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Abstract
There have been various developments in shape analysis in the last decade. We describe here
some relationships of shape analysis with directional statistics. For shape, rotations are to be
integrated out or to be optimized over whilst they are the basis for directional statistics. However,
various concepts are connected. In particular, certain distributions of directional statistics have
emerged in shape analysis, such a distribution is Complex Bingham Distribution. This paper
rst gives some background to shape analysis and then it goes on to directional distributions
and their applications to shape analysis. Note that the idea of using tangent space for analysis
is common to both manifold as well.

1 Introduction
Consider shapes of con gurations of points in Euclidean space. There are various contexts in
which k labelled points (or \landmarks") x1; :::; xk in IRm are given and interest is in the shape
of (x1; :::; xk).
Example 1 The microscopic fossil Globorotalia truncatulinoides is shaped rather like a snail.
For each of 21 such fossils three landmarks are given in Fig.1. Do the triangles given by these
landmarks tend to be almost equilateral?
Insert Fig.1
Example 2 Given a set of a mouse vertebrae bones (T2) with six landmarks (see Fig.2), the
question arises for comparison purposes, what is the sample mean shape? How to measure its
variation?
Insert Fig.2
Example 3 Given unlabelled triangles arising in a Central Place Theory (see Example 6), how
to test the evidence of the equilateral triangle?
There are many other practical examples. For example, object recognition in images through
shape, testing whether or not some prehistoric sites tend to lie on ley-lines, whether or not a
given set of quasars lies in a straight line.
1

The above examples all involve \shape" which we can interpret as \what remains when location, scale, and rotational e ects are ltered out" (Kendall, 1977). In order to make progress,
we need to express this concept more rigorously.

Shape

Let x1 ; :::; xk and y1; :::; yk be two (not totally coincident) labelled sets of k points in IRm .
We regard these two con gurations as having the same shape if

yi = cRxi + b i = 1; :::; k
for some scale factor c > 0, rotation matrix R(m  m), and vector b(k  1), i.e. we can transform
x1; :::; xk into y1; :::; yk by translation, rotation and scaling. Note that we do not allow R to be

a re ection. Following Kendall (1984), we denote by km the shape space of k labelled points
in IRm . To measure distances between shapes we require a metric on km ; this gives Kendall's
shape space the structure of a Riemannian manifold with Procrustes distance as its metric. We
will not use this explicitly.
For a description of shape in coordinate terms, consider a con guration of k points in IRm ,
represented by a k  m matrix X. Location and scale e ects are easy to eliminate directly.
Let
1
?
us recall that the standard Helmert matrix has its rst row with elements equal to k 2 and the
remaining rows are orthogonal to this rst row. Let this Helmert matrix minus its rst row be
H (k ? 1  k) which we will call the Helmert sub-matrix. Explicitly, the j th row of H is a vector
with k-elements
(H )j = (dj ; :::; dj; ?jdj ; 0; :::; 0); dj = fj (j + 1)g? 2 ; j = 2; :::; k;
1

(1.1)

and dj is repeated j times. The rows of H are orthonormal and H1k = 0; 1k a k-vector of ones.
Then Y = HX(k ? 1  m) is invariant under location shifts of the con guration X 7! X + 1k wT ,
for w 2 IRm . The k rows of X are known as the raw landmarks and the k ? 1 rows of Y as the
\derived landmarks".
Scale e ects can be eliminated by the standardization U = Y= k Y k, where k Y k2 = yij2 .
Then U can be regarded as a point on the unit sphere in IR(k?1)m , which can be described as
the pre-shape matrix.
One route to obtaining shape space, is rst to remove the e ect of location and scale, giving
\preshape". Regard U as point of S m(k?1)?1. In coordinate terms, the preshape of X is U
de ned above. Similarly, removing e ect of location and rotation gives \size-and-shape" (=
\form").

2 Shape Spaces and Coordinates
2.1 The Two Dimensional Case

Not only is the case m = 2 of considerable practical importance but the fact that we can
identify IR2 with C means that the algebra and geometry of complex numbers can be used to
give a neat description of the shape space k2 . Let z = (z1; :::; zk) denote k complex numbers
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which represent k points in the plane i.e. z denotes the raw landmarks. Then we can remove the
e ect of location by considering just (z1; :::; zk?1), or equivalently moving the sample mean z to
the origin by a Helmert transformation. These new z 's will be called centered landmarks. Next
observe that the e ects of rotation and scale are removed by regarding (z1; :::; zk?1) as equivalent
to (cz1; :::; czk?1) for any non-zero complex number c. Thus we can represent the shape of z
by the equivalence class [z1; :::; zk?1] of (z1; :::; zk?1) under the above equivalence relation. The
set of such equivalence classes forms the (k ? 2)-dimensional complex projective space CP k?2 .
Thus we have the identi cation
(2.1)
k2 = CP k?2 :
The (k ? 2) dimensional complex projective space CP k?2 can be considered as the unit sphere
in Ck?1 , with z equivalent to zei for all . In the case k = 3, the mapping (z1; z2) 7! z2 =z1
identi es the complex projective line CP 1 with the sphere S 2 obtained by adding a point at
in nity to the complex plane. Thus we can identify the space 32 of shapes of triangles in the
plane with the sphere S 2.
Coordinate systems
In order to carry out calculations on shapes it is useful to have suitable coordinate systems
on the shape spaces. On the shape spaces k2 various coordinate systems are in use. There are
two popular sets of coordinates.

