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MAXIMUM PRINCIPLE AND COMPARISON PRINCIPLE OF
p-HARMONIC FUNCTIONS VIA p-HARMONIC BOUNDARY
OF GRAPHS

YONG HAH LEE

ABSTRACT. We prove the maximum principle and the comparison prin-
ciple of p-harmonic functions via p-harmonic boundary of graphs. By
applying the comparison principle, we also prove the solvability of the
boundary value problem of p-harmonic functions via p-harmonic bound-
ary of graphs.

1. Introduction

The maximum principle and the comparison principle are interesting topics
in studying the behavior of solutions of some equations. In particular, the max-
imum principle and the comparison principle enable us to control the behavior
of solutions of a certain equation by the boundary data of the solutions. Such
a study has been developed for several equations. For instance, Holopainen
and Soardi [1] proved the maximum principle and the comparison principle of
p-harmonic functions on finite subsets of graphs. Later, Kim and Chung [2]
generalized the result of Holopainen and Soardi by extending the result into
infinite subsets. However, those results are related to the real boundary, not
the ideal boundary like infinite boundary. In fact, in the case that a given
graph has no boundary, we need to lean on the ideal boundary in controlling
the behavior of solutions at infinity of the graph. In line with the viewpoint,
we rebuild the maximum principle and the comparison principle to control the
whole behavior of p-harmonic functions on the graphs.

In this paper, we newly suggest the maximum principle and the comparison
principle of p-harmonic functions on a graph, in such a way that they are
described in terms of the p-harmonic boundary as follows:
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Theorem 1.1. Let G be a graph of bounded degree and u,v € HBD,(G). Then
the followings hold:
(i) (Maximum principle) If a < u < b on A, ¢ for some constants a and
b, then a <u <b on Vg.
(ii) (Comparison principle) If v <wu on Ap g, then v <u on Vg.

This result is a direct generalization of that of Holopainen and Soardi [1].
As an application of the comparison principle, we also prove the solvability of
the boundary value problem of p-harmonic functions in terms of p-harmonic
boundary of graphs as follows:

Theorem 1.2. Let G be a graph of bounded degree. Then for any continuous
function f on A, g, there exists a unique p-harmonic function h, which is a
limit of a sequence of functions in HBBD,(G) in the sense of supremum norm,
such that

forallx € Apg.

2. Preliminaries

Let G = (Vg, Eg) be an infinite graph with no self-loops, where Vi and
E¢ denote the set of all vertices and the set of all edges of G, respectively. If
vertices x,y in Vi are the endpoints of a same edge, then we say that they are
neighbors, and write y ~ = and = ~ y. The degree of = is the number of all
neighbors of x. If the degrees of vertices of a graph G are uniformly bounded,
then G is called a graph of bounded degree.

A sequence (xg,x1,...,2,) of vertices in Vi is called a path from zg to x,
with the length n if xx ~ xx_1 for each k = 1,2,...,n. A subset U of Vs is
said to be connected if any two vertices in U are can be joined by a path in U.
We define the distance d(x,y) between two vertices x and y to be the minimum
of the lengths of paths from = to y. Then d defines a metric on V. For this
metric d, define an n-neighborhood N, (z) = {y € Vi : d(z,y) < n} for each
x € Vi and for each n € N. From now on, all the graphs considered in this
paper are connected infinite with no self loops and of bounded degree, unless
otherwise specified.

Let u be a real valued function defined on S U 0S5, where 0X = {z € Vg :
d(xz,X) = 1} for each subset X of Vz. For a real number p > 1, define the
p-Dirichlet sum I, (u, S) of u by

Ip(ua S) = Z |Du|p(:c),
€S
where [DulP(z) =3, _, [u(y) —u(z)[P. In particular, if I,(u, V) < oo, then u
is said to be energy finite. Define the p-Laplacian of u at x € S by

Apu() =Y July) — ul@)[P>(uly) - u(x)).

y~z
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In the case 1 < p < 2, we make a convention that |u(y)—u(z)|P~2(u(y)—u(z)) =
0 if u(y) = u(z). In particular, if A,u(z) = 0 for all z € S, then the function
u is called p-harmonic on S.

