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ABSTRACT
We propose and construct a new class of full-rate fulldiversity Quasi-Orthogonal Space-Time Block Code (QOSTBC), namely Four-Group QO-STBC (4Gp-QOSTBC),
which can support any number of transmit antennas. 4GpQOSTBC can linearly separate the symbols into four
independent groups, such that symbols within a group is
orthogonal to all other symbols in another groups, and the
maximum-likelihood (ML) decoder of the code only needs
to jointly decode the symbols within the same group. The
number of symbols required for joint detection of the newly
proposed 4Gp-QOSTBC is half of that required by the
existing QO-STBCs with the same code rate, and their fulldiversity decoding performances are comparable. We also
extend the proposed code construction to obtain 6GpQOSTBC and 8Gp-QOSTBC, which have even lower
decoding complexity, albeit at a slight loss in code rate.
1. INTRODUCTION
Orthogonal Space-Time Block Codes (O-STBC) has been
proposed as a transmit diversity scheme that can provide full
transmit diversity with linear decoding complexity [1].
Despite of these advantageous, O-STBC has a code rate that
is less than one when more than two transmit antennas and
complex constellation are used. Quasi-Orthogonal STBC
(QO-STBC) [2-4] with constellation rotation (CR) [5-8] or
group-constrained linear transformation [9] have been
proposed to provide transmit diversity at a higher code rate
than O-STBC. The maximum-likelihood (ML) decoding of
QO-STBC can be achieved by jointly detecting a sub-group
of the transmitted symbols, rather than all the symbols,
hence QO-STBC leads to a lower decoding complexity than
general non-orthogonal STBC.
Hence it is of interest to design QO-STBC with low
decoding complexity, as a result Minimum-DecodingComplexity QO-STBC (MDC-QOSTBC) has been designed

in [13,14]. MDC-QOSTBC has a simple ML decoding and
is only next to O-STBC, i.e. the ML decoding of MDCQOSTBC only need a joint detection of two real symbols,
this is the simplest among all possible non-orthogonal
STBCs. But the maximum achievable code rate of MDCQOSTBC is less than one for more than four transmit
antennas.
However, it has been noted in [15] that a full-rate code is
desired so as to eliminate the rate-matching problem. Hence
in a recent publication [10], a class of full-rate QO-STBC,
which can always separate the symbols into two groups and
hence perform joint detection of half of the transmitted
symbols for any number of transmit antennas, has been
proposed. Independently, there is also a rate-one doublesymbol decodable Co-ordinate Interleaved Orthogonal
Design (CIOD) code for eight transmit antennas [11,12],
which can separate the symbols into four groups and hence
has a lower ML decoding complexity than the codes of [10].
However, the CIOD design in [11,12] is only suitable for
less than eight transmit antennas, and has no general
extension to larger number of transmit antennas. In addition,
the full-rate CIOD scheme also has a drawback of having
large peak-to-average power ratio due to zeros in the
transmission matrix [12]. Furthermore, it will be shown later
in this paper that the performance of full-rate CIOD will
degrade significantly as compared with QO-STBC, when
used with less than eight transmit antennas.
In this paper, we propose a new class of QO-STBC with
full code rate for any number of transmit antennas, namely
Four-Group QO-STBC (4Gp-QOSTBC). The 4GpQOSTBC has the property that the symbols received can be
separated into four independent groups during the ML
decoding process, such that the number of symbols required
for joint detection is half of those required in the existing
full-rate QO-STBC [3,8,10], which can only separate the
transmitted symbols into two groups. Advantages of the
4Gp-QOSTBC over the rate-one double-symbol decodable
CIOD code will also be studied.
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We will review the signal model of linear STBC and
study the design of QO-STBC in Section II and Section III
respectively. Next, we construct 4Gp-QOSTBC and
investigate its performance in Section IV. We also extend
the idea of 4Gp-QOSTBC to 6 / 8Gp-QOSTBC in Section
IV. Finally, we will conclude the paper in Section V.
2. LINEAR STBC
Suppose that there are Nt tansmit antennas, Nr receive
antennas, and an interval of T symbols during which the
propagation channel is constant and known to the receiver.
The transmitted signal can be written as a T×Nt matrix C
that governs the transmission over the Nt antennas during
the T symbol intervals. It is assumed that the data sequence
has been broken into blocks with K complex symbols, c1, c2,
…, cK, in each block for transmission over T symbol periods
of time. The code rate of a QO-STBC is defined as R = K/T.
A STBC C can be expressed as:
C = ∑ q =1 (cqR A q + jcqI B q )
K

