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Abstract We prove a multiplication theorem of a quantum Caldero-Chapoton
map associated to valued quivers which extends the results in [§][6]. As an
application, when @ is a valued quiver of finite type or rank 2, we obtain
that the algebra &7 7|, (Q) generated by all cluster characters (see Definition
) is exactly the quantum cluster algebra &7, (Q) and various bases of the
quantum cluster algebras of rank 2 can naturally be deduced.
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1 Introduction

Ever since the emergency of cluster algebras, the close relation between it and
quiver representations has always been emphasized. One interesting viewpoint
is to consider cluster algebras as some kind of Hall algebras of quiver represen-
tations, that was particularly enhanced by [4] in which the so-called Caldero-
Chapoton formula (or map, or character) was invented. Then the multiplication
formulas ([5],[7],[16]) of Caldero-Chapoton characters become important, espe-
cially in the construction of integral bases of cluster algebras (e.g. see [8,Q]).
In [I9], D. Rupel obtained a quantum analogue of the Caldero-Chapoton
formula, which is crucial for the study of quantum cluster algebras. Unlike in
the cluster algebras, it does not generally hold that Xy X = ]k\i%df\’ OM X N
for any dygoas € Z. A natural question to ask is whether the quantized Caldero-
Chapoton formula could be extended to the cluster category. In [6], this aim was
achieved for equally-valued quivers and a multiplication formula was verified,
which implies that for finite type the algebra o/ 7 (Q) generated by all cluster
characters (see Definition [I]) is exactly the quantum cluster algebra &2, (Q).
In this paper, we will extend the results in [6] to valued quivers and prove
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two multiplication formulas therein. As an application, when @ is a valued
quiver of finite type or rank 2, we prove that the algebra o7 77|, (Q) is exactly
the quantum cluster algebra &7 k|(Q). In particular, we obtain various bases
of the quantum cluster algebras of rank 2 by using the standard monomials in

3.

2 Preliminaries and statement of the main result

2.1 Definition of quantum cluster algebras Let L be a lattice of rank m and
A L x L — Z a skew-symmetric bilinear form. Note that A can be identified
with an m x m skew-symmetric matrix which still denoted by A if there is no
confusion. Set a formal variable ¢ and the ring of integer Laurent polynomials
Z[q*/?]. Define the based quantum torus associated to the pair (L, A) to be
the Z[g*!/?]-algebra .7 with a distinguished Z[¢*'/?]-basis {X¢ : e € L} and
the multiplication
xexf = gMeh/2 xetf

It is known that .7 is contained in its skew-field of fractions .. A toric frame
in % isamap M : Z™ — % \ {0} given by

M(e) = (X))

where ¢ is an automorphism of .# and n : Z™ — L is an isomorphism of
lattices. By the definition, the elements M(c) form a Z[g*'/?]-basis of the
based quantum torus Jj; := ¢(7) and satisfy the following relations:

M(c)M(d) = ¢* D20 (e + d), M(c)M(d) = ¢" DM (d)M(c),
M(0) =1, M(c)™! = M(~c),
where Ajy is the skew-symmetric bilinear form on Z™ obtained from the lattice
isomorphism 7. Let Aj; be the skew-symmetric m X m matrix defined by
Xij = Anr(ei, ej) where {ey,...,en} is the standard basis of Z™. Given a toric
frame M, let X; = M(e;). Then we have
T = g VUXTEL, L XEY XX = M XGXG).
An easy computation shows that:

M(c) = q2 Zi<i NI XX ... Xom = X(© (¢ e Z™).