Let us put

T(u, ;2 y) = July) — u(@) P~ (u(y) — w@))((y) — (),
whenever u and 7 are functions defined at x and y. Since |a|P~2a(a — b) >
|b|P~2b(a — b) for all real number a # b, we have
(1) T(u,u—v;z,y) > T(v,u—v;2,9)

if uw and v are defined at x and y. The equality occurs only if u(x) — v(z) =

u(y) —o(y).
If S is a finite subset of V7 and h is a real valued function on S U dS, then
the followings are equivalent [1]:

(i) A function h is p-harmonic on S.
(ii) For any function n on S U JS such that n =0 on 05, we have

oD T(uma,y)=0.
zES Yy~
(iii) For every function f on S UdS such that f = h on 95, we have
> IDhP(x) <> IDfIP(x).
zeS zeS
In particular, a real valued function h is p-harmonic on Vi if

oD Tluwmiz,y) =0
zeVg y~w

for all finitely supported real valued function n on Vg.
In the case of p-harmonic functions, the comparison principle on finite sub-
sets and the local Harnack inequality hold as follow (See [1] for the proof):

Proposition 2.1. Let S be a finite subset of V. Suppose that w and v are
p-harmonic on S such that u> v on 0S. Then u > v on S.

Proposition 2.2. Let u be nonnegative on SUJS and p-harmonic on S. Then
for each © € S, there exists a constant C' such that

max u(y) < Cu(z).
y~T

For each energy finite real valued function u defined on Vg, we define its
norm by

(2) llullp = lu(o)| + Lp(u, V&) /7,

where o is a fixed vertex of Viz. Let us denote BD,(G) to be the set of all
bounded energy finite functions with the norm (2). We denote by BD,, (G)
the closure of the set of all finitely supported functions in BD,(G). The subset
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of all p-harmonic functions in BD,(G) is denoted by HBD,(G). Yamasaki [3]
proved the discrete analogue of the Royden decomposition theorem as follows:

Proposition 2.3. For every f € BD,(G), there exist a unique h € HBD,(G)
and a unique g € BD, o(G) such that f = h+ g.

3. Maximum principle and comparison principle

Let us begin with defining p-harmonic boundary of a graph G as follows: For
an infinite connected graph G, there exists a unique (up to homeomorphism)
compact Hausdorff space G, called the Royden p-compactification of GG, which
contains G as an open dense subset, every function in BD,(G) can be continu-
ously extended to G and the class of such extended functions separates points
in G. The Royden p-boundary of G is the set G \ G and denoted by dG. The
p-harmonic boundary A, ¢ of G is the subset of the Royden p-boundary oG,
defined by

Apc={xcdG: f(x)=0 forall feBD,od)}.

In particular, for each subset S of Vi, S denotes the closure of S in G and S%
denotes the double of S, which is obtained by identifying the interior boundaries
of two copies of .9, respectively.

Whether the closure of a subset of G intersects or not the p-harmonic bound-
ary of G implies how large the set of bounded energy finite functions on the
subset is as follows:

Lemma 3.1. Let Q be a subset of Vi such that QN Apq = 0. Then 1 €
BD, 0 (029).
Proof. We claim that there exists a function w € BD,¢(G) such that w >
1 on Q. First of all, for each z € Qn 6@, since z ¢ A, g, there exists a
function f, € BD)o(G) such that f.(z) # 0. Let us define a function w, on
G by w.(z) = 2|f.(2)|/|f-(2)|. Then clearly, w. is a nonnegative function in
BD,,o(G) satistying w,(z) = 2. From the compactness of Qn 6@, there exist
finitely many points z1, 22, ..., 2z in QN OG such that
k
ONnaG c U{x eqG: w; (z) > 1}.

j=1
Next, for each z € Q\U?Zl{x SYex w, (x) > 1}, define a function w. € BD,(G)
such that w, is p-harmonic on N3(z) \ Ni(z), w, = 2 on Ny(z), and w, = 0
on G\ N3(z). Then w, € BD,o(G), since it is finitely supported. From the
compactness of €\ U?Zl{:c eqG: w, (x) > 1}, there exist finitely many points
Zkaly 2k Zham D 0 \ U?Zl{z eG: w, (r) > 1} such that

k k+m

(Q\ Utz e G s, (@) > 1}) c | fzeGiu, @) >1)
j=1

j=k+1
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Therefore, we have w = Z?ﬂn w., € BD,o(G) such that w > 1 on Q, hence
the claim.

