since they will not be affected by the operation
of mutation to be defined now. The elements X? with a € N" are called quantum cluster monomials.

8.3 Mutations

For k =1,...,r —n, we define the mutation ,uk(L,E) of a compatible pair (L,E). Let E be the
r X r-matrix with entries

0ij if j # k,
eij =1 —1 ifi=j=k, (8.5)
max(0,—by) ifi# j=k.
Let F be the (r —n) x (r —n)-matrix with entries
5 if i £ k,
fii=4 -1 ifi=j=k, (8.6)
max(0,by;) ifi=k#j.

Then pi(L, B) = (uk(L), iy (B)) where
(L) :=ETLE, ux(B) := EBF. (8.7)

Note that the mutation p (B ) of the exchange matrix is a reformulation of the classical one defined
in [FZ2]. It is easy to check that (L, B) is again a compatible pair, with the same integer d as
in (8.4). Define a’ = (d},...,a,) anda” = (af,...,d)) by

o1 ifi =k, L [-1 ifi =k,
a; = . a; = . (8.8)
max(0,by) ifi#k, max (0, —by) ifi#k.

25



One then defines
X* 4+ X2, ifi=k,

i (X;) = {Xi itk (8.9)

Berenstein and Zelevinsky show that the elements X/ := ;. (X;) satisfy

XX} = ¢ Xix]

X, (1<i,j<r), (8.10)

where (L) = (4];). Moreover they form a free generating set of .7, that is, one can write
X! = 0(X*) where 6 is a Q(¢'/?)-linear automorphism of .%, and (c',...,c") is a Z-basis of Z’.
Therefore

() = (e (X1),- s e (Xr)), (L), 1i(B)) (8.11)
is a new quantum seed in .%, called the mutation of . in direction k. Moreover, the mutation

operation is involutive, that is, (i (7)) = .7.

Definition 8.1 The quantum cluster algebra /() is the Z[g*"/?)-subalgebra of the skew
field F generated by the union of clusters of all quantum seeds obtained from . by any sequence
of mutations.

The following basic result is called the quantum Laurent phenomenon.

Theorem 8.2 ([BZ2]) The quantum cluster algebra %1 () is contained in the based quan-
tum torus generated by the quantum cluster variables of any given quantum seed .’ mutation
equivalent to ..

In the next sections we are going to construct a class of quantum cluster algebras attached to
some categories of representations of preprojective algebras.

9 The category %,

We recall the main facts about the category %,, and its maximal rigid objects, following [BIRS,
GLS4, GLSe6].

9.1 The preprojective algebra

Let Q be a finite connected quiver without oriented cycles, with vertex set I, and arrow set Q.
We can associate with Q a symmetric generalized Cartan matrix A = (a;;); jer, Where a;; = 2 if
i = j, and otherwise a;; is minus the number of edges between i and j in the underlying unoriented
graph. We will assume that A is the Cartan matrix attached to the Kac-Moody algebra g, that is,

ajj = (hi,o;) = (0, ;), (i, j€l). 9.1)

Let CQ be the path algebra of the double quiver Q of Q, which is obtained from Q by adding
to each arrow a: i — jin Q an arrow a*: j — i pointing in the opposite direction. Let (c) be the
two-sided ideal of CQ generated by the element

c= Z (a*a—aa®).

acQ
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The algebra -
Ai=CO/(0
is called the preprojective algebra of Q. Recall that for all X,Y € mod(A) we have
dimExt} (X,Y) = dimExt} (¥,X). 9.2)
This follows for example from the following important formula
dimExtp (X,Y) = dimHomy (X,Y) 4+ dimHomy (¥, X) — (dimX, dimY), (9.3)

where we identify the dimension vector dim X with an element of Q. in the standard way.

We denote by I; (i € I) the indecomposable injective A-module with socle S;. Here, S; is the
one-dimensional simple A-module supported on the vertex i of Q. Note that the modules I; are
infinite-dimensional if Q is not a Dynkin quiver.

For a A-module M, let soc(;(M) be the sum of all submodules U of M with U = §;. For
(J1,---,Js) € I, there is a unique sequence

0=MyCM C---CM,CM

of submodules of M such that M;,/M,,_| = soc(;,)(M/M,,_1). Define soc(;, . ;)(M) := M;. (In
this definition, we do not assume that M is finite-dimensional.)

9.2 The subcategory %,,

Leti= (iy,...,i1) be areduced expression of w € W. For | <k <r, let

Vk = Vi,k = SOC(ik,-n,iI) (jl\k) ; (94)

and set V; :=V; & ---®V,. The module Vj is dual to the cluster-tilting object constructed in [BIRS,
Section I1.2]. Define
%; := Fac(V;) C mod(A).

This is the full subcategory of mod(A) whose objects are quotient modules of a direct sum of a
finite number of copies of V;. For j € I, let k; := max{1 < k <r | iy = j}. Define f; ; := Vi, and
set

L:=5L,D Dl

The category %; and the module /; depend only on w, and not on the chosen reduced expression i
of w. Therefore, we define
Cw = cgi, Iy, = 1.

Theorem 9.1 ([BIRS, Theorem 11.2.8]) For any w € W, the following hold:
(a) 6, is a Frobenius category. Its stable category € ,, is a 2-Calabi-Yau category.

(b) The indecomposable 6,,-projective-injective modules are the indecomposable direct sum-
mands of I,,.

(c¢) 6, =Fac(l,).

Note that in the case when Q is a Dynkin quiver, that is, g is a simple Lie algebra of type
A,D,E, and w = wy is the longest element in W, then %,,, = mod(A).

27



9.3 Maximal rigid objects

For a A-module 7', we denote by add (7') the additive closure of 7, that is, the full subcategory of
mod(A) whose objects are isomorphic to direct sums of direct summands of 7. A A-module T is
called rigid if Ext[l\(T, T)=0.LetT € %, be rigid. We say that

e T is G,-maximal rigid if Ext\ (T ©X,X) = 0 with X € €, implies X € add(T);
e T is a G,-cluster-tilting module if Ext) (T,X) = 0 with X € %,, implies X € add (T).

Theorem 9.2 ([BIRS, Theorem 1.1.8]) For a rigid A-module T in 6, the following are equiva-
lent:

(a) T has r pairwise non-isomorphic indecomposable direct summands;

(b) T is 6,,-maximal rigid;

(c) T is a 6,-cluster-tilting module.
Note that, given Theorem 9.1, the proof of [GLS1, Theorem 2.2] carries over to this more general
situation (see [GLS4, Theorem 2.2] in the case when w is adaptable).
9.4 The quiver I'7 and the matrix ET

Let T=T®---®T, be a 6,-maximal rigid module, with each summand 7; indecomposable.
Clearly each indecomposable %, -injective module /; ; is isomorphic to one of the 7’s, so, up to

relabelling, we can assume that 7,_, ; = ; ; for j = 1,...,n. Consider the endomorphism algebra
A7 :=EndA (T)°P. This is a basic algebra, with indecomposable projective modules
Pr,:=Homu(T,T;) (1 <i<r). 9.5)

The simple Ar-modules are the heads Sz, of the projectives Pr,. One defines a quiver I'r with
vertex set {1,...,r}, and d;; arrows from i to j, where d;; = dimExty_(S7,Sr,). (This is known
as the Gabriel qui\ier of Ar.) Most of the information contained in I'y can be encoded in an
r X (r—n)—matrix Br = (bij)lgigr, 1<j<r—ns given by

bij = (number of arrows j — i in I'7) — (number of arrows i — j in I'r). (9.6)

Note that By can be regarded as an exchange matrix, with skew-symmetric principal part.