Let A be an m x m skew-symmetric matrix and B an m X n matrix with

n < m. We call the pair (A, B ) compatible if up to permuting rows and columns
BTA = (D|0) with D = diag(dy,--- ,d,) where d; € N for 1 <14 < n. The pair

(M, B) is called a quantum seed if the pair (Ays, B) is compatible. Define the
m x m matrix E = (e;;) as follows
dij if j # k;
€ij = -1 ifi:j:k:;
max(0,—b;) ifi#j=k.
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For n,k € Z, k > 0, denote [Z]q (qn_q(iqz);;(g:;_k_?q:f_j;ﬂil). Let k € [1,n]

where [1,n] = {1,--- ,n} and ¢ = (¢1,...,¢p) € Z™ with ¢ > 0. Define the
toric frame M’ : Z™ — F \ {0} as follows

Ck
M@:ZF} M(Ec + pb*), M'(—c) = M'(c)™". (1)
P gn/2
p=0 q
where the vector b* € Z™ is the kth column of B. Following [10], we say a real
m x n matrix B’ is obtained from B by matrix mutation in direction & if the
entries of B’ are given by

,:{—% ifi=korj=k

] Uik |bri+bik|br s .
K bij + WL‘ otherwise.

Then the quantum seed (M’, B) is defined to be the mutation of (M, B) in di-
rection k. Two quantum seeds are called mutation-equivalent if they can be ob-
tained from each other by a sequence of mutations. Let ¢ = {M'(e;) : i € [1,n]}
where (M’, B') is mutation-equivalent to (M, B). The elements of € are called
the cluster variables. Let P = {M(e;) : i € [n+ 1,m]} and the elements of P
are called coefficients. Denote by ZP the ring of Laurent polynomials generated
by q%,]P’ and their inverses. Then the quantum cluster algebra %(AM,B) is
defined to be the ZP-subalgebra of .7 generated by €.

2.2 The quantum Caldero-Chapoton map and main result Let & be a finite
field with cardinality |k| = ¢ and m > n be two positive integers. Let A
be a valued graph without vertex loops and with vertex set {1,...,m}. The

edges of A are of the form i(aij’aji)j , in which the positive integers a;; form a

symmetrizable matrix.

Let @ be an orientation of A containing no oriented cycles: that is, we

replace each valued edge by a valued arrow. Thus @ is called a valued quiver.
Note that any finite dimensional basic hereditary k-algebra can be obtained by
taking the tensor algebra of the k-species associated to ). In what follows we
will denote by & the k-species of type @ in the sense of [16], which identified a
k-species with its corresponding tensor algebra.
_ The full subquiver ) on the vertices 1,...,n is called the principal part of
@, with the corresponding k-species denoted by &. For 1 < i < m, let S; be
the i-th simple module for &. B

Let B be the m xn matrix associated to the quiver ) whose entry in position

(i,7) given by

bz‘j = dimEndé(Si)opEthé(Si, SJ) — dimEndé(Si)Ethé(Sﬁ Sz)

for 1 <i<m,1 < j <mn. Denote by I the left m x n submatrix of the identity
matrix of size m x m.
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By [19], we can assume that there exists some antisymmetric m X m integer
matrix A such that

s -]

where D,, = diag(dy,--- ,d,) where d; € N for 1 < i < n. Let R= ]?ZQV be the
m X n matrix with its entry in position (7, j) is

?ij = dimEndé(Si)EXté(Sj, S;)

for 1 <i <m, 1 < j < n respectively. And define R = }NRQvOp. Denote the
principal parts of the matrices B and R by B and R respectively. Note that
B=R ~Rand B=R —R.

Let %g be the cluster category (see [2]) of the valued quiver @, i.e., the
orbit category of the derived category 2°(&) by the functor F' = 7o [~1]. We
note that the indecomposable G-modules and P;[1] for 1 < i < n exhaust the
indecomposable objects of the cluster category %¢:

ind ¢p = ind modG U {P;[1] : 1 <i < n}

where P; is the indecomposable projective &-module at ¢ for i = 1,--- ,n. Each
object M in 6 can be uniquely decomposed in the following way:

where My is a G-module and Py is a projective module. Let Pyy = @, <;-,, mi P;.
We extend the definition of the dimension vector dim on modules in mod& to
objects in € by setting

dimM = dimMy — (m;)1<i<n.
The Euler form on G-modules M and N is given by
(M, N) = dimyHomg (M, N) — dim,Ext& (M, N).
Note that the Euler form only depends on the dimension vectors of M and N
and the matrix representing this form is (I,, — R"")D,, = D,(I,, — R)).
The quantum Caldero-Chapoton map of an acyclic quiver ) has been de-

fined in [19][I8][6]. The quantum Caldero-Chapoton map was defined in [19] for
G-modules, in [I8] for coefficient-free rigid object in Cﬁé. Later it was extended

in [6] to the cluster category for equally-valued quivers. For valued quivers, we
also have