Now choose a sequence {g, } of finitely supported functions converging to w

in BD,(G). Symmetrically extend w and g,, to Q?, denoted again by w and g,

respectively. Clearly, each g, is finitely supported on Q2¢, and {g,,} converges to

w in BD,(Q%). Therefore, w € BD, 1(2%) and w > 1 on Q%. Since BD, 1(029)

is an ideal of BD,(02%), we have 1 = (1/w)w € BD,o(Q9). O

We say that a connected infinite subset 2 of V7 is D,-massive if there exists
a nonnegative function u on Vi such that w is p-harmonic on Q, v = 0 on
Ve \ ©, supy, v = 1, and I,(u, ) < oo. Such a function u is called an inner
potential of the D,-massive set 2.

We are ready to prove the maximum principle:

Theorem 3.2 (Maximum principle). Let G be a graph of bounded degree and
h € HBD,(G) such that a < h <b on A, ¢ for some constants a and b. Then
we have a < h <b on Vg.

Proof. We first claim that b < b on Viz. Otherwise, there exist constants ¢ and
c1 such that b < ¢; < ¢ < M, where M = supy, h. Let Q. be a component
of the set {x € Vg : h(x) > c} with sup,_h = M. Then Vg \ Q. is nonempty
from the continuity of h and the fact that h <bon A, .

Now construct a sequence of nonnegative functions u, on Vg such that

Apu, =0 on Q.N N, (o0);
up = (h—c)/(M —c) on §c\ Ny (o);
U =0 on Vg \ Qe

where M = supy,, h. Then since u, > (h —¢)/(M — c) on (0Q. N Ny41(0)) U
(2. NIN,(0)), by Proposition 2.1,

u > (h—c)/(M—c) on Q.NN. (o).
On the other hand,
1/p 1/p
> D) > ID((h = /(M = ))F())

z€Q.NN,(0) z€Q.NN,(0)

< (3 IDhP (@)

zeVa

1/p

Thus there exists a subsequence {u,, } converging to a nonnegative function u
on Vg such that u is p-harmonic on Q., u = 0 on Vg \ Q, supy, u = 1, and
I,(u, Q) < co. This implies that . is Dp-massive with an inner potential u.

Let Oc = {x € Q¢ : u(x) > 1—¢€} for 0 < e < 1. Then by Proposition 2.2,
there exists a sufficiently small ¢ > 0 such that

(89, 0,) > 2.
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Let D, be a component of the set {x € Q. : (h(x)—c)/(M —c) > 1—¢} such that
supp_h = M. Then O D D.. On the other hand, since u > (h —¢)/(M — ¢)
on 2., we have
d(0Q, D) > 2

Let Q = {x € Vi : h(z) > ¢1}, then QNA, ¢ = 0. Thus by Lemma 3.1, there
exists a sequence {¢,} of finitely supported nonnegative functions converging
to 1in BD,(Q%). Let v = max{h — ¢,0}, then v = h — ¢ on Q.. In particular,
since d(0Q, D) > 2, D. UdD,. C Q.. Hence, v = h —c on D, UdD.. On
the other hand, the function v¢,, vanishes on Vg \ (2 N K,,), where K, is the
support of ¢, in Q¢ and {ve¢,} converges to v with the norm

Wil = 7o)l + (3 psr@)

xeD,

where xq is a fixed point in D.. Thus we get

oD Iy -

= 3 3 Iny) — h(@) P2 (hly) — k(@) (h(y) — ()

x€D,. y~x

= Y S k) — h@)P 2 (y) — b)) (0(y) — v(@))

rxED, y~x

= tim (30 S 1h) — @) (hly) — () (062) () — (06,)()))

n—oo
xED, y~zx

= 0.