(1)

R

I

where the superscript ( ) and ( ) denotes the real part and
imaginary part of a scalar, vector or matrix respectively. The
matrices Aq and Bq of size T × Nt, for 1 ≤ q ≤ K, are called
the “dispersion matrices”. The received signal model can
then be modeled as [16]:
r = ρ N t Hc + η
(2)
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In the above equations, the normalization factor

ρ N t is

to ensure that the SNR (ρ) at the receiver is independent of
the number of transmit antennas. The ri and ηi, for 1 ≤ i ≤
Nr, are T × 1 column vectors which contain the received
signal and the zero-mean unit-variance AWGN noise
samples for the ith receive antennas over T symbol periods
respectively, hi is a Nt × 1 column vector that contains Nt
Rayleigh flat fading coefficients between the jth transmit to
ith receive antenna, hj,i, for 1 ≤ j ≤ Nt,.
To quantify for the coding gain of a STBC, [7] has
proposed the following diversity product:
1/ ( 2T )
1
Min Det ( A CE )
ς=
(3)
2 Nt
where Det(ACE) is the determinant of the codeword distance
matrix.

3. DESIGN OF QO-STBC
The concept of QO-STBC is to divide the K transmitted
symbols in a codeword into G independent groups, such that
symbols in any group are orthogonal to all symbols in the
other groups after appropriate linear processing, such as
matched filtering, while strict orthogonality among the
symbols within a group is not required [9,13,14]. As a
result, the received symbols can be separated into G
independent groups by simple linear processing, such that
the ML decoding of different groups can be performed
separately and in parallel, and the ML decoding of every
group can be achieved by jointly detecting only K/G
complex symbols that are within the same group [9,13,14].
In addition, it is important to ensure that the QO-STBC can
achieve full diversity too. Hence we divide the design of
QO-STBC into two parts, one governing the decoding
complexity or the grouping of the symbols, the other
governing the decoding performance or maximal
symbolwise diversity [16,17] of the symbols.
3.1. Algebraic Structure of a QO-STBC
We first review the Quasi-Orthogonal Constraints derived in
[9], which formulate the algebraic properties of dispersion
matrices of a general QO-STBC.
Definition 1 [9]: A quasi-orthogonal design C is such that,
the equivalent channel matrix, H, as defined in (2) has the
property that HTH is block-diagonal and consists of G
smaller sub-matrices each with size (2K/G) × (2K/G).
Theorem 1: The ML decoding of QO-STBC C as defined in
Definition 1 can be performed by G independent decoders.
Each of the decoder only needs to jointly detect 2K/G real
symbols.
Proof of Theorem 1: The decoding of QO-STBC [18] will
be summarized as below. A matched filter HT can be
multiplied to the received signal in (2) to obtain the model
in (4).

r = H T r
(4)
= ρ N t H T Hc + H T η
However, the resultant noise H T η in (4) will be
correlated, this forbids separate decoding of the symbols in
different groups even though HTH is block diagonal as
defined in Definition 1. Hence a whitening filter HW can be
applied to the matched filter output as shown in (5).

r = HWr
(5)
= ρ N t Hc + η
where H = H W H T H and η = H W H T η . It has been shown
in [18] that, after the whitening filter, η in (5) is a white
noise, and H in (5) has the same block diagonal structure
as HTH. Hence the received symbols in r can now be
separated into G independent groups, and the ML decoding
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only need to jointly decode 2K/G real symbols. Hence
Theorem 1 is proved.
■
Theorem 2: For any two symbols that belong to different
groups (indexed using subscripts q and p) in a QO-STBC to
be orthogonal to each other, their dispersion matrices {Aq,
Bq} and {Ap, Bp} must possess the following algebraic
structure, herein referred to as Quasi-Orthogonality
Constraints (QOC):
(i) A Hq A p = − A Hp A q
(ii) B Hq B p = −B Hp B q

