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Abstract We investigate the relationships between various sum of squares
(SOS) and semidefinite programming (SDP) relaxations for the sensor net-
work localization problem. In particular, we show that Biswas and Ye’s SDP
relaxation is equivalent to the degree one SOS relaxation of Kim et al. We
also show that Nie’s sparse-SOS relaxation is stronger than the edge-based
semidefinite programming (ESDP) relaxation, and that the trace test for ac-
curacy, which is very useful for SDP and ESDP relaxations, can be extended
to the sparse-SOS relaxation.
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squares relaxation, individual trace.

1 Introduction

In its basic form, the sensor network localization problem is that of finding
the coordinates of some sensors z; = (z},2?)T € R%i = 1,...,m, while
given the Cartesian coordinates of n —m points in R?, 2,,41, ..., Z,, which we
call anchors, and the Euclidean distances ||z; — ||, for all (¢,7) € A, where
A C {(i,j) € N> : 1 <i < j < n} is the set of edges. We say that the two
points x; and x; are neighbors if (i,j) € A. In practice, measured distances
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may be inexact, and we only know some estimated d;;, where

true

d?j =lz; -z % +8;; V(,75) € A,

6 = (0ij) i e € RIAI denotes the measurement noise, and z,  denotes the
true position of the ith point. When é = 0, we call this problem the noiseless
sensor network localization problem.

The sensor network localization problem is NP-hard in general, thus ef-
forts have been directed at solving this problem approximately. One approach
involves solving a convex relaxation, and then refining the resulting solution
through local improvement. Examples of this approach are second-order cone
programming (SOCP) relaxations [4,13], semidefinite programming (SDP) re-
laxations [1-3,5-7,11], edge-based semidefinite programming (ESDP) relax-
ations [10,14] and sum of squares (SOS) relaxations [8]. We will compare the
SOS relaxations with the SDP type relaxations, and in particular show that
the SOS relaxations are tighter.

2 Notation

Throughout this paper, sensor positions x; are 2 X 1 vectors, 8™ denotes the
space of n X n real symmetric matrices, and T denotes transpose. For a vector
v € RP, ||v]| denotes the Euclidean norm of v. For A € RPX9, a;; denotes
the (i,7)th entry of A. For A,B € SP, A = B means A — B is positive
semidefinite. For A € SP and an index set Z, Az = (aij)ijeI denotes the
principal submatrix of A comprising the rows and columns of A indexed by Z.
Any instance of the sensor network localization problem has an associated
graph structure, namely the graph G = ({1,...,n}, A). We will work under
the standard assumptions that every connected component of G has at least
one index corresponding to an anchor and that each sensor connects to at
least one other sensor. The first assumption is justified since if a connected
component has no anchors, all associated sensors are clearly not localizable,
i.e. their positions are not uniquely determined from the known distances;
while the second assumption is reasonable since if a sensor is only connected
to anchors, determining its location can be treated as a separate problem. We
partition the set A of edges into the sets A = {(i,5) € A:i < j < m}
(edges from a sensor to a sensor) and A% = {(4,j) € A: i < m < j} (edges
from a sensor to an anchor). The set 8% will be the set of all monomials in
variables {z}!,z? : i = 1,...,m} with degree up to k, while for (i,5) € A, the
set fj will denote the set of all monomials of degree up to k in variables
{x},xf,x},x?} if (i,j) € A®, or in variables {z}, 22} if (i,5) € A® Let 3 be
any set of monomials, we define {3 to be the column vector indexed by § with
polynomial entries such that for each s € 3, [{3]s = s(z). Let I" be the set of
monomials obtained by taking all possible pairwise products of the elements

of 3. Then
Epeh = s(@)As, (1)

sel’



for some |B] x |5] real symmetric matrices As. Given a real vector y indexed
by a set of monomials containing I', we define the moment matrix of y with
respect to 3 as

Mﬁ(y) = Z ysAsa

sel’

a linearization of (1).