Kendall's coordinates Kendall's (1984) coordinates for k points in IR2 are in terms of the

centered landmarks

zj =z1;

j = 2; :::; k ? 1:

(2.2)

Bookstein's coordinates Alternatively we have Bookstein's (1986, 1991) k ? 2 complex shape
coordinates

wj = (zj ? z1 )=(z2 ? z1 ); j = 1; 2; 3; :::; k;
(2.3)
provided z1 6= z2 and have zi i = 1::k denote the raw landmarks. Note that these two representations are very similar. Since w1 = 0; w2 = 1, this is e ectively a (k ? 2)-dimensional complex

representation. Landmarks 1 and 2 are called the \base" with respect to which the object is
\registered". Note that this is not a symmetrical method of \registration". Working directly on
CP k?2 provides a symmetrical way.

2.2 Shapes in higher dimensions
The QR decomposition, often used in multivariate analysis, provides an alternative way of obtaining the shape of a con guration X. This decomposition gives shape coordinates in any
dimension. Namely, let X(k  m) contain the raw landmarks and Y = HX the derived landmarks. To remove orientation consider the QR decomposition of Y, namely,

Y = T? ; ? 2 Vn;m; k T k> 0
(2.4)
where n = min(k ? 1; m), and T(k ? 1  n) is lower triangular with non-negative diagonal
elements Tii  0; i = 1; :::; n, and k T k2 = tr TT T.
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The most important case in practice is when k > m. In that case, ? 2 O(m) and j?j = 1 so
that the QR decomposition removes orientation and re ection. To remove orientation only, we
require ? 2 SO(m) so j?j = +1 and Tmm is unrestricted. Then T = fTij : 1  i  j  mg is
the size-and-shape (or form) if ? 2 SO(m) and the re ection size-and-shape if ? 2 O(m).
To remove scale we divide by the Euclidean norm k T k of T, i.e. de ne W by

W = T= k T k ; k T k> 0:
(2.5)
We call W the shape of our con guration if ? 2 SO(m) and the re ection shape if ? 2 O(m).
(If k  m then these distinctions are irrelevant.) If k T k= 0 then the landmarks are coincident

and shape is not de ned. For practical examples for m = 3, see Goodall and Mardia (1993) and
Dryden and Mardia (1993). Most of our discussion will concentrate on the 2 dimensional case.

3 Procrustes Averages in Various Spaces
Let u 2 Ck represent a con guration of k points in the plane, k  3. Then the two con gurations
u1 and u2 have the same shape if u1 = c1k + ei u2 for some c 2 C;  2 IR and > 0, where
1k = (1; :::; 1)T .
Our aim is to estimate shape  where u1; :::; un are given by

uj = cj 1k + j eij  ; j = 1; :::; n ;
(3.1)
where  is a xed con guration, cj 2 C and j > 0 are unknown nuisance parameters. The
objective is to estimate  given u1 ; :::; un. Of course only the shape of  can be estimated.
One way to estimate  is through Procrustes Analysis (Goodall, 1991). The Procrustes
solution is a least square solution given by

^ =

arg min
min
 :k  k= 1 cj ; j ; j ;
j = 1; :::; n

Pn k  ? c 1 ?
j k
j =1

j eij uj k2 :

(3.2)

Some simpli cation is possible. Location e ects can be eliminated by an orthogonal transformation. Let H be the Helmert sub-matrix above given by (1.1). We can write

 = H; v = Hu;
as

vj = j eij  :

(3.3)
Thus the vector  denotes the new shape mean direction. The estimates ^ and ^ are related by
^ = H^ ; ^ = HT ^ + c1k where c 2 C is arbitrary. Further, if ^T 1k = 0, then k ^ k=k ^ k. On
minimizing over j > 0, the ^ can be rewritten in the form

^ =

arg min
 :k  k= 1

Pn (1 ?  z z );
j j
j =1
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(3.4)

where   denotes the complex conjugate transpose of  . The Procrustes solution ^ can be
identi ed with the dominant eigenvector of the complex sum of squares and products matrix

S = zj zj :

(3.5)

Let l1 ; :::; lk?1 be the eigenvalues of S. Note these are all real and non-negative. We have

l1 + ::: + lk?1 = n:

(3.6)

If li's are equal, we have uniformity, the shapes are `di used' i.e. z1 ; :::; zk of (3.4) are the highly
dispersed on shape sphere. If 0 < l1 < ::: < lk?1 , then the dominant eigenvector corresponds to
lk?1 . Let it be gk?1 which is the shape mean direction ^. If

gk?1 = xk?1 + iyk?1

(3.7)

then jjgk?1 jj = 1, which is de ned only up to multiplication by a unit complex number. Hence
for visualization purposes we can select a suitable rotation.
If lk?1 is very large in proportion to the rest, i.e. lk?1 is nearly n, then the data set is highly
concentrated.
Example 4 As an example consider the data analysed by Dryden and Mardia (1991) and
Kent (1994). This analysis follows Kent (1994). The data consist of k = 6 landmarks of the T 2
vertebra from n = 23 (small) mice. The landmarks are labelled 1,...,6 as in Figure 2. We nd
that the eigenvalues are

l1 = 0:004; l2 = 0:005; l3 = 0:012; l4 = 0:072; l5 = 22:905
Insert Fig.3
Thus there is an extremely high concentration around the mean shape as l5 = 22:905 is very
close to 23. The mean shape is the eigenvector corresponding to l5 and is given by

g5 = (0:041 + 0:246i; 0:404 + 0:072i; ?0:495 ? 0:716i; ?0:056 + 0:037i; 0:089)T ; g5g5 = 1.
To plot the mean shape, we work on