The next theorem gives an explicit description of the quiver I'7 (hence also of the matrix Br)
for certain %,,-maximal rigid modules. Following [BFZ], we define a quiver [ as follows. The
vertex set of ['j is equal to {1,...,r}. For 1 <k <r,let

kmi=max ({0 U{l <s<k—1]is=1i}), 9.7)

kT i=min({k+1<s<rl|i;=iju{r+1}). (9.8)
For 1 <s,t <rsuch that is # i, there are |a;, ;| arrows from s to 7 provided 1™ > s >17 > 5. These
are called the ordinary arrows of I'y. Furthermore, for each 1 < s < r there is an arrow s — s~
provided s~ > 0. These are the horizontal arrows of T.

The following result generalizes [GLS3, Theorem 1] (see [GLS4, Theorem 2.3] in the case
when w is adaptable).

Theorem 9.3 ([BIRS, Theorem 11.4.1]) The A-module V; is a 6,,-maximal rigid module, and we
have I'y, =Tj.
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9.5 Mutations of maximal rigid objects

We consider again an arbitrary %,,-maximal rigid module 7', and we use the notation of 9.4.

Theorem 9.4 ([BIRS, Theorem 1.1.10]) Let T} be a non-projective indecomposable direct sum-
mand of T.

(a) There exists a unique indecomposable module T} % Ty such that (T | T,) © T} is €,,-maximal
rigid. We call (T /Ty) ® T} the mutation of T in direction k, and denote it by (T ).

(b) We have g.uk(T) = we(Br).

(c) We have diimExty (T}, T;") = 1. Let 0 » Ty » T, = T = 0and 0 — T — T} — Ty — 0 be
non-split short exact sequences. Then

HE @ =@
b

jk<0 bjk>0

Note that again, given Theorem 9.1, the proof of [GLS1, §2.6] carries over to this more general
situation.

9.6 The modules M|/, k]

In this section we assume that the reduced word i is fixed. So for simplicity we often omit it
from the notation. Thus, for k = 1,...,r, we may write Vj instead of V; ;. Moreover, we use the
convention that Vj = 0.

For 1 <k <[ <rsuch that iy = i; =i, we have a natural embedding of A-modules V,- — V;.
Following [GLS6, §9.8], we define M|/, k| as the cokernel of this embedding, that is,

Ml k] =V, V. (9.9)
In particular, we set M := M|k, k|, and
M=M;=M&---DM,. (9.10)

We will use the convention that M[l,k] = 0 if k > [. Every module M|/, k] is indecomposable and
rigid. But note that M is not rigid. Define

kmin :=min{1 <s <r|i; =i}, 9.11)
kmax :=max{l <s <r|iy=i}. 9.12)

Then Vi = Mk, kmin| corresponds to an initial interval. The direct sum of all modules M [kmyax., k]
corresponding to final intervals is also a 6,,-maximal rigid module, denoted by T;.
By [GLS6, §10], for every module X € %,,, there exists a chain

0=XCX;C--CX,=X 9.13)

of submodules of X with X;/X;_; = M}, for some uniquely determined non-negative integers n.
The r-tuple m(X) := (my,...,m,) will be called the M-dimension vector of X.
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9.7 Dimensions of Hom-spaces

Let R = R; = (r) the r X r-matrix with entries

0 ifk<lI,
ra =41 iftk=1,
(B, Br) itk >1,

Proposition 9.5 Suppose that X,Y € €, satisfy Ext\(X,Y) = 0. Then

dimHomy (X,Y) =m(X)Rm(Y)T.

9.14)

Proof — By [GLS6, Proposition 10.5], for all Y € %,, with M-dimension vector m(Y ), we have

dimHomy (Vi,Y) = dimHomy (V]“ @M]Em(Y))k> ‘
k

Moreover, the M-dimension vector of Vj is given by

1 ifij=i;and j <k,

0 else.

(m(Vy)); = {

Therefore, we can restate [GLS6, Lemma 9.8] as

dimHomy (V;,Y) =m(V;) Rm(Y)”.

9.15)

(9.16)

9.17)

Now, for X € ), we can find a short exact sequence 0 — V" — V' — X — 0 with V', V" € add (V}).

Since Homy (V4, —) is exact on this sequence we conclude that
m(X)=m(V')—m(V").
Finally, since Ext) (X,Y) = 0, the sequence
0 — Homy (X,Y) — Homa (V',Y) — Homu (V",Y) = 0
is exact. Thus we can calculate

dimHomy (X,Y) = dimHomy (V',Y) — dimHomy (V",Y)
= m(V") —m(V")) Rm(r)"
=m(X)Rm(Y)".

Lemma 9.6 Let 1 < b <d <r be such that i, = iy = i. There holds

dimHomn (M[d,b*], M[d~,b]) = m(M|[d,b]) Rm(M][d~,b])".
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Proof — We have a short exact sequence
0— M[d~,b] = M[d,b)eM[d ,b"] = M[d,b*] =0

with
m(M[d~,b]) — (m(M[d,b]) + m(M[d~,b"])) +m(M[d,b"]) = 0. 9.19)

Since
Extp(M[d,b"),M[d",b]) =1, Ext\(M[d,b"],M[d,b]) = Exty(M[d,b"|,M[d",b"]) =0,

this yields an exact sequence

0 — Homy (M[d,b"],M[d~,b]) — Homp (M[d,b"],M[d,b] ®M[d~,b"]) —
— Homp (M[d,b"],M[d,b"]) — C — 0.

Applying Proposition 9.5 to the second and third non-trivial terms yields the required equality, if
we take into account (9.19) and the fact that rp;, = 1. O

Proposition 9.7 Let 1 < b <d <rbe suchthati,=i;=1i. Let j.k€lwith j#iandk+#i. There
holds

dimHomA(M[d,bJr],M[df,b]) = (dimVy, dlimM[di,b]) - (diimM[d77b])i7
dimHomA(M[d,b],M[d_,b+]) = (dimVy, @M[d_7b+]) - (@M[d_,b+])i,
dimHoma (M[d™(j), (b~ ()71, Mld (k), (b~ (k))"]) = (dim V- (), dimM[d " (k), (b~ (k))"])

— (dimM[d"~ (k), (b~ (k))"]);-

Proof — By Lemma 9.6,
dimHomy (M|[d,b*],M[d~,b]) = dimHomy (M[d,b],M[d " ,b]).
Moreover, Proposition 9.5 shows that
dimHomy (M[d,b],M[d~,b]) = dimHomy (Vy,M[d " ,D]).
Now, it follows from (9.3) that
dimHom(V,, M[d ™, b]) = (dimV,, dimM[d~, b]) — (dimM[d~,b]);.