3 SOS relaxations

The sensor network localization can be formulated as the following polynomial
optimization problem:

U = min plz) = Y (i —ay)® — df)*. 2)

L] yeeeyd
e (i.4)€EA

Let P C R?>*™ be the set of minimizers to problem (2). This is an uncon-
strained polynomial optimization problem and can be relaxed using sums of
squares, as proposed in [8] by Nie:
U, = max-y
qisY ; ) (3)
st p(e) =y = 2o @ilx)”,

where ¢;(z) are arbitrary polynomials. It is well known that this problem can
be reformulated as the following SDP

v, 1= max-y
Wy . (4)
s.t. p(l’)f’y:fﬁQW§52, W = 0.

Write p(z) = 3 51 Pss(2), the dual of (4) can then be written as

d —mi E
Umom T Irlyln psys

sepB4 5
s.t. Mgz (y) >0 ( )
Y1 = 17

where y is a real vector indexed by (*. The solution set of (5) is denoted
by S and the sensor x; is recovered from a solution y € S, by setting

mom mom

T = (yz} s Ya? )T The set of all sensor positions (each sensor position is denoted
by a 2 x 1 vector) obtained this way is denoted by P C R2*™,

In view of the special structure of (2), Nie proposed considering the fol-
lowing sparse-SOS relaxation:

Uspaos = 10X
ij

st.opl@)—y= €§ngij§5§j (6)
(i,7)€As
Wij =0 V(Z,j) € As.



This corresponds to demanding not only that p(z) —~ is a sum of squares, but
also that each of its summands is the square of a polynomial depending only
on z; and z;, for some (%, ) € A°. The dual of (6) is

—mi § E j
VUspmom *= myln Ps'Ys

(i) €A s€B, (7)
Yy = 17

where

(i — al1” = d3)? =2 > ps(z) V(i j) € A,

SGQ?j

Note that Mgz (y) = 0 for (i,5) € A® implies Mgz, (y) = 0 for (4,5) € A%, since
each sensor is connected to at least one other sensor. The solution set of (7) is
denoted by S_ ... The sensor x; is recovered from a solution y of (7) by setting
T; = (yz%,yﬁ)T. The set of all sensor positions obtained this way is denoted
by Pem S R**™. It was shown in [8, Theorem 3.4] that v, = v_ ...

and it is easy to see that, in the noiseless case, P C P, C P, and that

mom — spmom

S cSs . A general study of these sparse SOS relaxations can be found

mom = Sspmom
in [9].

A different SOS relaxation is proposed in [5]. There, the original problem
is formulated as

L1yeeeyd
e (i,j)EA

and a degree one SOS relaxation is used. More specifically, let

s — aj||? = d =2 > ps(x) (i, j) € A.

sepB?
The relaxation is given by
Uhom = min > > pys
(i.j)EA |s€p? (9)
s.t. Mg (y) =0

ylzla

where Mg (y) is the moment matrix generated by moment vector y = (ys)sep2-



4 Relationship between SOS and SDP relaxations

In the SDP approach of Biswas and Ye [1,2], instead of (2), the sensor network
localization problem is formulated as in (8). Letting X := (331 S a:m) and I
denote the 2 x 2 identity matrix, Biswas and Ye considered the following SDP

relaxation of (8):

(i,5)eA 1
s.t. Z = UXx* =0 "
«U. —_— X 12 — b
where U = (Uij)1<ij<m and
i — 25 jj if i <j<m;
by(2) = T TR
Uiy — 25 l‘j—|—||$jH if i <m <j.

The solution set of (10) is denoted by Sgdp, while the set of the corresponding
recovered sensor positions, given by X, is denoted by P . Our first result
shows that the SDP relaxation (10) is equivalent to the degree one SOS relax-
ation (9). The proof presented is a simplification of the original argument and

is due to Paul Tseng.

