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Abstract
We ﬁrst consider online speed scaling algorithms to minimize the energy used subject to the constraint that every
job ﬁnishes by its deadline. We assume that the power required to run at speed s is P (s) = s . We provide a tight
bound on the competitive ratio of the previously proposed Optimal Available algorithm. This improves the best
known competitive ratio by a factor of 2 . We then introduce a new online algorithm, and show that this algorithm’s
competitive ratio is at most 2( =(
1)) e . This competitive ratio is signiﬁcantly better and is approximately 2e +1
for large . Our result is essentially tight for large . In
particular, as approaches inﬁnity, we show that any algorithm must have competitive ratio e (up to lower order
terms).
We then turn to the problem of dynamic speed scaling
to minimize the maximum temperature that the device ever
reaches, again subject to the constraint that all jobs ﬁnish
by their deadlines. We assume that the device cools according to Fourier’s law. We show how to solve this problem in
polynomial time, within any error bound, using the Ellipsoid algorithm.

1. Introduction
The power requirements of computing devices have
been increasing exponentially. Since the early 1970s,
Supported in part by NSF grants CCR-0098752, ANI-0123705, and
CNS-0325353.

power densities in microprocessors have doubled every three years [13]. Limiting power requirements is a
critical issue for two reasons:





Energy: The energy used by a computing device is the
integral over time of power. This is particularly a problem in mobile devices that rely on batteries for energy,
and will become even more of a problem in the future since battery capacities are increasing at a much
slower rate than power requirements.
Temperature: The energy used in computing devices is in large part converted into heat. Exponentially rising cooling costs threaten the computer industry’s ability to deploy new systems. In fact, in May
Intel abruptly announced that it had scrapped the development of two new computer chips (code named
Tejas and Jayhawk) for desktops/servers in order to market a more efﬁcient chip technology more
than a year ahead of the original schedule. Analysts
said the move showed how eager the world’s largest
chip maker was to cut back on the heat its chips generate. Intel’s method of increasing chip speed was beginning to require expensive and noisy cooling systems
for computers [16]. Current estimates are that cooling solutions are rising at $1 to $3 per watt of heat
dissipated [13].

Power is now recognized as a ﬁrst-class design constraint for modern computing devices [9]. There is an
extensive literature on power management in computing devices. Overviews can be found in [2, 9, 15].
Both in academic research and practice, dynamic voltage/frequency/speed scaling is the dominant technique for
power management. Speed scaling involves dynamically
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changing the speed of the processor. Current microprocessors from AMD, Intel and Transmeta allow the speed of
the microprocessor to be set dynamically. However, there
is an inherent conﬂict between power reduction and performance; in general, the more power that is available, the better the performance that can be achieved. This gives rise to
dual objective optimization problems since one seeks to optimize both performance, and either energy or temperature.

1.1. Background
Power in CMOS based devices, which will likely remain
the dominant technology for the near term future, has three
components: switching loss, leakage loss, and short circuit
loss [2, 9]. Switching loss measures the power consumption
from charging and discharging gates. The switching loss is
roughly proportional to sV 2 , where s is the speed (clock
frequency), and V is the voltage. But s and V are not independent. There is a minimum voltage required to drive
the microprocessor at the desired frequency. This minimum
voltage is approximately proportional to the frequency [2].
This leads to the well known cube-root rule that the speed s
is roughly proportional to the cube-root of the power P , or
equivalently, P (s) = s3 , i.e., the power is proportional to
the cube of the speed [2]. Currently, switching loss makes
up the majority of the power used by computing devices [9].
Most of the research in the literature to date generalizes
the cube root rule so that the power P (s) = s for some
constant > 1, or even more generally, to the case that
P (s) is strictly convex. The assumption that P (s) is strictly
convex means that the more slowly a task is run, the less energy is used to complete that task.
Some modern processors are able to sense their own temperatures, and thus can be slowed down or shut down so the
processor temperature will stay below its thermal threshold [13].
Fourier’s Law law of heat conduction states that the rate
of cooling is proportional to the difference in temperature
between the object and the environment. We assume that
the environment has a ﬁxed temperature, and that temperature is scaled so that the environmental temperature is zero.
A ﬁrst order approximation for rate of change T 0 (t) of the
temperature T (t) over time t is then T 0(t) = aP (t) bT (t),
where P (t) is the supplied power at time t, and a and
b are constants [12]. Equivalently, the power is given by
P (t) = (T 0 (t) + bT (t))=a. Thus, if the cube root rule applies, then the instantaneous speed of the processor is given
by (T 0(t) + bT (t)=a)1=3 .

1.2. Prior Research
Theoretical worst-case investigation of speed scaling algorithms was initiated in [17]. The problem is to schedule