Indeed, V; and M[d ", b] belong to the subcategory €y, ...;, , and V; is projective-injective in this
category, with socle S;. Therefore

dimHom(M|[d~,b],V,;) = (dimM[d~,b]); and Ext\(M[d~,b],V,) =0.

This proves the first equation. For the remaining two equations we note that again, by Proposi-
tion 9.5, we can replace in the left hand side M([d, b] by V4, and M[d~(j), (b (j))"] by V(). The
claim follows. 0
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10 The quantum cluster algebra associated with &,

10.1 The cluster algebra </ (%)

Following [GLS4], [BIRS], [GLS6], we can associate with %), a (classical i.e. not quantum) clus-
ter algebra. This is given by the initial seed

Ty o= ((x1,..,%),By,). (10.1)

Although this seed depends on the choice of a reduced expression i for w, one can show that any
two matrices BV and BV are connected by a sequence of mutations. Therefore this cluster algebra
is independent of this ch01ce and we denote it by .27 (%,,). Moreover, every seed of .27 (%) is of
the form

Yr= ((le yee 7xTr)7ET)7

for a unique %,,-maximal rigid module 7' =T, & - - ® T,,, and some Laurent polynomials x7,, ..., X7,
in the variables x; = xy; ,...,x, = xy;,. These modules T are those which can be reached from V;
using a sequence of mutations, and we called them reachable. (It is still an open problem whether
every %,-maximal rigid module is reachable or not.) If j is another reduced expression for w, it
is known that Vj is reachable from V; [BIRS]. Therefore, the collection of reachable 4, -maximal
rigid modules does not depend on the choice of i.

It was shown in [GLS4, GLS6] that there is a natural isomorphism from <7 (6,,) to the coor-
dinate ring C[N(w)], mapping the cluster monomials to a subset of Lusztig’s dual semicanonical

basis of C[N(w)].

10.2 The matrix Ly

LetT =Ty ®---®T, be a €,,-maximal rigid module as in §9.4. Let Ly = (A;;) be the r x r-matrix
with entries
Aij :=dimHomy (7;,7;) — dimHomy (7}, T;), (1<i,j<r). (10.2)

Note that Ly is skew-symmetric. From now on we will use the following convenient shorthand
notation. Given two A-modules X and Y, we will write

[X,Y] := dimHom, (X,Y), [X,Y]' := dimExt} (X,Y). (10.3)
Thus, we shall write 4;; = [T;, T;] — [T}, Tj].

Proposition 10.1 The pair (Ly,Br) is compatible.
Proof — For1 < j<r—n,and 1 <i, k <r, by Theorem 9.4 (c) we have:
Z bk]lkl - 17 j] [TN T] [Tj,7 T;] - [Tl’ Tj”}'

Let us first assume that i # j. Applying the functor Homy (7}, —) to the short exact sequence

/ *
0=T7;—=T, =T —0,
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and taking into account that [T, T]]1 = 0, we get a short exact sequence

0 — Homy (7, T;) — Homy (T3, Tj) — Homy (73, T}) — 0,

therefore

[1;,T}) = [T, T}] + 13, T} (10.4)
Similarly, applying the functor Homp(—,7;) to the same short exact sequence and taking into
account that [T/, T;]' = 0, we get a short exact sequence

0~ Hom (T} T;) — Homa (T}, T;) — Hom, (T}, T;) — O,
therefore
[T}, Ti] = [T}, Ti] + [T}, T;]. (10.5)
It follows that
[1;,T)) - [T}, T}) = [T, T}] — [T}, T} + M. (10.6)

Arguing similarly with the short exact sequence
* i
07 =T, =-T;—0,
we obtain
77 T = [T, T} = [T}, T}] = [T, T} ] + Aji. (10.7)

Hence Y ;. byjAi = Aij +Aji = 0.
Assume now that i = j. Using that [Tj,Tj*]1 =1and [T;,T}]' = [Tj,Tj’]1 = [T-,Tj”]1 =0, and
arguing as above, we easily obtain the relations

[Tij/] = [Tj’ Tj*] + [TJ>TJ]7 (10.8)
[1).1] = [T} 1]+ [1.T;] — 1, (10.9)
(T}, T)] = [T} T)] + [T}, 7)), (10.10)
(1, T/) = 1,17+ T3, 7)) — 1. (10.11)
It follows that }'; _; bxjAx; = 2. Thus, in general,
r
Y b = 28,
k=1
which proves the proposition. O

Let k < r — n, so that the mutation (T is well-defined.
Proposition 10.2 We have i (Lt) = Ly, (1)
Proof — Put (L) = (A;;). By definition, A;; = A;; if i or j is different from k. Similarly, since

T and i (T) differ only by the replacement of 7; by T, all entries in L, (r) not situated on row k
or column k are equal to the corresponding entries of Ly.
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If i = k, we have by definition of (L7 ) and by Theorem 9.4 (c)
r
Ay = Y esihsj = [T T = (T3, T = [T T + [T, T = A

s=1

Thus, by (10.6), we get
)’léj = [Tk*vTj] - [ijTk*]v

as claimed. The case j = k follows by skew-symmetry. O

Let H; = (hy;) be the r x r-matrix with entries

(10.12)

1 if I =k for some m > 0,
hu = )
0 otherwise.

Proposition 10.3 The matrix Ly, has the following explicit expression

Ly, = H;(R; — R H{ .

Proof — This follows immediately from Proposition 9.5, if we note that the kth row of H;j is equal
to the M-dimension vector m(Vj). O

10.3  The quantum cluster algebra <7, (6w)

Proposition 10.1 and Proposition 10.2 show that the family (LT,gT), where T ranges over all 6,,-
maximal rigid modules reachable from Vj, gives rise to a quantum analogue of the cluster algebra
/ (6,). We shall denote it by <7,/2(6,,). For every reduced expression i of w, an explicit initial
quantum seed is given by N

Sy, = ((XVi,lv”'7X\/i,r)7 Ly, By,),

where the matrices Ly, and Evi have been computed in Proposition 10.3, and in Section 9.4.
The quantum seed corresponding to a reachable %, -maximal rigid module T =T ®--- B T;
will be denoted by N
St =(Xr,...,Xr.), L, Br). (10.13)

For every a = (ai,...,a,) € N, we have a rigid module 72 := T}" & --- & T, in the additive
closure add (T') of T. Following (8.2) and writing Ly = (4;;), we put

Xra = X* 1= g2 s aaibiixt .. x4 (10.14)

Thus, denoting by %,, the set of rigid modules R in the additive closure of some reachable %,-
maximal rigid module, we obtain a canonical labelling

Xz, (RE€R,). (10.15)

of the quantum cluster monomials of 7,12 (%3,).
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10.4 The elements Yz

It will be convenient in our setting to proceed to a slight rescaling of the elements Xg. For R € %,,,
we define
Yi :=q RRI2 xp. (10.16)

In particular, writing R = T? as above, an easy calculation gives
Ye=q *®yp...yfr (10.17)

where

= Y aia;[T;, T +Z< )TT (10.18)

i<j

Note that ¢(R) is an integer (not a half-integer), so that Yz belongs to Z[g*!|[Yr,,- - ,¥7]. More-
over, we have the following easy lemma.