Theorem 1 (a) Let Z be a feasible solution of (10), then there is a vector y
indexed by 3? that is feasible for (8) and has the same objective value.

(b) If y is a feasible solution of (8), then there exists Z that is feasible for
(10) and has the same objective value.

UXxT
X I

Y1 =1, yyx —xl,yx ok —xllxj andyxfxi = u; — x} x for all i,j = 1,.
and k = 1,2. Let vy be the vector (x%...zk), for k =1,2, then we have

Proof (a) Let Z = ( ), where X = (21 -+ @m). Define y by setting

1

0 0
M51(y): U; (1 U1 1)2)-1- <OU—XTX>’
U2

The first matrix is positive semidefinite of rank 1 while the second matrix is
positive semidefinite since, by (10) and a basic property of Schur complement,
U—XTX = 0. Thus y is a feasible solution of (8) and it is easy to check that
y gives the same objective value as Z.

(b) Consider the submatrices Uy and U of M1 (y) indexed by {1, 21, ...z} }
and {1,2%,...,22 } respectively. Let wy, = (ym e yzfn), k = 1,2. By the same
property of Schur complement as above, we have Uy, = w{ wy, for k = 1,2. Let

U=U, +Uyand X = (“’1> then
w2

*) m

U=U,+U; = wlTwl +w2Tw2 = XTX,



T

hence Z = ()U( )§ ) is a feasible solution of (10). Again, it is easy to check
2

that Z gives the same objective value as y. [ ]

The SDP relaxation (10) can be further relaxed to the ESDP relaxation by
requiring only the principal submatrices of Z associated with A to be positive
semidefinite, as proposed in [14]. Specifically, the ESDP relaxation is

mZin Z ‘Eij(Z) - d?j

(i,5)€A
(1773 uij SL’,T (11)
s.t. Ujj Usjj .Z‘? =0 V(Z,j) € A°,
T; Xy IQ
. (U XT . .
where Z stands for the matrix X I ) and whose solution set we will denote
2

by S,..,- As usual we will denote by P_,  the set of corresponding recovered

sensor positions X. Then we have the following result.

Theorem 2 In the noiseless case, P cP

spmom — esdp *

Proof Take any X = (331 e xm) S and the corresponding y € S

spmom spmom *

Then for each (i, ) € A®, it holds that Mﬁfj (y) = 0. Hence, both My ,» “"f}(y)

i

and My ;1 ,11(y), being principal submatrices of Mgz (y), are positive semidef-
@l 2

1
i}
J
inite. For (i,7) € A*, define upy 1= y,1,1 + Y,2,2 for k,1 € {,j}. We claim
that

T
(173 uij Z;

U5 Ujj .Z‘JT t 0.
Ti Tj I2

To see this, it suffices to show that the Schur complement of I5,

(Uiz‘ uz‘j) 3 (IILI%II2 I%)
Uij U alay ai)?)°

is positive semidefinite. But this matrix is the sum of the Schur complement
of 1in My 41 413 (y), which is
&}z

<y(ac%)2 - (le)2 yw}x} - lele

and the Schur complement of 1 in My 42 ,2;(y), which is
a? a3
y(z?)z - szJ:? y;cf:cf - (Z?)Q .
Both matrices are positive semidefinite since My ;2 ,21(y) and My 41 ,13(y)
3,3 RN
are. Hence, the claim follows.
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UXxT
X I
To this end, let ¢¥ be a column vector such that

s — aj||* — di; = Z q7s(x) V(i) € A

seﬂfj

Define Z = (
ZesS

esdp *

>. Then Z is feasible for (11). We shall show that

Since Mgz (y) = 0 for all (4, 7) € A, it follows that

1 Dsep?, 45Y T
. Fis =70 (L) Mg (y) (e1 ) = 0
<Zs€ﬁfj 47y, Zse% Py, (qT> B3 () (e1 q) =
for all (i,5) € A, where e is the vector that is one in the first entry and zero
otherwise. This last relation implies

2
i ” 2 .
TPy = | Y iy | = ((2)—d%)” Y(.j) € A
seﬁﬁj seﬁfj
Since y € S, ,,.om» the noiseless assumption implies that 3 ; ;)¢ 4 (4i;(2) - d?j)2 =

0, and hence Z solves (11). This proves that P, cP

spmom — esdp

From the above proof, we obtain the following corollary.