1 ≤ q ∉ G ( p) ≤ K

(6)

(iii) A Hq B p = B Hp A q

where G(p) represents a set of indexes of the symbols that
are the in the same group as the symbol with index p,
including p.
Proof of Theorem 2: The proof can be found in [9]. ■
Hence Theorem 2 specifies the algebraic structure of a
QO-STBC defined in Definition 1, whose ML decoding can
be achieved by jointly decoding only a subset of the
transmitted symbols, as proven by Theorem 1.
3.2. Maximal Symbolwise Diversity of a QO-STBC

The QOC in Theorem 2 only specifies the decoupling of
symbols during the decoding process of a QO-STBC; it
does not guarantee good the decoding performance of the
QO-STBC. To ensure that the designed QO-STBC can
achieve full diversity, we first employ the maximal
symbolwise diversity (MSD) [16,17] to add an additional
constraint to the code structure, as shown below:
(7)
A Hq A q = B Hq B q = (T K ) I Nt
where the factor T / K is to normalize the total transmission
power. By (7), we guarantee full diversity protection for the
one-symbol error events, which has the smallest Euclidean
distances [16,17]. To further protect against multiplesymbol error events so as to provide full diversity for all
error events, CR can next be applied. This will be discussed
in a later part of this paper.
4. FULL-RATE 4GP-QOSTBC
4.1. Code Construction

We propose a new class of QO-STBC that is always fullrate for any number of transmit antennas. In addition, this
class of QO-STBC has the property of G = 4, such that by
using linear processing, we can always separate the received
symbols into four independent groups, for separate joint
detection of K / 4 complex symbols each. This is half of the
number of symbols required by joint detection for the QOSTBCs proposed in [3], [8] and [10].
Theorem 3: Given a 4Gp-QOSTBC for Nt transmit antennas,
with code length T, and K sets of dispersion matrices

denoted as {Aq, Bq}, 1 ≤ q ≤ K. A 4Gp-QOSTBC with code
length 2T for 2Nt transmit antennas, which consists of 2K
sets of dispersion matrices denoted as {Aq, Bq}, 1 ≤ q ≤ 2K,
can be constructed using the following four mapping rules:
jA q ⎤
⎡Aq 0 ⎤
⎡ 0
A 2 q −1 = ⎢
; B 2 q −1 = ⎢
;
⎥
0 ⎥⎦
⎣ 0 Aq ⎦
⎣ jA q
A 2q

⎡ jB q
=⎢
⎣ 0

0 ⎤
;
jB q ⎥⎦

B2q

⎡0
=⎢
⎣B q

Bq ⎤
.
0 ⎥⎦

(8)

Proof of Theorem 3: This can be proved by showing that if
the dispersion matrices {Aq, Bq} satisfy the QOC with {Ap,
Bp} where q∉G(p), then the dispersion matrices
{A2q-1, B2q-1, A2q, B2q} constructed from {Aq, Bq} using (8)
will satisfy QOC with {A2p-1, B2p-1, A2p, B2p} constructed
from {Ap, Bp} using (8). The detailed proof is omitted here,
as the steps are routine.
■
It should be noted that the code rate of the higher-order
4Gp-QOSTBC is 2K / 2T which is the same as the code rate
of the lower-order 4Gp-QOSTBC, i.e. K / T, used to
construct it. In addition, the constructed dispersion matrices
always satisfy the MSD in (7) if the lower order dispersion
matrices used to construct it satisfy MSD too.
The iterative construction of 4Gp-QOSTBC specified in
(8) can start with the MDC-QOSTBC for four transmit
antennas proposed in [13,14]. This is because MDCQOSTBC is the smallest QO-STBC, which satisfying the
definition of a 4Gp-QOSTBC. By using the four mapping
rules in Theorem 3, we can obtain a 4Gp-QOSTBC for eight
transmit antennas, which can be in turn be used to obtain a
4Gp-QOSTBC for sixteen transmit antennas, and so on.
Since MDC-QOSTBC is full rate and satisfying MSD, the
resultant 4Gp-QOSTBC constructed will also full rate and
satisfy MSD as well. Furthermore, the constructed 4GpQOSTBCs are delay optimal, i.e. the code length is the same
as the number of transmit antennas [10], if the number of
transmit antennas is a power of two. This is because MDCQOSTBC is a square design; hence all the 4Gp-QOSTBC
constructed by Theorem 3 will be square design as well.
Although the construction in Theorem 3 is applicable for
the case of number of transmit antennas is a power of two
for delay-optimal codes. It has been shown in [13,14] that,
by removing any number of codeword columns of a fulldiversity QO-STBC, the resultant QO-STBC will support a
smaller number of transmit antennas but remains full
diversity with the same code rate and same number of
groups (i.e. same ML decoding complexity).
4.2. Decoding Performance