Lemma 10.4 Let T be a reachable 6,,-maximal rigid module. For any R, S in add (T') we have

YeYs = ¢ Yras.

roof — Write R = GO--- DT and S = ©---DT,”. We have
P Write R = 7" 7% and S = T} TP We h
Yr¥s =g AR -y ylryp . ypr = qm RS Eejabidyy ity rth

On the other hand, using the obvious identity
a+b a b
= b

(R®S) = o(R) +a(S)+ Y (aibj+a;b;)[T;, Tj] +Zab [T}, Tj).

we see that

i<j
Hence, taking into account (10.2),
—a(R)—a(S)+ Y abjdij = —a(R®S) +Zab T, T+ Y aibj[T;, Tj] + Y aib;|[T;, T}]
i>j i>j i<j
= - (R@S) [R,S],
and the result follows. a

Note that because of (9.3) and the fact that every R € add (7)) is rigid, we have
[R,R] = (dimR, dimR)/2, (10.19)

hence the exponent of ¢ in (10.16) depends only on the dimension vector dim R of R.
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10.5 Quantum mutations

We now rewrite formulas (8.8) (8.9) for quantum mutations in szql (%), using the rescaled quan-
tum cluster monomials Y.

Let T be a %,,-maximal rigid module, and let 7; be a non-projective indecomposable direct
summand of 7. Let u(T) = (T /T;) ® T;* be the mutation of 7T in direction k. By Theorem 9.4,
we have two short exact sequences

0T =T =T —0, 0T =T =T —0, (10.20)

with T}, T} € add (T /Tx). The quantum exchange relation between the quantum cluster variables
Y7, and Y7+ can be written as follows:

Proposition 10.5 With the above notation, we have
Vi Yy = g (g + ).

Proof — We have
YTk*Yn = q_([Tk*,Tk*]-‘r[Tk.,Tk])/ZXTk*XTk
— ¢ (WRIHTLD)/2 (Xa’ + X) Xz,

where, if we write

-Pr", R =-@r1",

i#k i#k
the multi-exponents a’ and a” are given by

/

/ / / / "
a = (al ...,ak_l,—l,ak+1,...,ar),

:(a/]/...,a;cl_l, 1 ak+1, 7a”).
Using (8.1), (8.2), and (10.2), one obtains easily that
Xa/XTk = q([TI\/I}\]i[ankl])/szk,, XaNXTk — q([TkHTI\]f[ank”])/ZXY}{,,

Now, using twice (9.3), we have

[I},T]] = (dim7/, dimT{)/2 (10.21)
= (dlmTk +d1mTk , dlmTk +d1mTk )/2 (10.22)
- [T/w Tk] [ Ec ] + [Tk7 Tk*] + [Tk*ﬂ Tk] -1, (10.24)

and this is also equal to [T}/, T}"]. Therefore, the exponent of ¢'/? in front of Y7, in the product
Y7 Y7, is equal to
[Tk/7Tk] - [Tvak/] + [Tk/ﬂ Tk/] - [Tk*ka*] - [Tk7Tk] = [T/ﬂTk*] + [Tk*7Tk] —1- [Tvak/] + [Tklka]
= 2<[Tk*aTk] - 1)7
where the second equality follows from (10.8) and (10.9). Similarly, using (10.10) and (10.11), we

see that the exponent of ¢'/2 in front of Yro in the product Y7, Y7, is equal to 2[T;, Ti], as claimed.
a
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10.6 The rescaled quantum cluster algebras .<7,(%,,) and <7 (¢,,)

By definition, 7,12(%3,) is a Z[q*"/?]-algebra. It follows from Lemma 10.4 and Proposition 10.5
that if we replace the quantum cluster variables X7, by their rescaled versions Y7, we no longer
need half-integral powers of g. So we are led to introduce the rescaled quantum cluster algebra
(). This is defined as the Z[g™']-subalgebra of A,2(6,,) generated by the elements Y7,
where T; ranges over the indecomposable direct summands of all reachable %, -maximal rigid
modules.

It turns out that in the sequel, in order to have a coefficient ring which is a principal ideal
domain, it will be convenient to slightly extend coefficients from Z[g*!] to A = Q[¢™!]. We will
denote by

MA(%W) = A@Z[qil] %((gw)

the corresponding quantum cluster algebra. Of course, the based quantum tori of .27, (6,,) (resp.
Ay (€,)) will be defined over Z[g™'] (resp. over A).
10.7 The involution o

We now define an involution of 7, (%,,), which will turn out to be related to the involution ¢ of
U,(n) defined in §6.2. For this reason we shall also denote it by o. This involution is a twisted-bar
involution, as defined by Berenstein and Zelevinsky [BZ2, §6].

We first define an additive group automorphism ¢ of the A-module A[Yz | R € add (V;)] by
setting

o(f(q)¥r) = f(g")gRR-dmRy, (f € A, R € add (V). (10.25)
Clearly, o is an involution.

Lemma 10.6 © is a ring anti-automorphism.

Proof — We have

o(Yr¥s) = q ®Io(Yras)
_ g RSdim(ReS)+[ReS, Res|
= gq
= q
= o(Ys)o(Yr).

Yras

— dim R—dim S+[R,R]+[S,S]+[S,R] Yros

—dimR—dim$+[RR}+5,]y y,

The involution o extends to an anti-automorphism of the based quantum torus
Ke=AY " [1<i<r] (10.26)
which we still denote by o. Moreover, we have
Lemma 10.7 For every indecomposable reachable rigid module U we have

G(YU) _ q[U,U]fdimUYU'
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Proof — By induction on the length of the mutation sequence, we may assume that the result
holds for all indecomposable direct summands 7; of a %,,-maximal rigid module 7. We then have
to check that it also holds for U = T;* = (7). By Proposition 10.5, we have

q[Tk,Tk]—dimTkYTkG(Yn*) _ (q[Tk,Tk]—dimTk—&-lYTk/ 4 gt T dim T Yrk") .
Using that dim 7} = dim 7} = dim 7} +dim 7;%, and (10.24), this becomes
YTkG(YTk") — q[Tk*7Tk*}7dimTk*+[Tk,Tk*](YTk/ + ‘leTk”) _ q[T/{*kaﬂ*dimT/f YnYTk*,

where the last equality comes again from Proposition 10.5, since quantum mutations are involutive.
It follows that o (Yr) = gl T ) —dim T Y7+, as claimed, and this proves the lemma. O

By Lemma 10.7, o restricts to an automorphism of <7, (%), that we again denote by ©.
Moreover, for any quantum cluster monomial, that is for every element ¥y where U is a reachable,
non necessarily indecomposable, rigid module in %,,, there holds

G(YU) — q[U,U]—dimU YU — q(dlimU diimU)/Z_dimUYU — qN(diimU)YU7 (1027)
where, for B € O, N(B) is defined in (6.6).
11 Based quantum tori
In this section, we fix again a reduced word i := (iy,...,i;) for w, and we set
e = siy 55 (), (k<r). (11.1)

11.1 Commutation relations

The next lemma is a particular case of [BZ2, Theorem 10.1]. We include a brief proof for the
convenience of the reader.