X?:Objcgéﬁy

defined by the following rules:
(1) If M is a G-module, then

Xu=Y |Gr M |q~3lem=e) x—Be-(I-R)m,
€
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(2) If M is a G-module and I is an injective é—module, then

Xper-1 Z!GreM\q 3 lem—e—i) xy— Be—(I—- R)m+d1msoc1

where dim/ = i,dimM = m and Gr.M denotes the set of all submodules V' of
M with dimV = e. We note that

XP[l} = X,.p= Xdi_mP/radP — Xdi_mSocI — Xl[fl} _ erll-

for any projective S-module P and injective S-module I with Socl = P/radP.
In the following, we denote by the corresponding underlined lower case letter x
the dimension vector of a &-module X and view z as a column vector in Z™.
Now we need to recall some notations. For any G-modules M, N and FE,
denote by el the cardinality of the set EXté(M ,N)g which is the subset

of Extlé(M ,IN) consisting of those equivalence classes of short exact sequences

with middle term isomorphic to E ([I6, Section 4]). Let F4% be the number of
submodules U of M such that U is isomorphic to B and M /U is isomorphic to
A. Then by definition, we have

Gre(M)| = > Fij

A,B;dimB=¢e

Denote by [M, N|! = dlmkExt1 (M, N) and [M, N| = dim;Homg (M, N).
Let M, N be any &—modules and I any injective S—module. Define

Homg(M, I)pp = {f : M — I|Kerf = B, Cokerf = I'}.
Note that I’ is an injective S—module.
The main result of this article is the following theorem:

Theorem 1.

1
(1) ¢™MN X Xy = qu((f ) ZeMNXE’

(2) q[M’I]XMX[[fﬂ _ q2A((I R )m,—dimSocl) Z ]H0m~ (M I)BI”XBEBI/ 1-
B, I’

Definition 1. X is called the corresponding cluster character, if L is a &-
module or L = M @ I[-1] € Cgéj satisfying that M is a &-module and I is an

mjective S-module.
For a valued quiver @, denote by & 77 |;,(Q) the ZP-subalgebra of .7 gener-
ated by all the cluster characters and by &7, (Q) the corresponding quantum

cluster algebra, i.e, the ZP-subalgebra of .# generated by all the cluster vari-
ables. Then we have the following corollary:
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Corollary 1. For any valued quiver Q of finite type or rank 2, we have & 7|, (Q) =
A A ) (Q).

3 Proof of the main theorem

In this section, we fix a valued quiver () with n vertices.

Lemma 1. For any dimension vector m, e, f € Z%,, we have
(1) A((T = R)m, Be) = —(e, m);
(2) A(Be, Bf) = (f,€) = (e, f).
Proof. By definition, we have
A((I = R )m, Be)

_ mtr(f_ ﬁl)trAEQ: _mtr(f_ E’)tr |:D0n:| e

—m"" (I, — (R)"\Dye = —"" D, (I, — R )m
—(e,m).

As for (2), the left side of the desired equation is equal to
tr ptr A tr tr | Dn tr ptr
e"B"ABf=—-¢"B [O]i:—gBDni.

The right side is

<i, §> - <§a i>

= f"Du(I, — R)e—€"(I, — R")D,f

— Qtr(In_R/)tani_Qtr(In_Rtr)Dni

_ gtr(}%tr B (R’)tr)Dni _ —QtrBtani.
Thus we prove the lemma. O
Corollary 2. For any dimension vector m,l,e, f € 7%, we have

A(=Be— (I = R)m,~Bf — (I - R)l)
= M= R)m, (I =R+ (f,€) — (e, f) + (e, ]) = (f,m).