Therefore, h is constant on D, such that h = M on D.. From the p-harmonicity
of h and the connectedness of €., we have h = M on Q.. Also, from the p-
harmonicity of A and the connectedness, we conclude that h = M on 0f2..
However, this is impossible since h < ¢ on 0f2.. Consequently, we have the
claim that h < b on Vg.

Similarly arguing, we get the remains. O

By using the maximum principle, we can give a duality relation between
BD,(G) and A, ¢ as follows:

Proposition 3.3. BD,o(G) ={f € BD,(G): f =0 on A, g}

Proof. Suppose that f € BD,(G) with f|a, , = 0. By Proposition 2.3, there
exist h € HBD,(G) and g € BD, o(G) such that f = h+ g. Since g|a, . =0,
h|a, . = 0. By the maximum principle, we have h = 0 on Vg, hence f =g €
BDpo(G). O

By modifying the program of Holopainen and Soardi [1] and applying the du-
ality relation Proposition 3.3, we prove the comparison principle for p-harmonic
functions in terms of p-harmonic boundary as follows:
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Theorem 3.4 (Comparison principle). Let G be a graph of bounded degree and
u,v € HBD,(G) such that v <u on A, g. Then we have v < u on Vg.

Proof. Let Ut = {z € Vg : v(z) < wu(z)} and U™ = {z € Vg : v(z) > u(x)}.
For each vertex z € Vg, we set U = {y ~ 2z :v(y) <wu(y)} and Uy = {y ~
z:v(y) > u(y)}-

Let n = max{v —u,0}. Then n >0 on Vg, n=0o0n A, g, and n(y) = 0 for
ally € Ut and y € U;r. By Proposition 3.3, we have n € BD,, o(G), hence we

get
0= > > (T(wnzy) - T(unz,y))
reVg y~x
=I+11+1I1I,
where

= > Y (T, ma,y) - Tlu,nz,y)),

zeUt yeUt
= > Y (Twmz,y) = T(u,n;2,y))
zeUT yeU,
+ > > (T, m,y) — T(u,n;2,y)),
zeU~ yeut
1= %" > (T(v,m2,y) = T(umn;2,y)).
zeU~ yeU,

First of all, we have I = 0 since n(y) =0 for ally € UT and y € U;f. Secondly,
by (1) we get III >0 since n=v —wu on U~ or on U, .
We claim that if there exists at least one pair x,y such that x € UT and
€U, ,orz e U™ and y € U}, then IT > 0. However, since 0 = I + I+ 111,
it is impossible. Thus for any pair z,y with y ~ x,

either wv(x) <u(x), v(y) <uly) or wv(z)>u(x), viy) > uly).

If for any pair z,y with y ~ z, v(z) > u(z),v(y) > u(y), then since G is
connected, v > u on V. Let w = v —wu. Then w > 0 on Vg, hence w > 0 on
Ap.c. On the other hand, since w < 0 on A, ¢ from the hypothesis, we have
w =0 on A, . By Proposition 3.3, we have w € BD,, (&), hence we get

0 = ZZ (v,wyz,y) — T(u,w; x,y)).

zeVg y~w

By (1), this implies that v — u = ¢ on Vg for some constant ¢. Since v < u
on A, @, we conclude that ¢ < 0. However, this is a contradiction to the
fact that v > w on V. Therefore, for any pair x,y with y ~ =z, we have
v(z) < wu(z),v(y) < u(y), hence we have the consequence v < u on Vg.