Lemma 11.1 For 1 <k <1 <r, we have in Ay(g):

(@i @) ) — (M, )

Aﬁ’ik e Aﬁ’i, M =4 ACU;, A Aﬁ’ik s

Proof — Since k < I, we have A; = s;, ---5;,(V), where v =5, ---5;,(®;). For x € Uy(n) and
y € Uy(n_), we have

X'A(Dik,w;k = S(X)Aw;k,@kv A(Ufl\,v V= 8(y>Aﬁ7117V'
Therefore, using again [BZ2, Lemma 10.2] as in the proof of Lemma 3.6, we obtain that

(wik 7wil)7(wik 7V)Aﬁ)'i[ 7vAa)-ik 7wik '

Ay 0, Awy v =4
Now, using [ — k times Lemma 3.4, we deduce from this equality that

(wikywil)—(wikwv)Aw.
117

Aa)’,-kwyil wsip (@) Aw'il,.v,'] s (V) T q siy+5i, (V) A(Uik-,si] o5y (@)

and taking into account that (@;,, v) = (s;, - -~ 5i, (®;,), si, -+ -5, (V) = (A&, A;), we get the claimed
equality. O
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Lemma 11.2 For 1 <k <l <r, we have in Ay(n):

(@i, — e, @iy +41) 1y

Dwik,/lkDOTi,Jh =4 65i,711D05ik,/1k'

Proof — This follows from Lemma 11.1 using the same type of calculations as in the proof of
Lemma 5.2. We leave the easy verification to the reader. a

Lemma 11.3 For 1 <k <[ <r, we have:
(@i, — A, @+ A) = Vik, Vil — Vi, Vil
Proof — We have
(@, — M, @;, + ) = (dim Vi, 20;, — dimV; ).
Since [Vig, Vi)' = 0, using (9.3) we have
(dim Vi, dimVi ;) = [Vik, Vig] + [Vis, Vil

Hence,
(@, — M, @;, + L) =2(dimVig, @;,) — [Vik, Vas] — Vas, Vi),

and we are reduced to show that
(dim Vi, @;,) = [Vik, Vi, (k<1). (11.2)

By Proposition 10.3, the right-hand side is equal to

Yoo XY (Bum, B+

5=

Since the left-hand side is equal to },,<o (B , @, ), it is enough to show that for every m > 0,

(Beon @) =Y, (B Bs) + 6ii- (11.3)

s<k(m)
is=i|

Let 7 := max{s < k(m) | iy = i;}. Eq. (11.3) can be rewritten
(Bem, M) = 6igiy- (11.4)
But the left-hand side of (11.4) is equal to

(Sil o ‘sik(m)il (aik)’ Sil o .sit (wl )) = (S[] o 'sik(m)71 (aik)’ sil o ‘sik(m)71 (wl )) = ((xik’ a).l ) = 6ikil7

so (11.4) holds, and this proves (11.2). O
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11.2 An isomorphism of based quantum tori
By Proposition 7.5, the quantum flag minors Dg, ;, = D(0,k) belong to Fy(n(w)). Let 7 be the
A-subalgebra of F,(n(w)) generated by the D;i A (1<k<r).

Lemma 11.4 The algebra 9 is a based quantum torus over A.

Proof — By Lemma 11.2, the generators Da,ik 2, pairwise g-commute. So we only have to show
that the monomials

N
D* := HDZ;,{,M’ (a=(ai,...,a,) €N,
k
are linearly independent over A. Suppose that we have a non-trivial relation

ZYa(Q)Da =0,

for some %(q) € A. Dividing this equation (if necessary) by the largest power of ¢ — 1 which
divides all the coefficients 7,(¢), we may assume that at least one of these coefficients is not
divisible by ¢ — 1. Using 6.3, we see that by specializing this identity at ¢ = 1 we get a non-trivial
C-linear relation between monomials in the corresponding classical flag minors of C[N]. But all
these monomials belong to the dual semicanonical basis of C[N] (see [GLS6, Corollary 13.3]),
hence they are linearly independent, a contradiction. O

We note that Lemma 11.4 also follows from [Ki, Theorem 6.20].

Proposition 11.5 The assignment Yy, — Dwiw A, (1 <k <) extends to an algebra isomorphism
from ¥ to the based quantum torus ;.

Proof — By definition of the cluster algebra .27 (%)), the elements vakl generate a based quantum
torus over A, with g-commutation relations

YVi,kYVi.z — q[vi?k-,vi(l]_[vi.lvvik}YViJYVM’ (1 <k<I< r)_

The proposition then follows immediately from Lemma 11.2 and Lemma 11.3. O

12 Cluster structures on quantum coordinate rings
12.1 Cluster structures on quantum coordinate rings of unipotent subgroups
Consider the following diagram of homomorphisms of A-algebras:

Dp(Cy) — K — T — Fy(n(w)). (12.1)

Here, the first arrow denotes the natural embedding given by the (quantum) Laurent phenomenon
[BZ2], the second arrow is the isomorphism of Proposition 11.5, and the third arrow is the natu-
ral embedding. The composition k: @7 (%,,) — F;(n(w)) of these maps is therefore injective.
Recall the notation A, (n(w)) of §7.6.
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Proposition 12.1 The image x (y(6,,)) contains Ax(n(w)).

Proof — Since « is an algebra map, it is enough to show that its image contains the dual PBW-
generators E*(By) (1 <k <r).