Proof. It follows from Lemma [Tl O
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Proof of Theorem[1(1): By Green’s formula [15], we have

M,N]—[A,C]—[B,D]—(A,DY =M N _X _Y
Z*SJJ?/INF)?Y: Z q[ NI=ACIB DI, >FABFCD€A053D-
E A,B,C,D
Then
e
E
- Z gﬂEqu*%W,X)F)J?Yx—BQ—(I—R )e
E.X,)Y
M,N]—[A,C]—[B,D]—(A,D)—Y(B+D,A+C) =M =N _X .Y ~—-By—(I-R
— Z q[7}[’][’}<7>2<+’+>FABFCD6AC‘€BDX y—( Je.
A,B,C,D,X,Y

By Corollary 2 we have

x—By—(I-R)e

x—Bl+d)—(I-F)(m+n)

g3 Bd— (TR )n,~Bb— (TR Jm) x—Bb—(I~ R )m x~Bd— (IR )n

NI =R ), (=B )m) + §[~(D, B)+(B,D)+(D,M)~(B,N)| xr ~Bb~(I-R )m xr~Bd~(I~F )n

1
2
1
2

= NI (=R )m) ( 3(D.4) =5 (B.C) x—Bb—(I-F )m x ~Bd—~(I-F)n
Thus
ZE%NXE
E
_ q—%A((T—E/)m,(T—R/)@) Z q[M,N]—[A,C}—[B,D]—(A,D)—%(B+D,A+C)+[A,C}1+[B,D}1.

A,B,C,D
3 (PA=3BO) pM N x—Bb—(T—R ym y —Bd—(T—F)n.

Here we use the following fact

A0 Y B,D]!
Zeﬁ(czq[ < ,Z€BDZQ[ D]
X Y

An easy calculation shows that
[MaN] - [A7C] - [B7D] - <A7D> + [Aac]l + [B7D]1 = [M7N]1 + <B,C>

Hence
E: E
6MNXE
E

— g MIR)m(I=F )  [M,N]! 3 FM g=3(BA) x—Bb-(-R)mpN _=3(D,C) x~Bd—(I-R)n
A,B,C,D

_ MO R m =R N
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This finishes the proof.

Proof of Theorem [1(2): We calculate

Xnr Xp[-q)
= Z Cf%(H’G) FévMHXiéh*(ffél )MXdi_mLs‘ocI
G H

Z q—%(H7G)F£’4Hq%A(—§@—(f—}§/)m,@soeI)X—Eh—(f—ﬁ/)m+@socl

G.H

G.H
G,H
Here we use the fact that

A(=Bh,dimsocl) = —h"" B A(dimsocl) = —[H, I].

Note that we have the following commutative diagram

0 0
Y —=Y
0 B M A 0
|
0 X G A 0
0 0

and short exact sequence
0—A—IT—TI —0,
Thus by [16] we have

Y FeyFip =Y FixFhy, [Homg(M,I)pp| = [Aut(A)|FALF 4
B G A

and

> JAu(A)|FfFfy = [Homg (G, I xp| = ¢ = ¢'@D.
ATLX X

_ q%A(—(T—E,)m,@socI) Z q—%u{,G) q%A(—§ﬁ7@socl) M, x—Bh—(I=R')m-+dimsocI
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By [16, Lemma 1], we have (I — R')i = dimsocI. Now we can calculate the
term

Z ]Homé(M, Ipp ’XB@I/[—H
B,I'

1 / D 75 : /
_ Z |Aut(A)|F%FII,Aq7§<Y,X7[ )F)?YXfBgf(lfR )b+dimsocl
AB,I,X,Y

1 / > a4 . /
= Y IO Ak ()| Ff y FSy X By (R bt
AG I XY

Note that we have the following facts

‘+a=i z+a=g9g=—z—i'=g—i

and
—By — (I — R)b + dimsocl’
= —Bh—(I-R)(m—i+1)+ dimsocl’
~Bh— (I = R)m + (I = R)(i — i) + dimsocl’
—Bh—(I-R)m+(I-R)i
— —Bh— (I - R))m+ dimsocl.
Hence

Z |HOH1é(M, I)BI/|XB€BI’[—1]

B,I'

_ Z q<G’,I)q—%(H,G—I)FgHX—EQ—(T—IN%/)m+@socl
G.H

_ Zq<M,1)q—%(HJ)q—%(H,G)FgHX—EQ—(T—E’)m+@socf
G.H

— My g~ U =3 (HG) pM x—Bh—(-R )ym-+dimsocl

G,H

This finishes the proof.