a given collection of tasks, where each task i has a release
time ri when it arrives into the system, an amount of work
wi that must be performed to complete the task, and a deadline di for completing this work. In the online version of
the problem, the scheduler learns about a task only at its release time; at this time, the scheduler also learns the exact
work requirement and the deadline of the job. In some settings, for example, the playing of a video or other multimedia presentation, there may be natural deadlines for the various tasks imposed by the application. In other settings, the
system may impose deadlines to better manage tasks [3].
A schedule speciﬁes which task to run at each time, and at
what speed that task should be run. The schedule must be
feasible with respect to the deadlines; that is, each task must
ﬁnish by its deadline. This is always possible since the processor can run at any speed. Preemption is allowed, that is,
the scheduler may suspend a task and then later restart the
task from the point of suspension.
The problem considered in [17] was to minimize the total energy used to complete all tasks subject to the deadline
feasibility constraints. [17] gives an optimal ofﬂine greedy
polynomial-time algorithm for this problem for any power
exponent  1. We call this algorithm YDS, which we
now describe. Let w(t1 t2) denote the work that has release time  t1 and has deadline  t2. The intensity of the
interval t1 t2] is then w(t1  t2)=(t2 t1). The YDS algorithm repeats the following steps: Let t1 t2 ] be the maximum intensity interval. The processor will run at speed
w(t1 t2 )=(t2 t1 ) during t1 t2]. Then the instance is modiﬁed as if the times t1 t2] didn’t exist. That is, all deadlines
di > t1 are reduced to max(t1  di (t2 t1)), and all release times ri > t1 are reduced to max(t1  ri (t2 t1 )),
and the process is repeated. Given the speed as a function
of time as determined by this procedure, YDS always runs
the released, unﬁnished job with the earliest deadline. The
YDS algorithm also minimizes the maximum speed, over
all times in the schedule, that the processor runs at that time,
since this corresponds to the limit as increases to inﬁnity.
[17] proposed two simple online algorithms. The online
algorithm Average Rate (AVR) runs each task i at a rate of
wi=(di ri ). The online algorithm Optimal Available (OA)
at any point of time schedules the unﬁnished work optimally
(say using YDS) under the assumption that no more tasks
will arrive. [17] state a lower bound of  on the competitive ratio for AVR and OA. [17] prove that the competitive
ratio of AVR is at most 2 . The analysis of the AVR algorithm in [17] is a rather complicated spectral analysis, which
does not easily yield an intuitive explanation of AVR’s performance. [17] does not provide any upper bound analysis
of OA. [17] state a lower bound of 10=9 on the competitiveness of any online algorithm (presumably for the case
= 2). This lower bound instance consists of two jobs.
[8] studies online speed scaling algorithms to minimize
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energy usage in a setting where the device also has a sleep
state, and gives an ofﬂine polynomial-time 2-approximation
algorithm. [8] also gives an online algorithm A that uses as
a subroutine an algorithm B for pure dynamic speed scaling. If B is additive and monotone (as AVR and OA are)
then A is maxf (c + 1) + 2 4g competitive, where c is the
competitive ratio of B . Thus in case that the cube-root rule
holds, using the analysis of AVR from [17], one obtains an
algorithm with competitive ratio of at most 653. These results have been extended to the case of multiple slow-down
states in [1].
[11] give an efﬁcient algorithm for the problem of minimizing the average ﬂow time of a collection of dynamically
released equi-work processes subject to the constraint that a
ﬁxed amount of energy is available.

1.3. Our Contribution
We ﬁrst extend the results in [17] for online algorithms
for energy minimization. We explicitly give instances that
that show that the competitive ratios of AVR and OA are
at least . We then provide a tight
bound on the competitive ratio of OA. This improves the bound on the best
known competitive ratio by a factor of 2 . Our analysis
of OA is relatively straight-forward potential function argument. In the case that the cube root rule applies, this lowers
the best known competitive ratio from 216 to only 27. For
the problem considered in [8], where there is a sleep state, if
the cube root rule applies this lowers the best known competitive ratio from 653 to a mere 86. We show a general
lower bound on the competitive ratio for any randomized
online algorithm of ((4=3) ). Again this instance contains
two jobs. As more jobs are added, the combinatorial analysis quickly becomes complicated. Thus it seems one is unlikely to ﬁnd a strongly competitive algorithm. Instead, it
seems that the right question that this lower bound raises is
whether there is an online algorithm with competitive ratio
O(1) . We answer this question in the afﬁrmative, by introducing a new online algorithm, and showing that this algorithm’s competitive ratio is at most 2( =(
1)) e . Note
that for  2, this competitive ratio is at most 8e . Further, the competitive ratio of this algorithm is better than
the the competitive ratios of OA and AVR for  5. We
also that the exponent e cannot be improved. In particular, if
we consider the case when approaches 1, the power consumption is completely determined by the maximum speed
at which the processor ever runs. We show a general lower
bound of e on the competitive ratio of any deterministic algorithm for minimizing the maximum speed (hence a lower
bound of essentially e on the power consumed). Finally,
we also show that our algorithm e competitive for the problem of minimizing the maximum speed at which the processor ever runs.

We then turn to the problem of dynamic speed scaling
to minimize the maximum temperature that the device ever
reaches, again subject to the constraint that all jobs ﬁnish by
their deadlines. We assume that the device cools according
to Fourier’s law. We show that this problem can be posed as
a convex optimization problem. Convex optimization problems can be solved arbitrarily well in polynomial time if
one can compute a separating hyperplane for a violated constraint in polynomial time. To accomplish this for our temperature problem, we must solve the key subproblem of determining the maximum work that can be accomplished during a ﬁxed period with a ﬁxed starting and ending temperature. We show how to use techniques from calculus of variations to solve this subproblem. As a disclaimer, we totally
ignore issues of numerical stability, which would certainly
be necessary to address if one were to implement this algorithm on a ﬁnite precision machine.

2. Online Algorithms for Minimizing Energy
2.1. A Tight Analysis of Optimal Available
We now determine the competitive ratio of the Optimal
Available algorithm proposed in [17]. Recall that Optimal
Available (OA) simply computes the YDS schedule based
on the current knowledge of jobs. We start by giving an explicit lower bound instance for OA and AVR.
Lemma 1 The competitive ratio of AVR and OA is at least
.
Proof: The instance is deﬁned as follows: All jobs have the
same deadline n. For i = 0 1 : : : n 1, a job of size
(1=(n i))1= arrives at time i. The ofﬂine algorithm works
on the job that arrives at time i during the interval (i i + 1].
n
It is easy to check that the ofﬂine cost is i=1 1=i.
Let w(x) denote the backlogged workload at time x under OA. By deﬁnition, OA works at rate w(x)=(n x) during time (x x +1]. Thus w(x +1) w(x) = 1=(n x)1=
w(x)=(n x). The solution to this recurrence is easily seen
to be (n x)1 1= (in the continuous case). Thus the ton 1
tal online cost is i=0 1=(n i), which is exactly 
times the ofﬂine cost.