HT g5

so that there are six points, one point for each landmark. Note that 1T (HT g5 ) = 0 so that the
con guration is centred in addition to being of unit size as g5HHT g5 = 1. The eigenvector is
de ned only up to a rotation so we can plot

ei HT g1
Here we rotate the mean shape by so that the line joining the two furthest apart landmarks
is horizontal. This mean shape is given by

ei HT g5 =
(?0:507 ? 0:143i; 0:506 ? 0:143i; 0:085+0:154i; 0:012+0:424i; ?0:070+0:160i; ?0:026 ? 0:451i)T
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and it is plotted in Figure 4. Fig.3 plot the data as well as the mean direction. As expected the
data set is highly concentrated around the mean.
Insert Fig.4
To understand detailed variation around landmarks, it is useful to look into the principal
components at the tangent space to the shape space at the mean direction (see Kent, 1994). See
also Example 7.
Directional Averages The Procrustes procedure used above can be applied to directions
(Kent, 1992). That is, consider an equivalence class of vectors in IRk in which a non-zero vector
x is identi ed with the ray frx : r > 0g. Given data u1; :::; un (up to sign) on S k?1, we can
de ne the average ^ 2 S k?1 to minimize
 k ri ui ?  k2 = (ri2 + 1 ? 2riT ui )

over ri and  ; ri being nuisance parameters here. Minimizing rst over ri = (T ui )+ where
+ = if > 0 and + = 0 if < 0, the objective function becomes
[1 ? f(T ui )+ g2 ] :

(3.8)

Here ^ is the dominant eigenvector of + ui uTi where + indicates that the sum is taken
over data values for which ^ T ui > 0. The selection of terms in this sum depends on ^ and the
sign of ^ matters here.
Note that ^ is in some sense a resistant estimator of average direction because data values
more than 90o away from ^ are given weight 0. However, ^ is not necessarily unique. Consider
a data set on the circle consisting of 3 tight clusters of data approximately 120o apart from one
another. Then ^ can take 3 values; in each case ^ points towards the centre of one of the clusters
and ignores the other two.
Note that this construction of ^ coincides with the Procrustes analysis for shapes in m = 1
dimension. Thus, Procrustes methods do not necessarily lead to a uniquely de ned average in
this case.
A similar type of argument can be applied in nding an average for axial data. However,
the solution is not as explicit. In fact, the average (see Kent, 1992) is
(3.9)
^ /  sign (^T ui)ui
obtained by minimizing

 k ri i ui ?  k2
over ri > 0; i = 1 and . Thus ^ is proportional to the resultant vector of the ui after the
signs of the ui have been switched so that they all lie in the same hemisphere. Again, ^ is no
longer unique.
Form Average Note that we can de ne the procedure for Procrustes size-and-shape average
(see, e.g. Kent, 1992), i.e. two con gurations u1 and u2 have the same \form" if u1 = c1k + ei u2
for some c 2 C.
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Following the same method described earlier for the Procrustes shape average, we nd that
the Procrustes form average is
^ = arg min Pnj=1 f  ? 2j vj j + vjvj g
(3.10)




where vj = Huj ;  = H. This solution cannot be simpli ed further in contrast to the shape
case.
Higher Dimensions We have treated the two-dimensional case, but the approach can be
extended for higher dimension as follows. Given the data matrices Ui (k  m); i = 1; :::; n
(Helmertised for convenience), de ne the average shape ^ (k  m) (Helmertised ^ is de ned up
to a rotation ^ R) to minimize
(3.11)
 k ri Ui Ri ?  k2
over Ri 2 SO(m); ri > 0 and  . For the Procrustes form average minimize
 k Ui Ri ?  k2
(3.12)
over Ri 2 SO(m) and  . In practice, except for the 2-dimensional case above of shape, the
solution can be obtained iteratively.

4 Distributions
We have seen in directional statistics that there are two main approaches which have produced
directional distributions from the multivariate normal distribution
(i) the marginal approach - where we integrate out the non-directional variables (as in the
derivation of the o -set normal distribution, Mardia, 1972).
(ii) the conditional approach - where the non-directional variables are held constant (as for the
von-Mises density, we x the length in a suitable bivariate normal distribution, Mardia,
1972).
Recently both approaches have produced useful distributions starting with Mardia and Dryden's distribution (Mardia and Dryden, 1989a,b) following the marginal approach. Kent (1994)
adopted the conditional approach and introduced the complex Bingham distribution. We now
describe these approaches.