Corollary 1 Consider the noiseless case. Let y € S, . ... For (i,j) € A®,

define = Yoo, Upt = Yp1g1 + Yp2a2, for s = 1,2 and k,1 € {i,j}. Then

k
UXT
2= (L) es

Remark 1 Similarly one can show that, in the noiseless case, P, CP.yp-

mom —

5 Testing accuracy of individual sensors

As in [10], [13] and [14], one is interested in identifying sensors whose recovered
locations remain the same for all solutions since, in the noiseless case, these
sensors will turn out to be in their true position. Hence, we are interested in
the following set

spmom

= {Z € {17 7m} l (y;c}’yac?) is invariant over SSP““"‘“'}

In order to identify elements in Z_ ., we consider a version of individual
trace for SOS relaxations.

Definition 1 For any y € S.

spmom ?

the i-th individual trace of y is defined as

Tri(y) == Yy + Y2z — Wer)? — (Us2)*



Note that the trace is always nonnegative since Y(ary — (yxff)2 is the determi-
nant of a principal submatrix of M, 82, (y), for k = 1,2. We have the following
simple result, generalizing the zero trace test to the setting of SOS relaxations.
The proof parallels that of [13, Proposition 4.1].

Theorem 3 If Tr;(y) = 0 for some y in the relative interior of S then

spmom
1€,

spmom

spmom °

Proof We shall show that y,: is invariant over S, The proof for y,2 is
similar. Note that Tri(y) = 0 implies y(,1)2 = (y,1)*. Take any w € S

spmom *
Since y is in the relative interior of S, ., there exists € > 0 so that both

n:=y+ew—y)and ¢ :=y—e(w—y)

belong to S, ... Thus, y = ’7%( and hence
21 27 1 27 1 2
0=y@n2 — a2)” = 5lnen2 = Ma2)"]+ 5l0wn2 = (G)TT+ 7 (et = Gt
2 i(%g = Gu1)? = € (wer —ypr)*.
This shows that Wyt = Yyt and the proof is complete. [

It is not known whether the converse of Theorem 3 is true. Nonetheless, we
are able to establish a partial converse to the theorem in the noiseless case.
This follows from the fact that if y € S . and Z € S, is obtained from y
according to Corollary 1 then the trace Tr;(y) equals the ESDP trace tr;(Z)
as defined in [14]. Then the proofs of [10, Lemmas 2,3] follow through and we

get the following result.

Lemma 1 In the noiseless case, let i < m andy € S_ ... be such that the
corresponding recovered sensor positions verify ||z; —x;|| = dij. Then if j > m,
we have Tr;(y) =0, and if j < m, we have Tr;(y) = Tr;(y).

Now, the next theorem follows from Lemma 1 by a simple induction argument.

Theorem 4 In the noiseless case, let i € I be such that there exists a

spmom
path with nodes in T, .~ connecting x; to an anchor. Then Tri(y) = 0 for all
yes

spmom °

6 Numerical examples

Theorem 2 says that in the noiseless case, the sparse-SOS relaxation is at least
as strong as the ESDP relaxation. We illustrate this fact in Example 1, which
is taken from [14, Example 1]. In [14], the same example was used to illustrate
that the SDP relaxation is stronger than the ESDP relaxation. All computa-
tions presented were done with SeDuMil.05 [12] interfaced in Matlab7.7.