We focus on 4Gp-QOSTBC for eight transmit antennas that
is shown in (9)
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⎡ c1R + jc3R
⎢ −c R + jc R
7
⎢ 5R
R
c
jc
−
+
2
4
⎢
R
R
⎢ c6 + jc8
⎢ −c1I − jc3I
⎢ I
I
⎢ c5 I − jc7 I
c
jc
−
+
⎢ 2
4
⎢⎣ c6I + jc8I
−c1I − jc3I
c5I − jc7I
−c2I + jc4I
c I + jc8I
" R6
c1 + jc3R
−c5R + jc7R
−c2R + jc4R
c6R + jc8R

c5R + jc7R
c1R − jc3R
−c6R + jc8R
−c2R − jc4R
−c5I − jc7I
−c1I + jc3I
−c6I + jc8I
−c2I − jc4I
−c5I − jc7I
−c1I + jc3I
−c6I + jc8I
−c2I − jc4I
c5R + jc7R
c1R − jc3R
−c6R + jc8R
−c2R − jc4R

−c2R + jc4R
c6R + jc8R
c1R + jc3R
−c5R + jc7R
−c2I + jc4I
c6I + jc8I
−c1I − jc3I
c5I − jc7I

−c6R + jc8R
−c2R − jc4R
c5R + jc7R
c1R − jc3R
"
−c6I + jc8I
−c2I − jc4I
−c5I − jc7I
−c1I + jc3I

−c2I + jc4I
c6I + jc8I
−c1I − jc3I
c5I − jc7I
−c2R + jc4R
c6R + jc8R
c1R + jc3R
−c5R + jc7R

−c6I + jc8I ⎤
−c2I − jc4I ⎥
⎥
−c5I − jc7I ⎥
I
I
−c1 + jc3 ⎥
−c6R + jc8R ⎥
⎥
−c2R − jc4R ⎥
R
R
c5 + jc7 ⎥
c1R − jc3R ⎦⎥

(9)

To optimize the decoding performance of the code, we
employ the constellation rotation technique [5-8]. For 4QAM constellation, the optimum constellation rotation
angle is found to be 70 for the symbols c1, c3, c5 and c7 and
230 for the symbols c2, c4, c6 and c8.

Table 1 Diversity product of STBCs
Diversity product
Number of
5 tx
STBC with CR
real symbols
8 tx
antenna
for j.d.
antennas
s
QO-STBC
8
0.2712
0.2187
4Gp-QOSTBC
4
0.2653
0.1727
CIOD
4
0.1790
0.1682

-2

10

-3

10

5 tx antennas
BER

has the same decoding performance as CIOD (CIOD has
been simulated by having the symbols 1, 3, 5, 7 rotated with
380; while symbols 2, 4, 6, 8 rotated with 230), but without
the high peak-to-average power ratio problem as there is not
any zero in the transmission matrix. For the case of five
transmit antennas, the BER gap between 4Gp-QOSTBC and
the existing QO-STBC with two groups is smaller, while the
complexity advantage of the former remains. However,
compared with CIOD, which has the same decoding
complexity as 4Gp-QOSTBC, the latter gives a performance
gain of 1.5dB at BER 10-5 and more subsequently.
Table 1 shows the decoding complexity and diversity
product of the three STBCs for comparison. It can be seen
that 4Gps-QOSTBC and CIOD have close diversity product
at eight transmit antennas, while CIOD has a much lower
diversity product than 4Gps-QOSTBC when five transmit
antennas are used. These shown that our simulation results
in Figure 1 are agreed with the theoretical coding gain
calculation in Table 1. And QO-STBC with two groups
[5,8,10] always has the maximum diversity product, but it
has a higher decoding search space (joint detection (j.d.) of
8 real symbols) as compared with 4Gp-QOSTBC (j.d. of 4
real symbols).