P

P

Before we prove the upper bound, we need the following
lemma.
Lemma 2 Let q r   0 and

r (

1) ) q 1(q

 1. Then (q +  ) 1 (q
r )  0.

Proof: We need to show that

(q +  ) 1(q
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Differentiating this with respect to z , we get (( 1)(1 +
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z ) 2 1 ( 1)z (1+ z )] = ( 1)z (1 + z ) 2 
0. Thus, the maximum of this express is at z = 0, where the
(1 + z )

1

1 (1 + z )

(

1 

expression evaluates to 0.

Theorem 3 The algorithm Optimum Available (OA) is  competitive.
Proof: Let son (resp. sopt ) denote the speed at which OA
(resp. the optimum algorithm) works at time t. We will deﬁne a potential function (t) that satisﬁes the following two
properties:




Let ((t)) denote the change in the potential due to
the arrival of a job at time t. Then ((t))  0.
Between arrivals, son (t)

( ) + dtd (t)  0.

 sopt t

It is easily seen that these two properties imply the  competitiveness of OA.
Before we can deﬁne the potential function we need to
introduce some notation. For notational convenience, we always let the current time be 0. A time t will refer to t time
units in the future from the current time. Let s(t) denote
the rate at which the online algorithm would be working after t time units have passed, if no new jobs ever come after the current time. Since OA simply computes the YDS
schedule based on the current knowledge of jobs, the rates
s(t) are computed as follows. Let w(t t0) denote the work
under the online algorithm that is available right now and
has deadline > t and  t0 time units from now. We will
refer to w(t t0)=(t0
t) as the density of interval t t0].
Consider a sequence of times deﬁned inductively as follows. Let t0 = 0. Let ti denote the smallest time such
that w(ti1  ti)=(ti ti1) = maxt0 >ti1 w(ti1  t0)=(t0
ti1). Thus t1 is the smallest time when the density of jobs
between 0 and t1 is maximized and so on. It is easy to see
that s(t) = s(ti ) for ti < t  ti+1 for all i  0. We will call
the interval (ti  ti+1], a critical interval and denote it by Ii .
Finally, let w0 (t t0) denote the work under ofﬂine at the current time that has deadline > t and  t0. For notational convenience, let si denote s(ti ). Let wij denote w(ti  tj ) and
0
denote w0(ti  tj ).
similarly let wij

X

We deﬁne the potential function


=

i0

(

si 1 wii+1

0
wii
+1

)

Note that by deﬁnition the online algorithm is always
working at the rate s0 (i.e. son = s0 ). If the current critical interval ﬁnishes, then the algorithm enters the next critical interval. The indices of the critical deadlines shift by one
and the new speed s0 is that which was previously s1 . Also
note that the potential is continuous as a critical interval ﬁnishes and we move to the next one. As the current critical
interval ﬁnishes i.e. t1 approaches 0, both w01 and w00 1 approach 0, as both algorithms have to ﬁnish this work by time
t1. So the contribution of the ﬁrst term approaches 0 as the
current interval is about to ﬁnish.
It is easy to see that si is a non-increasing sequence, as follows. If si+1 > si , then this contradicts that
si was the critical density at time ti , since in this case
w(ti  ti+2)=(ti+2 ti) > w(ti  ti+1)=(ti+1 ti) = si .
Working case: Let us ﬁrst consider when the algorithm is
simply working on some job in the ﬁrst interval. Then we
know that only w01 is decreasing at the rate s0 . In particular, each si is ﬁxed (including s0 ), and wii+1 is ﬁxed
for i  1. Let k be the smallest number  0 such that
0
wkk
+1 6= 0. Assume without loss of generality that the
ofﬂine schedule always executes the job with the earliest
0
deadline. Then we have that wkk
+1 decreases at rate sopt .
Thus we have to show the non-positivity of
s0

 sopt

+ dtd 

X
i0

(

si 1 wii+1

0
wii
+1

)

This evaluates to s0  sopt +( s0 1 s0 + 2 sk 1sopt ).
Since sk  s0 , this is at most (1 )s0 + 2s0 1 sopt
 sopt . Let z = s0 =sopt , then showing the non-positivity of
the quantity above is equivalent to showing that the polynomial (1 )z + 2 z 1  is never positive for z  0.
At z = 0, it evaluates to  which is < 0. At z = 1, it
is 1. If we set the derivative to 0, we ﬁnd z = , where
the polynomial has the value 0. This completes the analysis for the intervals in which work is executed between arrivals.
Arrival Case: Consider the arrival of a job of size x with
deadline t time units in the future. Let i be such that ti <
t  ti+1 . We will show that the change in potential caused
by this arrival is non-negative. Observe that each sj for j 
i + 1 is unchanged by the way these rates are deﬁned.
First we consider the simplest case when the critical intervals are unchanged (i.e., only the values of the critical
densities change). Hence, the only effect the new job has
is to increase the density of the interval Ii = (ti  ti + 1)
to (w(ti  ti+1) + x)=(ti+1 ti ) The change in the potential function in this case is
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 1
w(ti  ti+1) + x
(w (ti  ti+1 )
ti+1 ti

1
w(t  t )
i i+1
ti+1 ti

(

1)



w ti  ti+1)

( (

w(ti  ti+1) + x
ti+1 ti

 1


x

w (ti  ti+1)
0

w (ti  ti+1 ))
0

(1)

The non-positivity of the expression above follows by setting q = w(ti  ti+1),  = x and r = w0(ti  ti+1 ) in Lemma
2.
We now consider the more interesting case when the arrival of a job might change the critical intervals. While this
new job may radically change the structure of the critical
intervals, we show that we can think of this change as a sequence of smaller changes, where each smaller change only
affects two critical intervals. To see this, imagine the size
of the new job increasing starting from 0. For some size
x0  x, one of the following two events must occur:




2.2. A More Competitive Online Algorithm for
Large

Either the interval Ii remains a critical interval and its
density becomes equal to that of Ii1 . In particular, x0
is such that si1 = (w(ti  ti+1) + x0 )=(ti+1 ti ).