It was shown in [GLS6, §13.1] that there is an explicit sequence of mutations of %,,-maximal
rigid modules starting from V; and ending in 7;. Each step of this sequence consists of the mutation
of a module M[d~,b] into a module M[d,b™], for some 1 <b < d < r with i, =iy =i. The
corresponding pair of short exact sequences is

0— M[d~,b] — M[d™,b"]®M][d,b] — M[d,b"] — 0,

0— Md,b*] — @Md(j), (b~ ()] — M[d~,b] — 0.
J#i
Write
Tpy :=M[d",b"]®M[d,b)]
and
Toy == EPMld (), (j))"].
J#i

Then, by Proposition 10.5, in <7, (%,,) we have the corresponding mutation relation:

Yria,pi Y- o = g0 M2 (q*IYTb/d + Y%) : (12.2)
Moreover,
(1) T Ty~
— — —dij
Yr, =q " Yvia- b1 Yulap)s Yo, =q " I_;[_YM[d]*(j),(b*(j))ﬂ
J#i

where o(T},) = [M[d~,b"], M[d,b]], and

a(Tpg) = Y aijauM[d™(j), (6™ (7)) "], M[d™ (), (b~ (k))"]]

<k

TL (f’j) Ml (), (b~ ()] MId (), (b~ ()]
J#i

Note that for 1 <k <[ <r, and iy =i; = j, one has
dim M1,k = p(k™, j) —u(l, j)- (12.3)
Therefore, using Proposition 9.7 and the notation of Proposition 5.5, we see that
[M[d,b"], M[d™,b]] = (dimVy, dimM([d ", b]) — (dimM([d ", b));
= (@ —pu(d, i), u(b™, i) — p(d™, i) = (@i, u(b™,i) — p(d™,i))
= —(u(d, i), u(b™, i) — p(d ™, 1))
=—A.
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Similarly we obtain that
o(Tyy) = B, o(Tpy) = —C.

Therefore (12.2) can be rewritten as
1+B C*> a
_ 1+ —aij
" Vorlap 1 Y- = a4 P Yuja- p Yurap) +4 QYMW]*(}%(IJ*(J'))*]' (12.4)
We observe that this has exactly the same form as (5.14). By definition of k one has
K(YVi,k) = K(YM[k,kmin]) = D(07k)

Hence all the initial variables of the systems of equations (12.4) and (5.14) are matched under the
algebra homomorphism k. Therefore, by induction, it follows that k(Yyq »+)) = D(b,d) for every
b < d. In particular, k(Yyx ) = D(k™,k) = E*(Bx), by Proposition 7.4. O

Proposition 12.2 The algebra </ (6,,) is a Q-graded free A-module, with homogeneous com-
ponents of finite rank. Moreover,

k(4 (6)a) =k (An(n(W))a), (@€ Q).

Proof — The A-module % is free, hence its submodule 27 (%,,) is projective, and therefore free
since A is a principal ideal domain. It has a natural Q -grading given by

degYp :=dimR

for every indecomposable reachable rigid module R in %,,. The rank of .27\ (%, )y is equal to
the dimension of the C-vector space C ®4 @ (%, )q, Which is equal to the dimension of the
corresponding homogeneous component of the (classical) cluster algebra C ®7 <7 (%,,). Now,
by [GLS6], this is equal to the dimension of C[N(w)]4, that is, by §7.6, to the rank of Ay (n(w))q.
Od

Let () (€w) := Q(q) ®a Fa(€),). The A-algebra homomorphism k naturally extends to a
Q(q)-algebra homomorphism from </, (%) to Fy(n(w)), which we continue to denote by k.
We can now prove our main result:

Theorem 12.3 « is an isomorphism from the quantum cluster algebra <y, (6y) to the quantum
coordinate ring Ay(n(w)).

Proof — By construction, K is injective. By Proposition 12.1, the image of k contains A,(n(w)).
Finally, since « preserves the 0 -gradings, and since the homogeneous components of Ag,) (6w)
and A, (n(w)) have the same dimensions, by Proposition 12.2, we see that

K (o) (%)) = Aq(n(w)).

The following Corollary proves the claim made at the end of §7.5.
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Corollary 12.4 All quantum minors D(b,d) (1 < b < d < r) belong to Ay(n(w)), and therefore
are polynomials in the dual PBW generators E*(By) = D(k™,k) = Yy,.

Proof — As shown in the proof of Proposition 12.1, D(b,d) = k(¥p4+)), and so belongs to
K (Ao (6w)) = Ag(n(w)), by Theorem 12.3. m

The following Corollary is a g-analogue of [GLS6, Theorem 3.2 (i) (ii)].

Corollary 12.5  (a) oy, (%) is an iterated skew polynomial ring.

(b) The set {Yy(a): =Yyl ---Yyi |a=(a1,...,a,) € N'} is a Q(q)-linear basis of gy (C).

Proof — This follows via the isomorphism k from known properties of A, (n(w)). 0

Corollary 12.6 Let g be a simple Lie algebra of type Ay, D, E, , and let n be a maximal nilpotent
subalgebra of g. Let A be the corresponding preprojective algebra of type A, Dy, E,,. Then

(a) The quantum cluster algebra <, (modA) is isomorphic to the quantum enveloping alge-
bra Uy(n).

(b) In this isomorphism, the Chevalley generators e; (1 <i < n) are identified with the quantum
cluster variables Ys, attached to the simple A-modules S;.

Proof — (a) Take w to be the longest element wy of the Weyl group. Hence n(wg) = n, so
Aq(n(wo)) = Ag(n) = Uy(n),

by Proposition 4.1. On the other hand %),, = mod(A), and this proves (a). Property (b) is then
obvious. O

We believe that Theorem 12.3 can be strengthened as follows.

Conjecture 12.7 The map K restricts to an isomorphism from the integral form <5 (%,,) of the
quantum cluster algebra to the integral form A (n(w)) of the quantum coordinate ring.

12.2 Example

We illustrate our arguments on a simple example. We take g of type Az and w = wy. We choose
the reduced word i = (is,is,14,13,12,i1) = (1,2,3,1,2,1). Therefore

Bi=ai, fhho=ou+o, 3=, Ps=ai++03, Bs=om+a3, Po=03.

Using the convention of [GLS6, §2.4] for visualizing A-modules, we can represent the summands
of V; as follows:

Vi=1 V2:12 V3:12

1 2 3
Vo= 2 Vs=1 3 Ve= 2
4 3 3 2 6 1



and the summands of M; as follows:
M =1 M, = 1 2 M; =2
1

My = 23 M5:23 Mg =3

The sequence of mutations of [GLS6, §13] consists here in 4 mutations.