We now prove the claim. Suppose that there exists a pair z,y such that
x € UT and y € U;. Then by the definition of 1, we have n(y) — n(z) =
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v(y) —u(y) > 0. Since
T(v,m;@,y) — T(u,n;x,y)
= (v(y) = u(y))(|v(y) — v(@) P> (v(y) — v(2)) = |uly) — ul@) P> (u(y) - u(@))),
we have only to prove that
[0(y) — v(@) P2 (v(y) — v(x)) = |uly) — u(z)[P~>(uly) - u(z)) > 0.
u(y

) > 0 > v(z) — u(z), we have v(y) — v(x) > u(y) — u(x). If
then

Since v(y) —
u(y) —u(z) =0,

[o(y) — v(@)P(v(y) — v(@)) = luly) — u(@)P~*(u(y) — u(z))
= (v(y) —v(@)"™" = (u(y) — u(@))"~" > 0.
In the case that u(y) — u(z) < 0 and v(y) — v(z) > 0, we have
[o(y) — v(@)P(v(y) — v(@)) = luly) — u(@)P~*(uy) — u(z))
= [v(y) —v(@)["~" + Ju(y) — u(@)P~" > 0.
In the other case u(y) — u(z) < 0 and v(y) — v(z) < 0, we have |v(y) — v(z)| <
|u(y) — u(x)|. Hence
[o(y) —v(@)[P7?(v(y) — v(2)) = Ju(y) — u(@) P~ (uly) — u(@))
= —u(y) —v@) P~ + July) — u(=)P~" > 0.

Similarly arguing as above, for any pair z,y such that € U~ and y € U},
we have

T(v,n;2,y) = T(u,n;2,y)
= — (v(@)—u(@))(Jv(y) —v(@) P> (v(y) —v(z) = [uly) —u@) P> (u(y) —u(z)))

> 0.

Therefore, we have the claim. O

As an application of the comparison principle, we prove the solvability of
the boundary value problem of p-harmonic functions in terms of p-harmonic
boundary of graphs as follows:

Theorem 3.5. Let G be a graph of bounded degree. Then for any continuous
function f on Ap q, there exists a unique p-harmonic function h, which is a
limit of a sequence of functions in HBD,(G) in the sense of supremum norm,
such that

(3) h(x) = f(x)

forallx € Ap .
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Proof. Let f: A, c — R be a continuous function. Then there is a sequence
{fn} in BD,(G) such that

(4) lim sup|f, — f| =0,
n— o0 VG

where f = limy, s frn and f|Ap,c = f. For each n € N, define a continuous
function h,, , on Vi such that
Aphp, =0 on N,(o);
hnr=fn on Vg\ Ny(0).
Obviously, hy, » € BD,(G) and |hy, | < supy,, |fn| on V. Thus there exists a
subsequence {hy, .} converging uniformly to a limit function h, on any finite
subset of V. In particular, h, is a p-harmonic function and {h,, -, } converges
to h, in BD,(G). Hence h,, € HBD,(G), and by Proposition 2.3, there exists
a unique g, € BD, o(G) such that f, = hy, + gp.
On the other hand, from (4), for any given € > 0, there is N € N such that

if n,m > N,

Sup |fn - fml <§¢

Vo

hence

sup | — b | <€
AN, (0)

for all » € N. Then by Proposition 2.1, we get

sup |hp,r — | < €
N,.(0)

for all » > 0. This yields
sup |y, — hay,| < 3e
s

for any finite subset S of Vi, hence

sup |hy — by | < 3e.
M

Therefore, {h,} converges uniformly to a limit function h on Vi and h is p-
harmonic on Vg.
Now for given € > 0, choose N € N such that for all n > N,

sup |fn — fl <€ and sup|h, —h| <e
VG VG

Since hy, = f, on A, ¢ and € > 0 is arbitrarily chosen, we have

h(x) = f(x)
for all x € Ay, .
Suppose that h and h are p-harmonic functions satisfying (3), and {h,} and
{hn} are sequences in HBD,(G) such that

lim sup |h, —h| =0 and lim sup|h, — k| = 0.
n—o0 n—00 vy,
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Then for any € > 0, there is an N € N such that for any n > N,

(5) sup |h, —h| < e and supl|h, —h| <e.
VG VG

Since h(x) = f(x) = h(x) for all x € A, g, we have for any n > N,
B (X) — 26 < hp(X) < () + 2€

for all x € A}, ¢. By Theorem 3.2,
ﬁn—2e<hn<ﬁn+26 on Va.

From (5), we have
sup |h — h| < 4e.
Ve

Since € > 0 is arbitrarily chosen, we have h = h on V. ]
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