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Adaptive Wavelet Transforms with Application in
Signal Denoising
M. Tomic

Abstract—This papers gives an overview of wavelet
transforms application to signal denoising problem.
Wavelets perform well for this application and have been
used before with great success. To further improve the
transform efficiency adaptivity is introduced to traditional
wavelet transforms. The lifting framework as a method to
construct wavelets facilitates the effort to develop efficient
adaptation algorithms. The most important papers that
cover the topic of adaptive wavelet transforms in signal
denoising are presented in brief and also the successful
non-wavelet domain method for signal denoising using the
intersection of confidence intervals method is described.
Index Terms—wavelets, adaptive lifting scheme, denoising, ICI

wavelet, while in Fig. 1(b) an example of a longer
and smoother wavelet can be seen. Ideally, shorter
wavelets should be used for higher frequency parts of
the signal, while longer wavelets should be used for
lower frequency parts of the signal. To achieve this,
different adaptation techniques are used widely with
varying success.
This paper will provide a brief overview of current
research achievements in signal denoising using adaptive
wavelet transforms.
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I. I NTRODUCTION
Wavelet transforms have gained wide acceptance as a
valuable tool for common signal processing tasks. The
most important difference between the wavelet transforms and transforms such as a Fourier transform is
that the wavelets are localised in both the frequency
and the time. This makes it possible to better localise
properties of the analysed signal. The result is a well
known ability of the wavelet transforms to pack the
main signal information into a very small number of
large wavelet coefficients. Another advantage of wavelet
transforms is that there is an indefinite number of basis
functions. An appropriate wavelet can then be chosen for
a specific signal which makes the transform adjustable
and adaptable. Because of these excellent properties,
wavelet transforms have been used with great success in
many different applications, such as a signal denoising
and compression or a feature detection.
We will focus on the application in signal denoising,
where wavelets are used extensively. Since there is an
indefinite number of wavelet transform basis functions
(wavelets) possible the efficiency of noise removal is
greatly influenced by the choice of the wavelet. Shorter
wavelets perform better for signals with many discontinuities or lots of high frequencies. On the other
hand, longer and smoother wavelets perform better for
smoother signals consisting of primarily lower frequency
components. Figure 1(a) shows an example of a short
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Fig. 1. Wavelet function plots for the (a) Daubechies 3 and (b)
Daubechies 9
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II. WAVELETS

AND

WAVELET S HRINKAGE

For efficient application of the wavelet theory in signal
processing it was necessary to simplify the calculations
and allow the adaptivity to be introduced into the transform. In [1]–[4] Mallat successfully connected the theory
with the concept of the multiresolution analysis. He also
showed that the wavelet analysis can be performed using
iterated filter banks of certain properties. Calculating the
discrete wavelet transform (DWT) became as easy as
performing a simple signal filtering. In a typical scenario,
the analysis filter bank consists of a low-pass and a
high-pass channel. Output from the low-pass channel
represent the coarse approximation of the signal, while
the output from the high-pass channel contain the fine
signal details. Both, the approximation and the details,
are decimated by a factor of 2 and low-pass channel
output is iteratively filtered with the same filter bank
until the desired level of decomposition is reached. This
is illustrated in Fig. 2. Details coefficients at each decomposition level are also called the wavelet coefficients.
To reconstruct the original signal, synthesis filter bank
is used, with its inputs upsampled by a factor of 2, as
shown in Fig. 3.
The above procedure covers the basics of the wavelet
analysis of the given signal but it does not provide a tool
to remove a noise from the noisy signal. For denoising
purposes, the wavelet shrinkage technique is used. It is
based on the fact that the magnitude of the wavelet coefficients is important. Coefficients of higher magnitude
are more likely to represent the main signal properties,
while the coefficients of smaller magnitudes are more
likely to be caused by the noise. To remove the noise,
a thresholding is applied to wavelet coefficients before
signal reconstruction. A work was done in this area by
Donoho and Johnstone [5]–[8]. They successfully used
the wavelet shrinkage technique for signal denoising and
done significant research of the topic.
Although it has been showed that the wavelet transforms perform well in signal denoising they still exhibit
unwanted visual artifacts, such as a Gibbs phenomena around signal discontinuities. Since the traditional
wavelet transform is not translation invariant the size
and the impact of the artifacts might heavily depend
on the position of the discontinuity within the signal.
To reduce the artifacts regardless of the discontinuity
position, Coifman and Donoho in [9] proposed the
translation-invariant denoising, by means of the undecimated wavelet transform. In this transform the decimation step is not used, which results in an overcomplete
representation of the signal. This was proved to both,
significantly lower the overall root mean square error