Mutation 1: One mutates at V| in the maximal rigid module V;. One has
(Vi) = i (M[37,1]) = M[3,17] = M[3,3] = M;.
This gives rise to the two short exact sequences (which can be read from the graph I'y):
0—-Vi—=V;—M;—0, 0O—->M;—V,—V, —0.
By Proposition 10.5, we thus have
Yirs Yy = g™ (g7 W+ ¥i) = g7 Yoy + Yo,
since [M3,V;] = 0. Using the notation M|/, k], this can be rewritten

YupaYu =4 Yupa +Yupa)- (12.5)

Mutation 2: One mutates at V3 in the maximal rigid module y; (V;). One has
us(Vs) = ps(M[67,1]) = M[6,17] = M[6,3] = , 3.
This gives rise to the two short exact sequences (which can be read from the graph u; (I5)):
0—>V3—>M3dVe — M[6,3] =0, 0— M[6,3] Vs — V3 —0.
By Proposition 10.5, we thus have
Yyie,3Yvs = g™ME31Vsl (q71YM369V6 +Yv5) =q Y, Yy, + Yo,
since [M[6,3],V3] = 0, and [M3,Vs| = 0. Using the notation M|[l, k], this can be rewritten
Y31 Yms.0] =4 Yoz 31 Ymi6,1) + Yurgs - (12.6)
Mutation 3: One mutates at V; in the maximal rigid module 3 (V). One has
2 (V2) = ua(M[57,2]) = M[5,27] = M[5,5] = Ms.
This gives rise to the two short exact sequences (which can be read from the graph sz u; (I5)):
0=V, > Vs — Ms— 0, 0—=>Ms M3V, — V, —0.
By Proposition 10.5, we thus have

Yy Yy, = q[MSVVZ} (q_IYVs + YM3€9V4) =Yy, +q¥Yu, v,
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since [Ms,V»] = 1, and [M3, V4] = 0. Using the notation M|[l, k], this can be rewritten
Yuissi¥mp2) = Yus o) +9Ym3 31 Ya.4)- (12.7)

Mutation 4: One mutates at M3 in the maximal rigid module i, u3 (V). One has
i (Ms) = m(M[6™,3]) = M[6,3"] = M[6,6] = M.
This gives rise to the two short exact sequences (which can be read from the graph i, usp; (I)):
0— Mz — M[6,3] - Mg — 0, 0— Mg — Ms — Mz — 0.
By Proposition 10.5, we thus have

[M67M3] (

Yu Yo, = q qilYM[6,3] + YMs) = 5171YM[6,3] +Yus,

since [Mg, M3] = 0. Using the notation M|/, k], this can be rewritten
Yvie.6Ym33) = q71YM[6,3] +Yus.5- (12.8)

Now, in A,(n) we have the following quantum 7'-system given by Proposition 5.5:

D(1,3)D(0,1) = ¢ 'D(0,3) + D(0,2), (12.9)
D(1,6)D(0,3) = ¢ 'D(1,3)D(0,6) + D(0,5), (12.10)
D(2,5)D(0,2) = D(0,5) +¢D(1,3)D(0,4), (12.11)
D(3,6)D(1,3) = ¢~ 'D(1,6) +D(2,5). (12.12)

By definition, the homomorphism k': &/y(,) (mod A) — F(n) satisfies
K(YM[I,I]) :D(071)7 K(YM[371}) :D(073)7 K.<YM[6,1]) :D(076>7
K(Yppa) =D(0,2), k(Yysz)=D(0,5), K(Yyua4)=D(0,4).

Thus, comparing (12.5) and (12.9) we see that k(Y3 3) = D(1,3). Next, comparing (12.6)
and (12.10) we see that k(Yys3) = D(1,6). Next, comparing (12.7) and (12.11) we see that
K(Yy(s,5) = D(2,5). Finally, comparing (12.8) and (12.12) we see that k(Y66)) = D(3,6). So in
particular, we have

K(Ym,) = D(k™ k) = E*(Br), (1<k<6).

This shows that k¥ (@7@(,,) (modA)) contains Ay(n). Comparing dimensions of Q-homogeneous
components, as in Proposition 12.2, shows that k (/) (modA)) = Ay(n) = Uy(n).

In this isomorphism, the Chevalley generators e;,e;,e3 of Uy(n) correspond to the quantum
cluster variables Yy, , Yas, , Yy, respectively. The quantum Serre relation ejesz = e3e; corresponds
to the fact that

(M, Mg] = [Mg,M] =0,  [M;,Mg]' =0.

To recover, for instance, the relation e%ez —(g+ qfl Jereze; + eze% = 0, we start from the mutation

relations
YM}YM] :q_IYV3 + Yy, YM1YM3 :q_lYV2+YV3.
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The first one is our first mutation above, and the second one is the mutation back, in the opposite
direction (mutations are involutive). Eliminating Yy, between these two equations, we get

Yo, Yy _q_IYM3YM1 = (1 _q_Z)YV3'
Since [M;,V5]! =0, [M;,V3] = 1, and [V3,M;] = 0, we have

Y, Yv; = qYv,Yu,,
which yields
Y[lzll YM3 - qilYM1YM3YM1 — qYMlYM3YM1 _YM3Y112415

as expected.

12.3 Canonical basis of o7, ()

By [Ki, §4.7], the subalgebra U, (n(w)) is spanned by a subset B*(w) of the dual canonical basis B*
of Uy(n). Using the isomorphism k: /gy, (6) = Aq(n(w)) = Uy(n(w)), we can pull back B*(w)
and obtain a Q(g)-basis of <y, (€),), which we shall call the canonical basis of <4 (), and
denote by Z(w) = {b(a) | a € N"}. It may be characterized as follows. Recall the involution ¢ of
(%) defined in §10.7. We will also denote by o its extension to .y, ().

Proposition 12.8 Fora= (ay,...,a,) € N', the vector b(a) is uniquely determined by the follow-
ing conditions:

(a) the expansion of b(a) on the basis {Yy(c) | ¢ € N"} is of the form

b(a) =Yy(a)+ ; Yac(q) Yu(c)

where Yy (q) € g 'Qg "] for every ¢ # a;
(b) Let B(a) := ¥ <i<,axBr. Then o(b(a)) = g"P@)p(a).

Proof — This is a restatement in our setup of [Ki, Theorem 4.26]. The same result was previously
obtained in [Lal] in a particular case. O

It follows from (10.27) that all quantum cluster monomials satisfy condition (b) of Proposi-
tion 12.8. This is similar to [BZ2, Proposition 10.9 (2)]. Unfortunately, it is not easy to prove that
quantum cluster monomials satisfy (a), so one can only conjecture

Conjecture 12.9 All quantum cluster monomials Yg, where R runs over the set of reachable rigid
modules in 6,,, belong to B(w).

It follows from the original work of Berenstein and Zelevinsky [BZ1] that the conjecture holds
in the prototypical Example 12.2, namely, for g = sl4 the dual canonical basis of U, (n) is equal to
the set of quantum cluster monomials. In this case, there are 14 clusters and 12 cluster variables
(including the frozen ones), which all are unipotent quantum minors.
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We note that the conjecture is satisfied when R = M|[b, a] is one of the modules occuring in the
quantum determinantal identities. Indeed, Yy ) is then a quantum minor, and belongs to % (w)
by Proposition 6.3.

It is proved in [Lal, La2] that the conjecture holds for all quantum cluster variables when
(q) () is associated with the Kronecker quiver or a Dynkin quiver of type A, and w is the
square of a Coxeter element.

Conjecture 12.9 would imply the open orbit conjecture of [GLS6, §18.3] for reachable rigid
modules, by specializing g to 1. It also appears as Conjecture 1.1 (2) in [Ki].