Else, the interval Ii splits into two critical intervals
Ii0 = (ti  t0] and Ii00 = (t0  ti+1] for some t  t0 < ti+1 .
Since x0 is the smallest such size, the densities of
Ii0 and Ii00 are identical and equal to (w(ti  ti+1 ) +
x0)=(ti+1 ti ).

Now we can imagine the original job of size x to consist
of two jobs, such that both arrive at the same time and have
the same deadline t, but one has size x0 and the other has
size x x0 . We can thus ﬁrst analyze the change in potential
for x0 and then repeat the procedure for x x0 . Thus, we
only need to consider the change in potential for a job of
size x0 that causes one of the two events described above.
Finally, observe that x0 > 0 (and the argument above is not
void), since ti+1 is deﬁned as the earliest time after ti for
which w(ti  ti+1)=(ti+1 ti ) = si . Hence, a non-zero new
work is needed to split the interval in to two pieces.
In the ﬁrst case, the only change in the potential function is due to the change of density of Ii . This change is
identical to Equation 1 with x replaced by x0 .
In the second case, again the change in the potential
function is only due to Ii being replaced by Ii0 and Ii00 .
Since the densities of Ii0 and Ii00 are identical, these intervals can be merged as far as the potential function is concerned. Hence the change in the potential function is again
given by Equation 1 with x replaced by x0, which we know
in non-positive.
We can repeat this process until we have used up all of
the x work in the arriving job.

We ﬁrst note that the competitive ratio of every algorithm
is at least O(1) , then give some essential deﬁnitions, and
then obtain an O(1) competitive algorithm.
Lemma 4 The competitive ratio, with respect to minimizing total energy used, of any randomized online algorithm
is ((4=3) ).
Proof: We use Yao’s Minimax Theorem. Suppose a job of
size 1 with deadline 1 arrives at time t = 0. With probability 1/2, at time t = 1=2, the adversary gives another job
of size 1 and deadline 1. Clearly, the ofﬂine cost in the case
of two jobs is 2 and 1 if there is a single job. Let us consider how much work that online algorithm does by time
1=2. If this work is at least 2=3, then online has spent at
least 1=2  (4=3) energy already and with probability 1/2
the ofﬂine cost is at most 1. If online works less than 2=3
during the ﬁrst half, then with probability 1/2, it has to ﬁnish at least 4=3 work in the second half, and hence spend at
least 1=2  (8=3) energy, whereas the ofﬂine cost is 2 .
We assume without loss of generality that all release
times and deadlines are integers. Let u(t1  t2) denote the
work that has release time  t1 and has deadline  t2 .
For notational convenience, we let u(t1  t2) = u(0 t2) if
t1 < 0. Let u(t t1 t2) denote amount of work that has arrived by time t, that has release time  t1 and deadline
 t2 . Let y(t) denote the rate of optimum ofﬂine algorithm
YDS at time t. Let q(t) be the maximum over all t1 and t2 ,
such that t1 < t < t2, of u(t1  t2)=(t2 t1 ). Let p(t) be
the maximum over all t1 and t2, such that t1 < t < t2 ,
of u(t t1 t2)=(t2 t1 ). Let r(t) be the maximum over all
t0 > t of (u(t et (e 1)t0 t0 ))=(e(t0 t)).
Online Algorithm Description: At time t, work at rate
er(t) on the unﬁnished job with the earliest deadline. Note
that u(t t1 t2), p(t) and r(t) may be computed by an online algorithm at time t. We ﬁrst prove the feasibility of this
online algorithm and then analyze its competitiveness.
Theorem 5 The algorithm completes all the jobs by their
deadlines.
Proof: Assume to reach a contradiction that the online algorithm fails to ﬁnish all jobs by some deadline d. We
can assume without loss of generality that the online algorithm never idles between time 0 and time d; otherwise we can consider the instance containing only those
jobs released after the last idle time. We can also assume
that until time d the online algorithm only works on jobs
with deadline at most d, since by the earliest deadline ﬁrst
policy, jobs with later deadlines don’t affect earlier deadlines. Thus the work done by the online algorithm dur-

Proceedings of the 45th Annual IEEE Symposium on Foundations of Computer Science (FOCS’04)
0272-5428/04 $20.00 © 2004 IEEE

ing 0 d] must be strictly less than u(0 d). The work done
by the online algorithm during the time period 0 d] is
t d u(t et  (e  1)d d)=(d  t). This
t d er(t)
inequality follows since we choosing the particular value of
t0, that is t0 = d, in the deﬁnition of r(t). Let b(x) denote
the amount of work that arrives at time x and has deadline  d. Then t d u(t et  (e  1)d d)=(d  t) =

P

P

P

P P( +( 1) )

b(x)=(d  t) =

P

b(x) ln e =
u(0 d). The ﬁrst equality follows since for each x, b(x)
contributes to u(t et  (e  1)d d)=(d  t) if and only
if t 2 x (x + (e  1)d)=e]. Thus we have a contradicd
x=0

x e
t= x

d =e

d
x=0

tion to the hypothesis that the online algorithm does less
than u(0 d) work before time d.

Theorem 6 The online algorithm is
tive.