(RMSE) of the denoised signal, and also improve it’s
visual appearance - subjective quality. The undecimated
wavelet transform is now a common approach to a signal
denoising problem.
An example of denoising using undecimated wavelet
transform is shown in the Fig. 4. For denoising the
noisy “Blocks” signal a Db3 wavelet is used and a 4level decomposition tree constructed. Denoised signal is
shown at the bottom plot and it can be seen that the Gibbs
phenomena is still clearly visible and greatly influence
the signal quality. To further reduce these artifacts, many
adaptive techniques were developed.
III. L IFTING S CHEME
Traditional wavelet transforms implemented with filter
banks were widely accepted and used in many applications, however, introducing adaptivity to such transforms
or dealing with irregularly spaced data is not always an
easy task. In [10], [11], Sweldens proposed a new framework for the wavelets construction - the lifting scheme.
The lifting scheme is a computationally efficient way
of implementing the wavelet transforms and overcomes
the usual filter bank approach shortcomings. It makes
it easy to introduce adaptivity to wavelet transforms or
process irregularly spaced data. Several detailed case
study examples were given in [12] by Sweldens and
Shcroder. A simple two-band decimated filter bank based
on the lifting scheme is shown in Fig. 5. Before filtering,
the signal X(z) is split into even-indexed and odd-indexed
components. There are two different types of lifting steps
– the dual lifting step and the primal lifting step, which
are commonly referred to as the predict and the update
step, respectively. The filter P(z) is used in the predict
step and it predicts the value of one of the odd-indexed
components, based on the values of the even-indexed
components. The prediction error of the prediction will
represent the values in the high-pass channel of the filter
bank, i.e. the wavelet coefficients. The filter U(z) is used
in the update step. It’s purpose is to update the evenindexed components, based on the wavelet coefficients.
The net effect will actually be the low-pass filtering of
the even-indexed components. Output of the filter bank
are coarse approximation, or average A(z) and signal
details D(z). Daubechies and Sweldens in [13] showed
that any discrete wavelet transform can be decomposed
into a finite sequence of lifting steps. Also, in [14],
Kovacevic and Sweldens presented generalisation of
the lifting scheme approach to wavelet transforms to
arbitrary dimensions.
If signal denoising is a target application of the filter
bank then the decimators can be removed and filters
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P(z) and U(z) upsampled, resulting in an undecimated
transform.
IV. A DAPTIVE WAVELET T RANSFORMS U SING
L IFTING S CHEME

THE

Since all calculations in the lifting framework are done
in the spatial domain, it is easy to introduce adaptivity
into transform. The idea of adaptation is commonly
focused on modifying the transform properties based on
a certain signal features or local properties. Typically,
shorter wavelets should be used in the neighbourhood
of discontinuities or generally higher frequencies in a
signal, while longer wavelets should be used for the
signal regions where lower frequencies prevail.
Claypoole et al. [15]–[17] proposed two adaptive
transforms - the scale-adaptive transform (ScAT) and
the space-adaptive transform (SpAT). In the ScAT, an
adaptation is performed on a scale-by-scale basis. From a
set of predictors they choose the one which better fits the
prevailing signal properties. The objective measure of the
quality of fit is a simple sum of squared prediction errors.