12.4 Quantum coordinate rings of matrices

Let g be of type A,. Let j be a fixed integer between 1 and n, and set k =n+ 1 — j. Let w be the
Weyl group element with reduced decomposition

W: (s]Sj_l .-.sl)(sj+lsj-..s2)-..(snsn_l ..-Sk).

We denote by i = (ijk,ijk_l,...,il) the corresponding word. It is well known (see [MC]) that
for this particular choice of g and w, U,(n(w)) is isomorphic to the quantum coordinate ring
Ay(Mat(k, j)) of the space of k x j-matrices.

In this case, %, is the subcategory of mod (A) generated by the indecomposable projective P
with simple top S¢. For 1 <a <kand 1 <b < j, the module P, has a unique quotient X,; with
dimension vector dimX,;, = 0, + Otg1 + - - - + Q11—p. It is not difficult to check that

Mi= P Xu-
1<a<k
1<b<j

Then, setting x,, := Yx,, € %7, (€,), we have that the elements x,, satisfy the defining relations of
Ay(Mat(k, j)), namely

XabXac = qXacXab, (b<c), (12.13)
XacXbe = 4XbcXac (Cl < b), (12.14)
XabXed = XcdXab, (a<c, b>d), (12.15)
XabXcd :xcdxab+(q_q_1)xadxcb, (a<c, b <d> (12.16)

Thus, Theorem 12.3 gives immediately

Corollary 12.10 The quantum coordinate ring A,(Mat(k, j)) is isomorphic to the quantum cluster
algebra oy () (6w).

Example 12.11 The quantum coordinate ring A,(Mat(3,3)) is isomorphic to U,(n(w)) for g of
type As and w = s35251545352555453. The category %, has finite representation type D4. Taking
i=(3,2,1,4,3,2,5,4,3), the direct indecomposable summands of V; are

V1:3 V2:3 V3: 4
4 5
3 3 27y
Va=, V5:234 Ve="3"%5
4
3
3
3 274
Vo= 2 Vg= 2,4 Vo=1 3 5
1 5 24



The direct indecomposable summands of M; are

M =3 M2:34 M5 = 45
3

M4—23 M5—234 Mg =2 45
3 3 3

M;= 2 Mg= 2 4 My= 2 4

In the identification of A;(Mat(3,3)) with </, (4),), we have

x11 = Yu, x12 = Y, x13 = Yy,
X21 = Y X2 = Yy, x23 = Yuy,,
xX31 = Yy, X3 =Yy, x33 = Yy, .

The quantum cluster algebra </, (¢),) has finite cluster type Dy. Its ring of coefficients is the
skew polynomial ring in the variables Yy,, Yy, 1y, Yy,, Y. It has 16 non frozen cluster variables,
namely the 9 canonical generators Yjy,, the 4 unipotent quantum minors Y7; attached to the modules:
3 3 3 3
= 2,4, =,%3"% Ty=,%3% Ty=,23%
2 4 2 4

and the elements Y, attached to the 2 modules

33 234
U= 22 4 U2:1233 5

with dimension vector o + 20 + 303 + 204 + 5. These cluster variables form 50 clusters.

12.5 Quantum coordinate rings of open cells in partial flag varieties

In this section, we assume that g is a simple Lie algebra of simply-laced type. We briefly review
some classical material, using the notation of [GLSS, GLS6].

Let G be a simple simply connected complex algebraic group with Lie algebra g. Let H be
a maximal torus of G, and B,B™ a pair of opposite Borel subgroups containing H with unipotent
radicals N,N~. We denote by x;(r) (i € I, € C) the simple root subgroups of N, and by y;(¢) the
corresponding simple root subgroups of N

We fix a non-empty subset J of I and we denote its complement by K =\ J. Let Bk be the
standard parabolic subgroup of G generated by B and the one-parameter subgroups

yi(t), (keK,teC).

We denote by Nk the unipotent radical of Bg. Similarly, let By be the parabolic subgroup of G
generated by B~ and the one-parameter subgroups

X (1), (keK,t€C).
The projective variety B, \G is called a partial flag variety. The natural projection map

w: G— B \G
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restricts to an embedding of Nk into B \G as a dense open subset.

Let Wk be the subgroup of the Weyl group W generated by the reflections s (k € K). This
is a finite Coxeter group and we denote by wg its longest element. The longest element of W is
denoted by wy. It is easy to check that

Ng =N (wowfy ) , (12.17)

see [GLS6, Lemma 17.1]. It follows that C[N (wowg )] can be identified with the coordinate ring
of the affine open chart Ok := m(Nk) of Bx\G. Therefore, A,(n(wowk)) can be regarded as the
quantum coordinate ring A, (k) of Uk, and Theorem 12.3 implies:

Corollary 12.12 The quantum coordinate ring A,(Ok) is isomorphic to the quantum cluster al-
gebra gy q) (€% )-

W,

Example 12.13 Take G = SL(6), and J = {3}. Then By \G is the Grassmannian Gr(3,6) of 3-
dimensional subspaces of C% and Ny =N (wowoK ), where w = wowoK is as in Example 12.11. Here,
N(w) can be identified with the open cell & of Gr(3,6) given by the non-vanishing of the first
Pliicker coordinate. The quantum cluster algebra </, (%) of Example 12.11 can be regarded as
the quantum coordinate ring of &.

Example 12.14 Take G = SO(8), of type D4. We label the vertices of the Dynkin diagram from
1 to 4 so that the central node is 3. Let J = {4}. Then Bg\G is a smooth projective quadric
2 of dimension 6, and Nx can be regarded as an open cell & in 2. Here Nx = N(w) where
w= wowg = 545351525354. It is easy to check that the elements Yy, (1 <k < 6) satisfy

Yo Yo, = @¥u Yo, (i<, i+ j#7), (12.18)
Yi, Yoy = Yor, Y, s (12.19)
Yus Yar, = Yor, Yot + (9 — ¢~ ) Yar Yy, (12.20)
YusYor, = Yor, Yurs + (@ — a ) Yo, Yo, — ¢ ' Yo Yon, ), (12.21)

and that this is a presentation of the quantum coordinate ring A,(&). This shows that A,(O)
is isomorphic to the quantum coordinate ring of the space of 4 x 4-skew-symmetric matrices,
introduced by Strickland [St]. The category %,, has finite representation type A; X A;. Hence,
there are 4 cluster variables Yy, Yu,, Yus, Yu,, together with 4 frozen ones, namely, Yy, = Yy,
YV4 = YM4, and

YV; = YMZYMS - q_] YM3YM47 YV() = YM] YM(, - q_IYszMS + q_ZYM3YM4'
Observe that Yy, coincides with the quantum Pfaffian of [St]. There are 4 clusters
{YM17 YMQ}? {YM17 YMs}; {YMG’ YMz}a {YM67 YMS}

Note that since all quantum cluster variables belong to the basis {Yy/(c) | ¢ € N}, Conjecture 12.9
is easily verified in this case.
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