2(

) e

  
1

competi-

Proof: Note that r(t)  p(t)  q(t). r(t)  p(t) since
r(t) is a special case of p(t) where t1 is constrained to be
a function of t2 . Also p(t) is a lower bound on q(t) based
on the input seen by time t. Since r(t)  q(t), the energy
spent by the algorithm is no more than e t q(t) . Thus
to ﬁnish the proof our goal is now to show that t q(t) 
2( 1 ) t y(t) .
We now create a new instance where at time t, exactly
y(t) units of work arrives with deadline t + 1. The energy used by YDS does not change. The value of q(t) can
only increase because for any t1 t2, we trivially have that
u(t1 t2)  tt2=t1 y(t). Thus is sufﬁcient to bound the
q(t)’s on this new instance. Note that q(t) can be written
as the maximum over all t1 and t2 , such that t1 < t < t2 ,
t
of t2=t1 y(t)=(t2  t1 ). Let l(t) be the maximum over all
t1, such that t1 < t, of tx=t1 y(x)=(t  t1). Similarly,
let r(t) be the maximum over all t2 , such that t  t2 ,
t
of x2=t y(x)=(t2  t). Clearly, q(t)  max(l(t) r(t)),
and hence q(t)  l(t) + r(t) . Thus it is sufﬁcient to
1
1
show that both t=1 l(t) and t=1 r(t) are at most



( 1 ) t>0 y(t) .
Note that l(t) is non-zero only for t > 0. Thus let us
1
ﬁrst consider t=0 l(t) . We use the following fact that
was ﬁrst proved by Hardy and Littlewood in [6] and later
simpliﬁed by Gabriel [4]. It can also be found in [7, Theorem 393 and 394].
Fact: If y(1) : : : y(t) are arbitrary non-negative integers,
let l(t) be the maximum over all v, such that 1  v  t,
t
of k=v y(k)=(t  v + 1). Let s(y) be a positive increasing function of y. Let y (1) : : : y (t) denote the sequence
t
of y(i) in decreasing sorted order. Then k=1 s(l(k)) 
t
k
k=1 s( j =1 y (j )=k).
Applying this fact to our case, with s(y) = y , we
1
can conclude that t=0 l(t) is maximized if for all i,
y(i) y(i + 1). In this case, l(i) = ik=1 y(k)=i. Thus,

P

P

P

P

P

P

P

P

P

P

P

P

P

P

P

P

P1=0 l(t)  P1=0
t



t

P


Pt
i=1 y(i)=t . Hardy then showed

[5] as a special case of Hilbert’stheorem (see [7, Theorem

P1

Pt

P



326]) that
 ( 1 ) t y(t) .
t=0
i=1 y(i)=t
Note that in these inequalities the y(i)’s may be arbitrary,
and all that is required of  is that  > 1. We our thus done
with
of l(t). An identical
analysis shows that
P1 our analysis
  P y(i) .

t=1 r(t) is at most ( 1 )
Our online algorithm is e-competitive with respect to
the maximum speed since the minimum possible maximum
speed for a feasible schedule is at least maxt q(t).
Lemma 7 For every deterministic online algorithm A that
maintains deadline feasibility, there is some input I that
causes A at some time to run e times faster than YDS would
ever run on I .

1 from
Proof: The adversary works at a rate a(t) = (ln x)(1
t)
time 0 to time 1  x. We’ll look at the limit of the resulting
instances as x goes toR 0. The work that is released between
g
1 dt = 1 ln 1g . In partime f and time g is f (ln x)(1
t)
ln x 1f
ticular the work that is released before time 1  x is 1. At
time t, the intensity of the interval k 1] is then the work released between time k and time t divided by the length of
the interval k 1]. That is, the intensity of the interval k 1]
t . We now want to maximize this intensity
is (1k1) ln x ln 11
k
for k 2 0 t]. Differentiating with respected to k, setting
this equal to 0, and solving for 1  k, gives 1  k = e(1  t),
or k = et  (e  1). Note that et  (e  1) 0 if and only
e1 . Otherwise, for t  e1 , the intensity is maxiif k
e
e
mized with k = 0.
1
Thus between time 0 and time e
e online can not work
t)
at a faster rate than c ln(1
ln x . If is does so, then the adversary stops bringing work and the online loses. And between
1 and time 1  x online can not work faster than
time e
1 e , which we get by plugging 1  k = e(1  t) back
e(1t)ln x
into the formula for intensity. If is does so, then the adversary stops bringing work and the online loses. During the
time period 1  x to 1, online can not work faster than c
times the intensity for the input. The intensity for this input
is equal to the apparent intensity for online at time 1  x.
Thus the intensity for the input is exln1 x .
Thus the most work that online can get done is

R
R
R
c 0(e1)=e ln(1lnx t) + c (1ex1)=e e(1t1)ln x + c 11x exln1 x .
This work better be at least 1. Solving the integrals gives:
c 2
c
x + 1) + elncx 1, or equivaln x ( e c 1)2 + e ln x (ln
ln
x
lently ln x ( e  1 + e )
1. As x goes to 0, ln x is
a huge negative number, thus the 3  1 becomes irrelevant. What is important is that c
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e

e.

3. Minimizing the Maximum Temperature
We consider dynamic speed scaling to minimize the
maximum temperature. We show how to solve this problem
to arbitrary precision in polynomial time (ignoring numerical stability issues) using the Ellipsoid algorithm. For basic
information on the use of the Ellipsoid algorithm to solve
convex problems see [10]. We assume a constant Tmax that
is the thermal threshold for the device. The problem is then
to determine if there is a schedule that is feasible, and maintains the invariant that the temperature stays below Tmax .
By binary search, we can then solve the problem of minimizing Tmax . To simplify notation we assume that the cube
root rule holds throughout this section, that is = 3. The
extension to arbitrary is straight-forward.
We ﬁrst express the problem as a convex program. We
break time into intervals t0 : : :tm at release dates and deadlines of the jobs. We introduce a variable Ti that represents T (ti ), the temperature at time ti . Let J (i) be the
jobs j that can feasibly be executed during time ti ti+1],
that is, rj < ti+1 and dj > ti . We introduce a variable Wi j , for j 2 J (i), that represents the work done
on job j during time ti  ti+1]. Let MaxW (x y X Y ) be
the maximum work that can be done starting at time x
at temperature X and ending at time y at temperature Y
subject to the temperature constraint T  Tmax throughout the interval x y]. Let MaxT (x y X y) be a corresponding temperature curve. Let UMaxW (x y X Y ) and
UMaxT (x y X Y ) be similarly deﬁned for except that
there is no maximum temperature constraint. We can then
express the temperature problem as the mathematical program CP:

pj 

X Wi j

j 2J (i)