The predictor which yields the smallest sum of squared
errors is chosen as the predictor for the entire signal
at a given scale. The approach in the SpAT transform
is to perform adaptation on a point-by-point basis. The
predictor is chosen for each data point as the one which
gives the smallest prediction error. It is to be expected
that such predictor will often fit well to the local signal
properties and make it possible for the wavelets to contract in the neighbourhood of signal discontinuities. The
shortcoming of SpAT is that it makes the predictor spacevarying. Since the update step depends on the predictor
it may complicate its design or introduce the necessity of
bookkeeping of the predictor selection. To resolve this,
Claypoole proposed the update first framework where
the update step is performed before the predict step.
Unlike Claypoole et al. who adapt the predictor, Piella
et al. in [18] proposed an adaptive update transform
where only the update filter is adapted, while the predictor is fixed. In the general form presented, choice of
the update filter depends on the decision maps which
can be based on any meaningful criteria. In the original
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Filter bank based on the lifting scheme

work, an example of a gradient based decision maps
is suggested while in [19] derivative based decision
maps are proposed. However, the method is only briefly
investigated and no comparison to other methods are
provided.
Wu et al. in [20] proposed the algorithm called the
switch thresholding. It is a very simple adaptation where
two conventional wavelets are used - Haar and CDF(2,2).
The adaptation is performed on a point-by-point basis by
choosing the appropriate wavelet for the current point.
For the step edges, Haar transform is to be used, while
for the other parts of the signal CDF(2,2) is chosen.
Whether the current point is a step edge is determined by
the difference to its neighbouring point. If the difference
is larger than the threshold it is considered to be an step
edge. Although some coarse limits for the threshold are
suggested to follow from the statistics theory, the actual
threshold value is determined empirically.
Instead of modifying the transform Chan and Zhou
[21] took the opposite approach. They showed that the
signal itself can be modified in the place of discontinuities. After the discontinuity is detected, signal values
from one side of the discontinuity is used to extrapolate
its values to the other side of the discontinuity. Traditional wavelets may now be applied to such a signal
region because the discontinuity is eliminated and the
whole region is smooth. If we record how the changes
are made to the signal, it should be possible to recover
the discontinuities at synthesis, using the inverse filters.
V. I NTERSECTION

OF

C ONFIDENCE I NTERVALS

In a separate field, Katkovnik [22] used local polynomial approximation as a filter design tool for denoising.
Katkovnik uses kernel estimators to estimate the true
value of the noisy signal. Again, the idea is to use
larger estimator support for the smooth signal regions
and to contract the support for regions which contain
high frequencies. To achieve adaptive support selection,
he proposed the intersection of confidence intervals (ICI)
method. The algorithm calculates confidence intervals
(CI) for estimators of growing support. If the order of
estimation is kept constant and estimator support grows,

the CI gets smaller, as can be seen in Fig. 6. The ICI
rule states that as long as the support spans data points
with similar statistics the CIs should at least partially
intersect. Ones there is no more intersection, it is likely
that a change in a signal statistics occurred and estimator
support should not include these points. For smaller
supports estimation bias is low but the variance is high.
As the support grows, estimation bias is getting larger
and the variance is getting smaller (Fig. 7) Stankovic
proved in [23] that the ICI rule gives an optimal biasto-variance tradeoff.
VI. C ONCLUSION
Real world signals are often corrupted by noise which
may severely limit their usefulness. For this reason,
signal denoising is a topic that continually draws great
interest. Wavelets perform very well in the area but the
denoising efficiency can be significantly improved by
introducing adaptivity to traditional wavelet transforms.
The lifting framework allows researcher to do it in a
straightforward way and many adaptive algorithms were
developed to explore this capability. Commonly, the
adaptation algorithm tries to contract the wavelet support
in the neighbourhood of discontinuities in the signal in
order to avoid visual artifacts in the denoised signal,
such as a Gibbs phenomena. For smooth signal regions
a longer wavelets are used. There are many ways to
further improve the transform efficiency and the focus
will be put on connecting the ICI rule with the wavelet
transforms.
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