To prove Corollary [Il, we recall the following lemma which can be found in
[5116].

Lemma 2. Let
M —FE — N5 M[1]

be a non-split triangle in (5@. Then

dimkExtg% (E,E) < dimkExtc}gﬂQ (M @&N,M&N).
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Proof of Corollary [: Firstly, we prove that for any indecomposable object
M e ‘ﬁ@, X is in the quantum cluster algebra &2 ,(Q).

When @ is a valued quiver of finite type, it follows that Xj,; is a cluster
variable for any indecomposable object M € Cg@ by [19].

When Q@ is a valued quiver of rank 2. Denoted by

D;: o(Q) — Ak (Q)

the canonical isomorphism of quantum cluster algebras associated to sink or
source 1 <i < 2. Let 3; : mod@ — modQ@’ be the standard BGP-reflection
functor. It follows from [19, Theorem 2.4] that @i(X]?/[) = XgM for any regular
module M of ). Note also the fact () is an acyclic valued quiver of rank 2, we
have that X, is in the upper quantum cluster algebra associated to ) which
coincides with the quantum cluster algebra & .77 Ik\(Q) by the acyclicity of @
[B]. When M is an indecomposable preprojective or preinjective module, it
follows from [19] X, is a cluster variable, hence in the quantum cluster algebra
EH 1 (Q).

Now we need to prove that for any cluster character X € o )(Q),
then X, € &);,(Q). Let L = @221 L™ n; € N where L; (1 < i < 1) are
indecomposable objects in (fé. By Theorem [[l and Lemma 2] we have that

n, 1 41
XZiXZ;XLi = q2" X + Z an(q 2)XE
dim,Extl, _(E,E)<dim,Exty,_(L,L)
Q Q

where ny, € Z and f,,, (qi%) € Z[qi%]. Note that the left side of the equation
above is in &5 (Q), thus by induction, it follows that X, € &) (Q) which
finishes the proof.

3 Bases in the quantum cluster algebras of rank 2

In this section, we consider a valued quiver (see [19] for details) associated to a

given compatible pair (A, B) where A = _01 (1) ) and B = < _Oc 8 ) for
any b,c € Z~g. Let T = Z[qi1/2]<X1i1,X2i1 : X7 Xy = ¢X2X1) and .# be the
skew field of fractions of .7 and thus the quantum cluster algebra of the valued
quiver of rank 2 (denoted by <7 (b, c) in the sequel) is the Z[g*'/?]-subalgebra
of . generated by the cluster variables X, k € Z, defined recursively by

b
2XP +1 if mis odd;
X1 Xy = om0 2
q2 X5, +1 if mis even.
Definition 2. For any (r1,72) and (s1, s2) € Z2, we write (r1,r2) < (81, 82) if
r; < s; for 1 <i < 2. Moreover, if there exists some i such that r; < s;, then
we write (r1,r2) < (s1, 52).
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For any m € Z?, define m* = (mf,m;) such that m;L =m,; if m; > 0 and

m;r =0 if m; <0 for any 1 < i < 2. Dually, we set m~ = m™ — m. Denote by
dimI[—1] = —dimsocl for any injective module I. For any d € Z?, we make
the following assignment by

Xg:= Xy for any M € 6g with dimM = d.
Note that this assignment is not unique.

Theorem 2. The set B = {X4|d € Z*} is a Z[qi%]—basis of the quantum
cluster algebra <7,(b, c).

Proof. Note that for any d € Z%, X, € @,(b,c) by Corollary I According to
the definition of the quantum Caldero-Chapoton map and the partial order in
Definition ], we obtain a minimal term aqX 4 in the laurent expansion in X4,

for some nonzero a4 € Z[qi%]. Then by the standard monomials in [3], we have

Xy = b X X X8 X% S pxl xl x0T x5
d = U4 Ao Ag Ag, L1 A2 A5 A8,
0]

where bg, b, € Z[qi%]. It is easy to see that by must be some nonzero monomial
in qi%. Thus we obtain that & is a Z[qi%]—basis of o7,(b, c). O
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