X

i:j 2J (i)

Wi j

1jn

(2)

 MaxW (ti ti+1 Ti  Ti+1)

1  i  m  1 (3)
0  Ti 1  i  m
(4)
0  Wi j 1  i  m 1  j  n (5)
To see that the feasible region is convex, let T~, and T^ be

the temperature curves corresponding to two feasible solutions to this problem. Let T = (T~ + T^)=2. The power
1=3
=
curve corresponding to T is P = (T 0 + bT )=a



1=3

(T~0 + T^0 + bT~ + bT^)=(2a)

. Then since

x1=3

is

a concave function P  (P~ + P^ )=2. Thus the average of the two underlying feasible solutions is feasible.
To apply the Ellipsoid algorithm one needs to give a procedure to determine whether an arbitrary point is feasible,

and if not, to determine a separating hyperplane. To accomplish this, one needs to better understand the function
MaxW (ti ti+1  Ti Ti+1 ). And to understand the unconstrained problem UMaxWi (ti  ti+1 Ti  Ti+1).

3.1. The Unconstrained Maximum Work Problem
We

consider

the
unconstrained
problem
where the times and temperatures are arbitrary. For convenience, we assume t0 = 0.
UMaxT is a function T of time t such that quan-

UMaxW (t0 t1 T0 T1 ),
Rt

Rt 

1=3

tity 0 1 P 1=3dt = 0 1 T +a bT
dt is maximized subject
to the constraints that P  0, T (0) = T0 and T (t1 ) = T1 .
Here T 0 is the derivative of T with respect to time t.
This problem falls under the rubric of calculus of variations [14]. Let F be the functional ((T 0 + bT )=a)1=3. Let
FT = 3ab1=3 (T 0 + bT )2=3 be the partial of F with respect to T , and FT 0 = 3a11=3 (T 0 + bT )2=3 be the
partial of F with respect to T 0 . Since F has continuous ﬁrst and second partial derivatives with respect to
all arguments, any weak extremum T must satisfy the
d FT 0 = 0. We call a funcEuler-Lagrange equation FT  dt
tion T that satisﬁes such an equation an Euler curve.
d FT 0 = 12=3 (T 0 + bT )5=3(T 00 + bT 0 ).
The term dt
9a
Thus the Euler-Lagrange equation evaluates to
b(T 0 +bT )2=3 + 23 (T 0 +bT )5=3 (T 00 +bT 0 ) = 0. We multiply by (T 0 + bT )5=3 to give b(T 0 + bT )+ 23 (T 00 + bT 0 ) = 0,
or 3b2T + 5bT 0 + 2T 00 = 0. Using the standard
Laplace transform technique we get that the solution is
T = cebt + de3bt=2, where the constants c and d are determined by the boundary conditions.
We now compute the values of c and d. Setting t = 0 and
T = T0 we get that c + d = T0 . Similarly setting t = t1
and T = T1 we get that cebt1 + de3bt1=2 = T1 . Setting
c = T0  d, we get that (T0  d)ebt1 + de3bt1=2 = T1 .
Hence, d = (T0 ebt1  T1)=(ebt1  e3bt1=2 ). Note that
since P  0, T1  T0 ebt1 , and thus d  0. By direct differentiation, T 0 = bcebt  3bd=2e3bt=2, or equivalently
T 0 = bebt(T0  d + 3d=2ebt=2).
We turn our attention back to evaluating our equation for
energy used. Evaluating T 0 + bT , the term which depends
on cebt cancels out, and we just get d=2be3bt=2. Hence
R
UMaxW is 0t1 a1=3(db=2)1=3ebt=2dt, which evaluates to (4d=ab2)1=3(1  ebt1=2 ). We now turn our attention to computing the maximum temperature reached on
the Euler curve.
0

Lemma 8 For any Euler curve T , there exists a unique
time tx such that T 0  0 for t 2 0 tx] and T 0  0 for
t 2 tx t1].
Proof: Note that ebtT 0 =b = T0 + d  3debt=2 =2, which is
a non-increasing function of t since d is non-positive. This
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max ,

precludes T 0 ever going from positive to negative.

lemma is that the portion of M axT , where M axT
is a single line segment.

Corollary 9 If T 0 (0) 0, a maxima of the Euler curve T
is at t = 0. If T 0(t1 )  0, a maxima of the Euler curve T is
at t = t1 . If T 0 (0)  0 and T 0 (t1 ) 0, then the maxima of
the Euler curve T is at some unique intermediate point tx
where T 0 (tx ) = 0.

Lemma 11 Consider two points (0 Tx ) and (t1 Tx ), Then
let L1 denote the constant temperature curve that connects
(0 Tx ) and (t1 Tx ). Let L2 denote some temperature curve
such L2 (t) L1 (t) for t 2 0 t1]. Then L1 does at least as
much work as L2 .

Lemma 10 Consider the class of Euler curves between (0 T0 ) and (t1 T1). If an Euler curve T is such
that T 0 (0)  0 and T 0(t1 )
0, then the maximum tem4c3 . Furtherperature that the Euler curve reaches is 27
d2
more, this maximum temperature is an increasing function
of t1 .