-4

10

8 tx antennas
-5

10

-6

4.3. Extension to More Groups for Less Joint Detection
Symbols

QO-STBC (j.d. 4 complex syms)
4Gps-QOSTBC (j.d. 4 real syms)
CIOD (j.d. 4 real syms)
QO-STBC (j.d. 4 complex syms)
4Gps-QOSTBC (j.d. 4 real syms)
CIOD (j.d. 4 real syms)

10

10

11

12

13

14

15

16

17

18

19

SNR

Figure 1 Simulated BER of full-rate STBCs with 4-QAM
The simulated bit error rate (BER) performances of fullrate 4Gp-QOSTBC for eight and five (the codeword five
transmit antennas is obtained by removing the last three
columns for eight transmit antennas) transmit antennas with
4-QAM constellation are shown in Figure 1. For the case of
eight transmit antennas, 4Gp-QOSTBC is found to have
approximately 0.5 dB loss in coding gain at a BER of 10-4
when compared with QO-STBC with two groups [5,8,10].
However the former only needs to jointly decode two real
symbols, which is half the number of joint detection
symbols required by the later. Furthermore, 4Gp-QOSTBC

The four mapping rules proposed in Theorem 3 can be
extended to QO-STBC with more groups, such that the
number of symbols required for joint detection is lesser,
hence the ML decoding complexity is further reduced. For
example, starting with the rate-3/4 MDC-QOSTBC for eight
transmit antennas that is able to separate the symbols into 6
groups, we can construct a class of rate-3/4 6Gp-QOSTBC.
Likewise can be said for rate-1/2 8Gp-QOSTBC, as shown
in Table 2.
Furthermore, a tradeoff between the code rate and
decoding complexity can be seen. For example the case of
eight transmit antennas, we are able to achieve a code rate
of 1 if we allow a joint detection of four real symbols,
however if we only want to jointly decode two real symbols,
then the code rate can achieved is only 3/4, this is further
reduce to rate 1/2, if we only allow linear detection. It is
interesting to note from Table 2 that, there is a relationship
between the group size and code rate. When the size of
groups is increase by 2 between the ranges from four to
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eight, there is a reduction of 1/4 in code rate. This is
coincidentally matched with results in [19], where a rate 5/4
QO-STBC that can separate the symbols into 2 groups is
found.
Gps
4
6
8

Table 2 Extension of 4Gp-QOSTBC
8 Tx
Rate 2 Tx
4 Tx
MDC4GpO-STBC
1
QOSTBC QOSTBC
j.d. = 1
j.d. = 2
j.d. 4
MDCO-STBC
3/4
N.A.
QOSTBC
j.d. = 1
j.d. = 2
1/2

N.A.

N.A.

16 Tx
4GpQOSTBC
j.d. = 8
6GpQOSTBC
j.d. = 4
MDCO-STBC
QOSTBC
j.d. = 1
j.d. = 2

5. CONCLUSIONS

We design four mapping rules to construct a class of fullrate QO-STBC, denoted as 4Gp-QOSTBC, that can always
separate the symbols into four independent groups by
simply linear processing, such that ML decoding only need
to jointly decode the symbols that are in the same group.
Furthermore, such construction ensure maximal symbolwise
diversity, hence the resultant 4Gp-QOSTBC can achieve
full diversity after some form of constellation rotation.
Simulation results show that the proposed full-rate 4GpQOSTBC has a comparable performance with existing fullrate QO-STBC but requires only half of the number of
symbols required for joint detection during ML decoding.
For example, our newly proposed 4Gp-QOSTBC only
requires a joint detection of four real symbols for the case of
eight transmit antennas as compared to four complex
symbols for existing QO-STBC. Next we also discuss the
extension of the proposed 4Gp-QOSTBC to 6Gp-QOSTBC
and 8Gp-QOSTBC, it is interesting to find that when the
group size is increase by two, there is a reduction of 1/4 in
code rate.
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