4.1 The Marginal Approach

Let X1 ; :::; Xk be independently distributed points in IR2 . Then the shape of X1; :::; Xk is a
random point in k2 . A case of particular interest is that in which Xi  N (i ; ) for i = 1; :::; k.
For this case Mardia & Dryden (1989), Mardia (1989) and Dryden & Mardia (1991) have given
expressions for the probability density function of the corresponding shape distribution on k2 .
Dryden & Mardia (1991) also allows correlations between landmarks.
For the case k = 3, the identi cation of 32 with the sphere S 2 with Xi  N (i ;  2I); i =
1; 2; 3;, Mardia (1989) showed that the probability density function of the shape distribution on
S 2 is
f (x; ; ) = f1 + (0x + 1)g exp (0x ? 1); x 2 S 2; jj = 1;
(4.1)
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and  is the \mean shape". For all  and k = 3, this density is quite close to a Fisher density with
the same mean (see, Mardia, 1989) and hence Mardia (1989) recommended the use of the Fisher
distribution for shapes. Further, Goodall & Mardia (1993) have obtained shape distributions in
higher dimensions following the marginal approach.

4.2 The Fisher Distribution for Shapes of Triangles
Let w1; w2 and w3 be the three complex variables corresponding to vertices A; B; C of a triangle.
De ne the variables
p
z0 = (w1 + w2 + wp3)= 3
(4.2)
z1 = (w2 ? w1 )=( 2 k Hw
p k)
z2 = (2w3 ? w1 ? w2)=( 6 k Hw k)
where
k Hw k2= 12 (w2 ? w1)2 + 16 (2w3 ? w1 ? w2)2:
We have jz1 j2 + jz2j2 = 1, i.e. z1 and z2 are preshape variables. Now de ne the spherical shape
variables
t1 = jz1 j2 ? jz2 j2; t2 = z1 z2 + z1z2 ; t3 = i(z1 z2 ? z1 z2)
(4.3)
so that
t21 + t22 + t23 = 1;
and (t1 ; t2 ; t3) lie on a sphere. Let

t1 = sin  cos ; t2 = sin  sin ; t3 = cos  ; 0    ; 0    2:

(4.4)

These variables are Kendall's spherical shape variables. The above transformation of (ei z1 ; ei z2 )
for any to (t1 ; t2; t3 ) gives an explicit identi cation of CP 1 to S 2 as described earlier afterp(2.1).
Fig.5 shows triangle
shapes located on the spherical shape space. If we map A to (?1= 3; 0)
p
and B to (1= 3; 0) then the Cartesian coordinates of C are (U; V ):

U = (sin  sin )=(1 + sin  cos ); V = (cos )=(1 + sin  cos ):

(4.5)

Note that the equilateral triangles correspond to the `North pole' and the `South pole' and
the at triangles (the triangles which are almost collinear) lie around the equator. The relabelling of the triangles divides the sphere into six lunes of equal area e.g. one of the lunes is
0    ; 0    =3.
Insert Fig.5
Further, re ecting a triangle in one of its sides re ects the corresponding point on the shape
sphere in the equator. Thus, we can reduce the distinct triangles to half a lune. One of the
half-lunes is given by 0 <  < =2; 0 <  < =3. Fig.6 shows an equal area projection of
the half-lune using a Schmidt net. Thus if invariance under labelling is required, we would be
restricted to a half-lune.
8

Because the space of all shapes of triangles is a shape sphere, an appropriate distribution
for shapes (t1 ; t2; t3) of triangles can be taken as a Fisher distribution F (; k). This fact was
exploited by Mardia (1989).
Various hypothesis related to triangle shape are of interest.
(i) The hypothesis that the triangles are `uniformly' distributed corresponds to  = 0.

(ii) The hypothesis that the triangles are equilateral, implies that  = (0; 0; 1)T . Since the

triangles are labelled, we have taken without any loss of generality,  = (0; 0; 1)T instead
of  = (0; 0; ?1)T .
(iii) Similarly, if  corresponds to an isosceles triangle, we can relabel the triangles so that
 = 0 and then  = (sin ; 0; cos ) for some .
(iv) The hypothesis that the triangles are at, implies 2 +  2 = 1 or  = 0 where T = (; ; ).
Example 5 Bookstein (1991, p.406) gives landmarks for 20 triangles for the microscopic fossil
data of Lohmann (actually each observation is a mean value). Table 1 gives the Bookstein
shape variables (ui ; vi); i = 1; :::; 20 extracted from the gure and after shifting the base line to
(? 21 ; 0); ( 12 ; 0). Using the relationship
p
p
p
t1 = (1 ? r2 )=(1 + r2 ); t2 = (4= 3)u=(1 + r2); t3 = (4= 3)v=(1 + r2 ); r2 = 4(u2 + v 2)= 3
between the Bookstein shape variables (u; v ) and the Kendall spherical shape variables (t1; t2 ; t3)
given at (13.4.3), we obtain corresponding (; ). These values are given in Table 1.