Proof: Consider a horizontal line of temperature T1 of inﬁnitesimally small width (call it dT ) where T1 < T , such
that it intersects L2 in at least two places. Let X1 and X2
be two consecutive times when the line T1 and L2 intersect, where at X1 , L2 transitions from being above T1 to
being below T1 . Hence, at X2 , L2 transitions from being
below T1 to being above T1 . Let dt1 and dt2 be inﬁnitesimal periods of time around X1 and X2 . Let P1 and P2
denote the power applied during X1 and X2 (we are assuming that the widths of X1 and X2 are inﬁnitesimally
small, so we can think of the power as a constant). We
know that since L2 is decreasing at X1 it is the case that
dT
dT
0
0
dt1 = L2(X1 ) = aP1  bT1. Similarly, dt2 = L2 (X2 ) =
aP2  bT1 . It will be sufﬁcient to show that the work
done by L2 during during dt1 and dt2 is at most the work
done by L1 during dt1 and dt2. The work done by L2
1=3
1=3
during these intervals, is P1 dt1 + P2 dt2, The work
done by L1 during these intervals, (bT =a)1=3(dt1 + dt2),
which is at least (bT1 =a)1=3(dt1 + dt2). Thus it is sufﬁ1=3
1=3
cient to show that P1  ((bT1 )=a)1=3]dt1 + P2 
1
=
3
1
=
3
((bT1 =a)
]dt2
0. By dividing by (bT1 =a)
, this is
equivalent to (aP1=bT1)1=3  1]dt1 + (aP2=bT1)1=3 
1]dt2
0.
Let x = aP1=bT1  1 and y = aP2=bT1  1. Note that
0
0
x = L2 (X1 )=(bT1 ) and y = L2 (X1 )=(bT1 ). Observe that
since P1  0 and temperature in decreasing in the region
X1 , it is the case that 0
x + 1 < 1, or equivalently 1
x < 0. Since L2 is increasing during X2 , y > 0. Further
observe that xdt1 + ydt2 = 0. The expression that we need
to prove can now be rewritten as (x + 1)1=3  1]dt1 + (y +
1)1=3  1]dt2
0. Now dt2 = xdt1 =y , so we need to
show y(x + 1)1=3  1]  x(y + 1)1=3  1] 0. Call u =
(x + 1)1=3 and v = (y + 1)1=3 , so we need to show (v 3 
1)(u  1)  (u3  1)(v  1)
0. Note that 0
u
1
and v > 1. If u = 1 then it this is trivially true, so assume
u < 1. Then dividing through by (v  1) and (u  1), it is
sufﬁcient to show that (v2 + v + 1)  (u2 + u + 1), which
holds since u v.

Proof: At the maximum temperature point we know
that T 0 = 0. Hence, ce bt =  32 de 3=2bt, or equivalently, 32dc = e bt=2. Plugging this into the equation
for the temperature we get that the maximum tempera4c3 .
ture is d=2e 3=2bt = 27
d2
We now consider the second statement of the lemma.
The condition that T 0(0)  0 implies that c  23 d  0, and
hence 2T0 + d 0. The condition that T 0(t1 ) 0 implies
that ce bt1  23 de 3bt1=2 0, or equivalently, (d  T0 ) 
3 de bt1=2
0, or equivalently, (T0 e 3bt1 =2  T1 )(e bt1 
2
e

0.

3bt1=2 )

 32 (

T0 e

3bt1=2

 1

3 1
1

T e

bt1 =2 )(e bt1  e 3bt1 =2)
bt1=2 + T0 e 3bt1=2  0

This implies that 2T
T e
We now differentiate the maximum temperature, or more
simply c3=d2, with respect to t1 . The derivative of c3 =d2 is
3c2 c0 =d2  2c3 d0 =d3 . Since c0 = d0 , this can be writ2 0
2 0
ten as  cd3d (3d + 2c) =  cd3d (2T0 + d). We want to
show that this derivative is positive. Since d
0, it sufﬁces to show that d0(2T0 + d)  0. Since we know
that 2T0 + d
0, it sufﬁces to show that d0
0. By
direct computation, d0 is (T0 e 3bt1=2  3T1 e bt1=2 +
2T1 )(2ebt (e bt1  e 3bt1 =2 )2 ). Since we know that 2T1 
3T1 e bt1 =2 + T0 e 3bt1 =2  0, and the denominator is
clearly positive, it then follows that d0 0. And we can conclude that the maximum temperature is an increasing function of t1.

3.2. The Temperature Constrained Maximum
Work Problem
We now turn our attention to M axW (t0 = 0 t1 T0 T1 ),
that is we now assume the existence of a temperature conTmax . If one adds an inequality constraint to
straint T
an unconstrained problem such as ours, the resulting extremum curve can be decomposed into subcurves, where either it is the case the the subcurve is an Euler curve, it is the
case that the inequality constraint holds with equality on the
subcurve [14]. An immediate consequence of the following