Ezample 1 Let n = 6 and m = 3. The anchors are x4 = (—0.4,0)T, z5 =
(0.4,0)T and 26 = (0,0.4)”, and the true positions of the sensors are x; =
(—0.05,0.3)T, 29 = (—0.08,0.2)T and z3 = (0.2,0.3)”. We have A = {(1,2),
(1,3), (1,4), (1,6), (2,3), (2,4), (2,6), (3,5), (3,6)}.

First we solve the ESDP relaxation (11); the result is inaccurate, as is
shown in Figure 1, with RMSD being 6e-2; where RMSD stands for Root
Mean Square Deviance, defined by

1 & 2
MSD = [ — =z |17] . 12
RMS (m;w z; II> (12)

However, the sparse-SOS relaxation seems to provide an accurate solution, as
is shown in the figure, with RMSD 9e-5. This is also suggested by the small
individual traces of the solution obtained by solving the sparse-SOS relaxation:
4e-7, 2e-6 and 1e-6. By Theorem 3, the sensors are likely accurately positioned,
since SeDuMi likely returns a relative interior solution. On the other hand, the
individual traces of the solution obtained by solving the ESDP relaxation turn
out to be much larger: 1le-3, 7e-3 and 4e-3, so the solution is less likely to be
accurate.

How does the SOS relaxation compare with the SDP relaxation? The next
example shows a network that is not localizable by solving the SDP relaxation,
yet is likely localizable by solving the SOS relaxation. This implies that the
underlying graph has a unique realization in R?, but does not have a unique
realization if we relax the dimension restriction. It is surprising that the SOS
relaxation is strong enough to restrict the dimensionality of the realization.

Ezample 2 Let n =5 and m = 2. The anchors are 23 = (0,0)7, x4 = (0.5,1)7
and z5 = (1,0)T, and the true positions of the sensors are x; = (0.4,0.7)7 and
x3 = (0.6,0.7)T. We have A = {(1,2), (1,4), (1,5),(2,3),(2,4)}.

First we solve the SDP relaxation (10); the result is inaccurate, as is shown
in Figure 2, with RMSD being le-1. It can also be shown manually that the
solution to this SDP relaxation is not unique. However, the SOS relaxation
seems to provide an accurate solution, as is shown in the figure, with RMSD
2e-4. This is also suggested by the individual traces of the solution obtained
by solving the SOS relaxation: both being 3e-6.

The only existing computational results on solving (7) for large scale prob-
lems are reported in [8]. The codes are written in Matlab, calling SeDuMi to
solve the corresponding SDP. The solution time is large comparing with other
existing methods for sensor network localization [3,5,6,10,14] that solve other
convex relaxations. In view of Theorems 2 and 3, it is worth investigating ef-
ficient algorithms to solve for a relative interior solution of (7). Since (7) has
a partial separable structure, one direction is to look for a distributed algo-
rithm, like the LPCGD algorithm in [10], to solve (7). A distributed algorithm
is important for applications like real time tracking. Since each edge is related
to a 15 by 15 matrix in the sparse-SOS relaxation, it should take more time



10

>
>

Fig. 1 The top left figure shows the anchor (“e”) and the solution found by solving ESDP
relaxation (11). Each sensor position (“x+”) found is joined to its true position (“o”) by
a line. The top right figure shows the same information for the solution found by solving
sparse-SOS relaxation (6). The bottom figure shows the location of the points (“e”) and the
edges.

to solve (7) than to solve (11). However, sparse-SOS relaxation is stronger
than the ESDP relaxation by Theorem 2: this is a tradeoff between solution
accuracy and solution time.