We nd that

Insert Table 1

Rx = 0:297; R y = ?0:153; R z = 0:932 :

Thus the mean resultant length is
The mean directional vector is

R = 0:99

(0:30; ?0:15; 0:94) :
Note R is quite large and the hypothesis of uniformity is rejected. Indeed ^ = 100 so that the
data set is highly concentrated. We can test the hypothesis that the shape is equilateral, i.e.
H0 :  = (0; 0; 1)T :
We have
(n ? 1)(R ? R z )=(1 ? R z )  F2;2n?2 :
Here F2;40 = 16:2, the 0.1% of F2;40 is 8.3. Hence this hypothesis is clearly rejected.
Goodall and Lange (1989) give growth curve models for correlated triangle shapes using the
shape sphere with local linear Gaussion approximation.
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Unlabelled triangles
We now consider labelling triangles so that AB  AC  BC . Thus unlabelled triangles are
restricted to just 1/12 of the sphere, a half-lune with \vertices" at

p
L(1; 0; 0); M (1=2; 3=2; 0); N (0; 0; 1)

i.e. at L, the vertices A = C , at M; B = C and N corresponds to the equilateral triangle.
Kendall (1983, 1984) uses Lambert's equivalent cylindrical projection to obtain a `spherical
blackboard'. Consider the point P such that LP = MP = NP . Basically points on the half
lune are mapped to the cylinder touching the sphere at P , and this cylinder is unwrapped, with
P at the origin to give the blackboard, a bell shaped region of IR2 suitable for the representation
of triangles as points in the bell. Coordinates on the bell (X,Y) can be shown explicitly to be
(Mardia & Walder, 1988):

X = tan?1

(p

p

)

7 p ?x + 3yp ;
2 2 3x + y + 3z

n
o
p
Y = p1 ?3x ? 3y + 4z :

2 7
Figure 7 is analogous to Figure 6 giving the triangle shapes on the bell; it is somewhat a matter
of personal preference which representation is used.
Insert Fig.6
Example 6 Central place theory is concerned with the pattern of human settlement (see, for
example, Okabe et al, 1993). It states that towns tend to occur on a hexagonal lattice.
Mardia, Edwards and Puri (1977) and Mardia (1989) consider the shapes of Delaunay triangles formed by the towns as the points in IR2 . They point out that if the points are almost on
a regular lattice then the proportion of nearly equilateral triangles will be higher than it would
if the points were generated by a Poisson process, i.e. \randomly". Fig.9 shows the data (63
triangles) from 44 towns in Iowa State. In Fig.8, it is also plotted on a Schmidt net.
Insert Fig.8
Insert Fig.9
For l = (0; 0; 1), for the unlabelled triangle is
6f (; ; )dd; 0 <  < ; 0 <  < =3
where f (; ; ) is the p.d.f. of the Fisher distribution.
If we identify the unlabelled triangle with its re ection, then the unlabelled triangle can be
restricted to a half-lune, say 0 <  < =2; 0 <  < =3. The `folded' p.d.f. is

f (; ) = 6c()ff (; ; ) + f (; ; ?)g; 0 <  < =2; 0 <  < =3:
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For totally unlabelled triangles, it may be appropriate to consider a Dimroth-Watson distribution
on 0 <  < =2; 0 <  < =3 as the null distribution. Thus to test H0 :  = (0; 0; 1), we should
use various statistics for the data on a half-lune are given by
R x = 0:467; R y = 0:299; R 2 = 0:765; R = 0:945:

The value of R indicates that the data is highly concentrated but note that Mardia (1989) in
large simulation studies show that for the (; ) uniformly distributed on the half-lune R = 0:901,
and under a Poisson con guration R = 0:927.
The entries for the matrix of sum of squares and products are given by
lx2 = 15:92; ly2 = 8:34; lz2 = 38:74
lxly = 9:61; lxlz = 20:84; lylz = 12:74:
The eigenvalues and the corresponding eigenvectors are
l3 = 56:34; l2 = 5:03; l1 = 1:63

and

(0:49; 0:31; 0:81); (?0:54; ?0:62; 0:57); (0:68; ?0:72; ?0:14)
Now from (Mardia, 1972)
(n ? 2)(l3 ? T0 T 0)=2(n ? l3)  F2;n?2 :

We have

l3 = 56:34; T0 T 0 = 38:74
so that the above statistic is 80.6, indicating no evidence of \equilateralness".
There is very little evidence for the Central Place Theory. Indeed, the con guration of
Delaunay triangles in Fig.8 do reinforce this conclusion. This data set was rst analysed by
Mardia et al (1977) using some intractable von Mises distributions. Also note that these analyses
assume that the triangles are independent which is not a realistic assumption. However, from
results of Dryden et al (1995), variances are higher if we allow for dependence and therefore the
tests under independence are conservative.
Mardia (1989) provides some further details, eg. on the e ect of \triangles on the boundary".
Kendall (1989) argues that the size of triangles is also important and provides a new method of
analysis.