=

T

We now know that either M axT = U M axT , or the
consists of three parts: an Euler curve up to Tmax ,
a line segment at Tmax and an Euler curve down to T1 . We
will now consider the case that M axT 6= U M axT and
consider the different parts of this composite curve. In particular we want to compute the times  and T1   , such that
M axT (t) = Tmax exactly when t 2  T1   ]. First we
M axT
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deﬁne these times, and then we show that they have this desired property.
Consider the class of Euler curves T that go from (0 T0)
to (t1 Tmax ) for different possible t1 ’s. A necessary and
sufﬁcient condition for T to have a maximum at t1 is
that T 0(t1 )
0. If T 0 (t1 ) < 0, there is some time
earlier than t1 with temperature greater than Tmax . By
direct computation T 0 (t1 ) is be bt1 (c + 3de bt1=2 =2).
To show that T 0 (t1 )
0 is is sufﬁcient to show that
bt1=2 =2  0. This is equivalent to showing that
c + 3de
3bt1 =2=2  3T
Tmax + T0 e
max e bt1 =2 =2  0. We claim
that the left had side of this equation is increasing in t1 .
The derivative of the left hand side as a function of t1 is
3bT0e 3bt1 =2=4 + 3bTmax e bt1 =2 =4 which is always positive. Since T 0(0)  0, there is a there is a unique value
of t1 such that T 0 (t1 ) = 0. We denote this value of t1 by
 . That is,  is the solution to the equation to the equation T0 e 3b=2 + 2Tmax  3Tmax e b=2 = 0. Note that for
t1   , the temperature is never above Tmax .
Consider the class of Euler curves T that go from
(0 Tmax ) to (t1 T1 ) for different possible t1 ’s. If
0
T (0)
>
0 then the Euler curve exceeds Tmax
just to the right of 0. So let us study the condition that T 0(0)  0. By direct computation T 0 (0) is
b(c + 3d=2) = b(Tmax + d=2). Evaluating this we get
that T 0(0) = b(Tmax e bt1  Tmax e 3bt1 =2  T1 =2)=2.
The partial derivative of T 0(0) with respect to t1 is
2
bt1 =2  3e 3bt1=2 =2), which is always positive.
b Tmax (3e
0
Since T (0)  0, there is a unique t1 such that T 0 (t1) = 0.
We denote this value of t1 by  . That is,  is the solution to the equation Tmax e 3b=2 + 2T1  3T1 e b=2 = 0.
Note that for t1   , the temperature is never above Tmax .
Theorem 12 We consider the curve M axT (0 T0 t1 T1 ).
Let  and be  deﬁned as above. If t1   +  , then
M axT = U M axT . If t1 >  +  , then the curve M axT
travels along the Euler curve from (0 T0) to ( Tmax ),
then stays at Tmax until time t1   , and ﬁnally travels
along the Euler curve from (t1   Tmax ) to (t1 T1).
Proof: First note that if t1 =  +  , then the curve as described above is the Euler curve, because all points satisfy
the Euler condition. The maxima of this curve is Tmax . By
Lemma 10 we know that the maximum temperature that
U M axT reaches is a increasing function of t1 . Hence, if
t1 <  +  then U M axT < Tmax and M axT = U M axT .
Now consider the case that t1 >  +  . We know that
the loci of points on M axT with temperature Tmax forms
a line segment L than runs from time tx to ty . Note that by
the deﬁnition of  and  , it is the case that tx < ty . We
claim that it must be the case that tx =  . If tx >  then
you would have a contradiction to the feasibility of M axT ,
since by deﬁnition,  is the latest time where Euler curve
doesn’t violate the Tmax temperature constraint. If tx < 

one gets a contradiction to optimality of M axT . This is because one could replace the portion of M axT , from time 0
to a time slightly larger than tx , with an unconstrained Euler curve time that would ﬁnish more work. An identical argument implies that tb = t1   .

3.3. Computing a Separating Hyperplane
We now are ready to address of the problem of determining whether a point is feasible in our convex programming
formula of the problem, and if not, ﬁnding a separating hyperplane. Consider an arbitrary point where each Ti takes
^ . The only
the value T^i , and each Wij takes the value W
ij
problematic constraints are the M axW constraints. We thus
focus on these constraints for the remainder of this subsection. Consider the ith such constraint. Given the values of ti ,
^i and T
^i+1 we can compute the values  and  as deti+1 , T
ﬁned in the last subsection by binary search using the deﬁning equations.
Consider the case that ti+1  ti   +  . Let f =
ti+1  ti . Then we know that maximum temperature constraint is not relevant here. From our earlier results we
then know that the maximum work that can be completed
is U M axW = (4d=ab2)1=3 (1  e bf=2 ), where d =
(Ti e bf  Ti+1 )=(e bf  e 3bf=2 ). We can then determine
whether the the ith M axW constraint is violated. If this
constraint is violated, to compute a separating hyperplane
let G be a function of Ti , Ti+1 , and Wij for j 2 J (i) deﬁned as j 2J (i) Wij  U M axW (ti ti+1 Ti Ti+1 ). The
ith M axW constraint is then equivalent to G  0. A separating hyperplane is then the plane whose normal is the gradient of G evaluated at the current point. Note that we can
easily differentiate G with respect to all of its variables.
 +  . Now
Now consider the case that ti+1  ti
M axW is given by the work done by the Euler curve between (ti Ti ) and (ti +  Tmax ), plus the work done on the
constant temperature curve at Tmax between time (ti +  )
and time (ti+1   ), plus the work done by the Euler curve
from (ti+1   Tmax ) to (ti+1 Ti+1). Thus M axW is

P

(

4d1 1=3
b=2 ) + ( 4d22 )1=3(1  e b=2 )
ab2 ) (1  e
ab
bT )1=3
+(ti+1  ti     )( max
a

where d1
d2

=

b  Tmax )=(e b  e 3b=2 ), and
 Ti+1 )=(e b  e 3b=2 ). We can de-

= (Ti e

(Tmax e b

termine whether this M axW constraint is violated. If this
constraint is violated, to compute a separating hyperplane
let G be a function of Ti , Ti+1 , and Wij for j 2 J (i)
deﬁned as j 2J (i) Wij  M axW (ti ti+1 Ti Ti+1). The
ith M axW constraint is then equivalent to G  0. A
separating hyperplane is then the plane whose normal is
the gradient of G evaluated at the current point. The only

P
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slightly tricky part of computing the gradient is differentiating with respect to Ti , and differentiating  with respect to Ti+1 . This can be accomplished using the equations that deﬁne and  . Recall that is the solution to
the equation Ti e 3b =2 + 2Tmax
3Tmax e b =2 = 0.
Differentiating with respect Ti and solving for d =dTi
yields d =dTi = ( 2e b )=((3b(Tmax Ti e b )). Recall that  is the solution to the equation Tmax e 3b=2 +
2Ti+1 3Ti+1 e b=2 = 0. Differentiating  with respect Ti+1 and solving for d=dTi+1 yields d=dTi+1 =
( 4 + 6e b=2)=((3b(Ti+1 e b=2 Tmax e 3b=2 )).
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