A possible approach to save solution time and yet get higher accuracy
would be to use this stronger convex relaxation to refine the solution obtained
from solving the ESDP relaxation. Taking advantage of the existing trace test
for ESDP, we take an ESDP solution, fix those sensors with small trace as new
anchors, and run the sparse-SOS relaxation in the remaining reduced network.
The advantage of this approach is that we would still have an accuracy certifi-
cate for the refined solution (the trace test), which is not common for existing
refinement heuristics. Moreover, since the sparse-SOS relaxation is solved on
the reduced network, the time taken to solve the problem should be smaller
compared to solving the sparse-SOS relaxation on the whole network.
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Fig. 2 The top left figure shows the anchor (“e”) and the solution found by solving SDP
relaxation (10). Each sensor position (“x”) found is joined to its true position (“0”) by a
line. The top right figure shows the same information for the solution found by solving SOS
relaxation (4). The bottom figure shows the location of the points (“e”) and the edges.

Acknowledgements The authors would like to thank Maryam Fazel and Rekha Thomas
for careful proofreading and useful comments. We would also like to thank Alberto Chiecchio
for suggesting Example 2. The first author was partially supported by the National Science
Foundation Focused Research Group grant DMS-0757371 and by Fundagao para a Ciéncia
e Tecnologia.

References

1. Biswas, P. and Ye, Y., Semidefinite programming for ad hoc wireless sensor network
localization, in Proc. 3rd IPSN, Berkeley, CA, 2004, pp. 46—54.

2. Biswas, P. and Ye, Y., A distributed method for solving semidefinite programs
arising from ad hoc wireless sensor network localization, in Mutiscale Optimization
Methods and Applications, Nonconvex Optim. Appl. 82, Springer-Verlag, New York,
2006, pp. 69-84.

3. Carter, W., Jin, H. H., Saunders, M. A. and Ye, Y., SpaseLoc: An Adaptive Sub-
problem Algorithm for Scalable Wireless Sensor Network Localization, STAM J.
Optim., 17 (2006), pp. 1102-1128.



12

10.

11.

12.

13.

14.

Doherty, L., Pister, K. S. J. and El Ghaoui, L., Convex position estimation in
wireless sensor networks, in Proc. 20th INFOCOM, Vol. 3, Los Alamitos, CA, 2001,
pp. 1655-1663.

Kim, S., Kojima, M. and Waki, H., Exploiting sparsity in SDP relaxation for sensor
network localization, SIAM J. Optim., 17 (2009), pp. 192-215.

Krislock, N. and Wolkowicz, H., Explicit sensor network localization using semidef-
inite representations and clique reductions, Report, Department of Combinatorics
and Optimization, University of Waterloo, Waterloo, May 2009.

Krislock, N., Piccialli, V. and Wolkowicz, H., Robust semidefinite programming
approaches for sensor network localization with anchors, Report, Department of
Combinatorics and Optimization, University of Waterloo, Waterloo, May 2006.
Nie, J., Sum of squares method for sensor network localization, Comput. Optim.
Appl., 43 (2009), pp. 151-179.

Nie, J. and Demmel, J., Sparse SOS relaxations for minimizing functions that are
summations of small polynomials, STAM J. Optim., 19 (2008), pp. 1534-1558.
Pong, T. K. and Tseng, P., (Robust) Edge-Based Semidefinite Programming
Relaxation of Sensor Network Localization, Math. Program., (2010), DOI:
10.1007/s10107-009-0338-x.

So, A. M.-C. and Ye, Y., Theory of semidefinite programming for sensor network
localization, Math. Program., 109 (2007), pp. 367-384.

Sturm, J. F., Using SeDuMi 1.02, A Matlab* toolbox for optimization over symmet-
ric cones (updated for Version 1.05), Report, Department of Econometrics, Tilburg
University, Tilburg, August 1998 — October 2001.

Tseng, P., Second-order cone programming relaxation of sensor network localiza-~
tions, STAM J. Optim., 18 (2007), pp. 156-185.

Wang, Z., Zheng, S., Ye, Y. and Boyd, S., Further relaxations of the semidefinite
programming approach to sensor network localization, STAM J. Optim., 19 (2008),
pp. 6565-673.