4.3 The Complex Bingham Distribution
We have noted above that the pre-shape

z = (z1; z2; :::; zk)
lies on a complex sphere CS k?1 , i.e. z z = 1; where z is the complex conjugate transpose of
z. One way to construct an appropriate distribution is to condition the complex multivariate
normal distribution CNk (0; A) where A is Hermitian, i.e. to condition the pdf
C exp(? 12 z Az)
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where A is Hermitian (i.e. A = A). Conditioning it on z z = 1 gives rise to the complex
Bingham distribution. For a similar construction of the real Bingham distribution (see, Mardia,
1990, Ch.8).
De nition The complex Bingham distribution (Kent, 1994) on CS k?1 (or speci cally on CP k?1 )
is
(4.6)
f (z) = C (A)?1 exp(z Az) ; z 2 CS k?1 ;
where the matrix A is k  k Hermitian and C (A) is the normalizing constant. We write

z  CBk?1(A):
The complex Bingham distribution is analogous to the real Bingham distribution and in fact,
as is shown below, it is a particular case. Note that the distribution has the property that

f (ei z) = f (z)

(4.7)

and is thus invariant under rotation of the preshape z i.e. it lies on CP k?1 . This property
therefore makes the distribution suitable for shape analysis (location and scale are already
removed as z is on the preshape sphere). Kent (1994) proposed this distribution for the analysis
of two dimensional shape. He also commented on its limitations for its uses in shape analysis
since imposing a complex symmetry assumption might not be realistic. However, it does provide
a tractable model for shape data.
Since z z = 1 for z 2 CP k?1 , it can be checked that the parameter matrices A and A + I
de ne the same complex Bingham distribution with C (A + I) = C (A) exp for any complex
to number . It is convenient to remove this non-identi ability by setting max(A) = 0 where
max(A) denotes the largest eigenvalue of A. Let 1; :::; k denote the normalized eigenvectors
of A so that
 = 1;  = 0(i 6= j ); A =  ; j = 1; :::; k:
j
j
i j
j j
Note that each j is de ned only up to rotation by a unit complex number. If 1 = ::: = k = 0,
the distribution reduced to the uniform distribution on CPk?1 . Provided k?1 < 0, it can be
seen that z = k maximizes the density and k is unique up to a scalar rotation exp(i) k . If
1; :::; k?1 are far below zero, the distribution is highly concentrated about this modal axis.

(a) The normalizing constant (Kent, 1994). Let 1; :::; k be the eigenvalues of A, 1 < 2 <
::: < k?1 < k = 0. Then

C (A) = 2 k?1

kX
?1
j =1

aj exp(j ); a?j 1 = ki6=j (j ? i)

(4.8)

Proof: Since A is Hermitian, we can write A = UU where U is unitary (U U = Ik )
and  = diag(1; ::; k) where 1 ; :::; k are real.
If z  CBk?1(A), we have U z  CBk?1 (). These two distributions have the same
normalization constant C (A) = C (). Consider the transformation of x1; y1 ; :::; xk; yk on
IR2k
1
1
(4.9)
xj = tj2 cos j ; yj = tj2 sin j ; tj > 0; 0 <  < 2:
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Hence

dx1dy1 :::dxk dyk = 2?k dt1 d1:::dtk dk :
Now change t1 ; :::; tk to s1 ; :::; sk?1; r by

(4.10)

tj = r2sj ; j = 1; :::; k ? 1; tk = r2 (1 ? s1 ? ::: ? sk?1 )
so that

t1 + ::: + tk = r2 :

Thus

dx1 dy1:::dxk dyk = 2?k+1 r2k?1 d1:::dk ds1:::dsk?1dr;
which on xing r = 1 yields the volume measure on CS k?1 as
2?k+1 d1 :::dk ds1 :::dsk?1:
Also,

zAz = j zj zj = j (x2j + yj2) =
where

k
X
j =1

j sj ;

sk = 1 ? s1 ? ::: ? sk?1 :
Note that (1 ; :::; k) and (s1 ; :::; sk) are independently distributed. Further, the i are
independent uniform, whereas (s1; :::; sk?1) has a truncated exponential distribution (see
(4.30) below). Denote the k-dimensional unit simplex in IRk by
k
X

Sk = fs = (s1; :::; sk)T ; sk  0 and
Hence

Let

j =1

sj  1g:

R R
C () = 2?k+1 Sk [0;2]k expfPkj=1 j sj gd1 :::dk ds1 ::::dsk?1
R
2 k

Pk
Sk expf j =1 j sj gds1 :::dsk?1:

=

Sk?1 = f(s1; :::; sk?1

)T ; s

j

 0 and

kX
?1
j =1

(4.11)

sj  g

denote the \scaled" unit simplex. We now prove a general result

Ik (1; :::; k; ) =

Z

Sk?1

1
0k
k
X
X
exp @ j sj A ds1 :::dsk?1 = aj exp( j )
j =1

j =1

For our result, = 1.
Proof: Proof is by induction. For k = 2,

Z

0

expf1s1 + 2 (1 ? s1 )gds1 =
13

2
X

j =1

aj e j ;

(4.12)

where a?1 1 = 2 ? 1; a?2 1 = 1 ? 2. Hence the result holds.
For k > 2, we proceed as follows. Let

b?j 1 = ki6=j (j ? i); j = 2; :::; k ? 1:
Then using
k
X
j =1

we have

j sj = 1s1 +

k
X
j =2

j sj ; Sk?1 = f0 < s1 < ; ( ? s1 )Sk?2 g

R exp( s )I ( ; :::;  ; ? s )ds
1 1 k?1 1
k?1
1 1
0
R
P
= 0 exp(1s1 )[ kj=2 bj expfj ( ? s1 )g]ds1:

Ik (; ) =

On integrating with respect to s1

Ik (; ) =

k
X
j =2

bj (1 ? j )?1 fexp( 1 ) ? exp( j )g:

(4.13)

We can see in (4.12) that

?

k
X
j =2

bj (1 ? j )?1 exp( j ) =

k
X
j =2

aj exp( j ):

To show the following equality in (4.12)
k
X
j =2

bj (1 ? j )?1 = a1

use the partial fraction expansion as a function of 1. Hence the proof is complete.
If equalities exist between some i 's then C (A) can be obtained using repeated applications
of L'H^opital's rule. For example, for k?1 = k but all other 's distinct, we get (Bingham
et al, 1992)

"kX
?2

#

?i
?k f1 ? Pk?2 (i ? k )?1 g
e
e
i=1
C (A) = (k ? 1)!
+
:

(

?

)

(j ? k )
j
=
6
i
j
i
j

k
?
2
i=1

(4.14)

(b) The (k ? 1) dimensional complex Bingham distribution can be regarded as a special case of
a (2k ? 1) dimensional real Bingham distribution as follows. If zj = xj + iyj , de ne a 2kdimensional vector u = (x1; y1; :::; xk; yk )T = V (z), say, by splitting each complex number
into its real and imaginary parts. Also, if A = (ahj ) has entries ahj = hj exp(ihj ) with
jh = ?hj , de ne a 2k  2k matrix B made up of k2 2  2 blocks given by
 cos hj ? sin hj 
B =
; ? <  < :
hj

hj

sin hj

cos hj
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hj

Then z Az = uT Bu so that a complex Bingham distribution for z is equivalent to a real
Bingham distribution for u. Equivalently, we can write
uT Bu =  ij (xixj + yiyj ) +  ij (xj yi ? xiyj )
which after diagonalization reduces to

uT Bu =

k
X
i=1

2i (x2i + yi2):

(4.15)

Thus the complex Bingham distribution is the same as the real distribution on S 2k?1
with canonical parameter matrix diag (1; 1; 2; 2; ::::; k; k ). Also, because the surface
measure on S 2k?1 is invariant under the orthogonal group O(2k), it is also invariant under
the unitary group U (k).

(c) Relationship with the Fisher Distribution In Section 4.2, we introduced the Fisher distri-

bution for triangles. Following Kent (1994), we now establish links between the circular
complex Bingham distribution and the real Fisher distribution. First, consider for k = 2
which is Hermitian, so that there are four independent variables. Since we can replace A
by Hermitian A + I where is real, thus there are only three independent real variables
so that we may reduce the rank of A to 1. Hence we can take

 
A =  uv [u; v]; u2 + jvj2 = 1:

(4.16)

Further, we can choose  > 0. (An equivalent choice of A is to replace  by ? and (u; v )
by (?v; u);  > 0; u  0.) Further, rotating the eigenvector (u; v ) does not alter A so that
we can select u > 0. Hence we can write
(4.17)
u = cos ; v = sin  (cos  + i sin  ); 0 <  < 2 ; 0 <  < 2:

Similarly, we can transform (z1; z2) to ( ; ; ) by
z1 = ei cos ; z2 = ei sin (cos  + i sin ); 0 <  < =2; 0 <  < 2; 0 < < 2 (4.18)
satisfying jz1 j2 + jz2j2 = 1. To obtain the Jacobian of this transformation, consider the
transformation of IR4 by
z1 = r cos ei ; z2 = r sin ei( +) ;
(4.19)
where r > 0; 0 <  < =2; 0 < ;  < 2 and jz1 j2 + jz2j2 = r2. To nd the Jacobian of
this transformation, a convenient way is to de ne  = ( + ) mod 2; 0 <  < 2 so that
in real coordinates
x1 = r cos  cos ; x2 = r cos  sin ; x3 = r sin  cos ; x4 = r sin  sin :
After some algebra, it is found that the Jacobian of this transformation is jJ j = r2 sin  cos .
Thus the volume element is dx1 dx2dx3dx4 = 21 r3 sin 2ddd . Hence the uniform probability element of (; ; ) is c sin 2ddd . It is seen that c = (2 2)?1 . Hence the uniform
probability element on S 3 in (; ; ) representation is
(4 2)?1 sin 2ddd :
(4.20)
15

We have from (4.3.15) - (4.3.17)

zAz = j(u; v)

 z1 

2
z2 j

= fcos2  cos2  + sin2  sin2  + 2 sin  cos  sin  cos  cos( ?  )g:

(4.21)

Using (4.17) in (4.2), the spherical shape vector becomes

t = (cos 2; sin 2 cos ; sin 2 sin )T :

(4.22)

De ne similarly from (u; v ) a new vector

 = (cos 2; sin 2 cos ; sin 2 sin  )T :

(4.23)

Using (4.22) and (4.23) together with (4.21) it can be shown that

zAz = 2 (1 + T t):

(4.24)

Further, using the Jacobian (4.19) and (4.23), the probability element of (; ; ) becomes
1
?1 z Azdz
2 fc()g e

= 1 fc()g?1 sin 2e 2 (1+T t) d dd; 0 < 2 < ; 0 <  < 2; ?=2 < < =2; (4.25)
2
where
c() = 2 2(e ? 1) > =:
(4.26)
1

Hence is independent of (; ) and uniformly distributed on (?=2; =2), and (2; ) has
a Fisher distribution with the mean direction  given by (13.4.22) and  = =2. Finally, if
we are given  and the mean vector (cos 2; sin 2 cos ; sin 2 sin  ) we can obtain  from

 = 2

(4.27)

and the Procrustes mean direction from

u 


cos 
=
(4.28)
v
sin  cos  + i sin  sin  :
In practice, we can obtain ^ and ^ T = (cos ^; sin ^ cos ^; sin ^ sin ^) from the standard
method, and therefore ^ = 2^ and the Procrustes sample mean is given by (4.22) on
replacing  by ^=2 and  by ^. Also note that for  = 0, from (4.23) z Az =  cos2  =
 (1 + cos 2).
2

(d) Some Further Properties

1. We have from the normalizing constant section (a) that 1 ; :::; k are independently
uniform variables on [0; 2 ) and are independent of sT = (s1; :::; sk?1).
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2. The vector s follows a `truncated exponential distribution' with pdf
kX
?1
k
?
1

f (s) = 2 C () exp( j sj );
j =1

s 2 Sk?1

(4.29)

Thus the moment generating function of s

E [exp(j sj )] = ( ;) say
is given by

) = C ( + )=C ()
( ;
where  = (1; :::; k?1)T 2 Ck?1 and  = diag ( T ; 0).

Thus

E (sj ) = fC ()g?1 @C ()=@j; j = 1; :::; k ? 1:
3. To model high concentration, replace A by A so that from (4.29)
f (s) = 2 k C (k) exp(j sj ); s 2 Sk?1 :
As  ! 1; ui = si ; i = 1; :::; k ? 1 tend to independent exponential

(4.30)
(4.31)
(4.32)

?i 1 exp(iui) ; i < 0; ui > 0:
Thus for large ,

?1 (?j )?1:
C () = 2 kjk=1

(4.33)

As i ! 0 for all i, we have the uniform distribution on CP k?1 or S 2k?1 .
4. Another way to look at the high concentration about the axis k , is to align z with k
and then to project z onto the tangent plane at k . Given z 2 CS k?1 , we construct
v 2 Ck given by
v = exp(?ik )(I ? k k )z; k = arg( k z):
(4.34)

It can be checked
k and v are independently distributed with k uniform on [0; 2).
P ?1that
Writing A = jk=1
i i i , we have

kzAz = kvAv

and therefore v has a complex normal distribution in k ? 1 complex dimensions with

X
 = (?2A)+ = ? 1 (?j )?1 j j
2 j =1
k?1

(4.35)

where the last expression is the Moore-Penrose generalized inverse of ?2A. Here  is
singular because v lies in the tangent plane k v = 0. Thus z is CN ( k ; ) so that  is
determined by the rest of the eigenvectors apart from k .
The asymptotic distribution shows that vi is distributed as N2 (0; Ii2). Hence the complex
Bingham distribution imposes an isotropic distribution on the marginals. However, it does
allow correlation between landmarks. Among various distributions considered so far, this
is the most tractable distribution for shape.
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(e) Inference
Let z1 ; :::; zn be a random sample from (4.5) where, n  k. Set

S=

n
X

j =1

zj zj

to be the k  k complex sum of squares and products matrix. Suppose that the eigenvalues
of S are positive and distinct, 0 < l1 < ::: < lk and let g1 ; :::; gk denote the corresponding
eigenvectors. Note that lj = n. Let 1; :::; k denote the standardized eigenvectors of A
so that j j = 1 and A j = j j .
We can obtain the m.l.e. of  = diag(1; :::; k) and g1 ; :::; gk as in the real Bingham
distribution. It can be seen that when the eigenvalues 1; :::; k are distinct then
^j = gj ; j = 1; :::; k
since the loglikelihood is,

(4.36)

L = lj j ? n log C ();

the m.l.e.'s of the eigenvalues are found by solving
@ log C () = 1 l ; j = 1; :::; k ? 1:

@j

nj

and the dominant eigenvector ^k can be regarded as the \average axis" of the data. This
estimate is the same as from Procrustes shape analysis (Kent, 1994).
Note that under high concentration we have from (4.32)
log C (^) ' const ?
so that

kX
?1
j =1

log(?j )

^ j 
= ?n=lj ; j = 1; :::; k ? 1

Note that analogously the p.d.f. of the complex Fisher distribution can be de ned as
const expf Re( z)g
on the complex sphere CS k?1 . However  z = (T x +  T y). Thus the complex von
Mises-Fisher distribution is the real von Mises-Fisher distribution on S 2k?1. Thus it
produces no new distribution. (The situation is di erent for the matrix von Mises-Fisher
distribution. See Bingham et al (1992).
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5 The Complex Bingham Distribution and a Test of Uniformity

5.1 Test of Uniformity

We now give a test of uniformity against the alternative of a complex Bingham distribution.
Thus if shapes are random, we would be able to assess the hypothesis.
Let z1 ; :::; zn be a random sample from `complex uniform' z on Ck ; i.e. zz = 1. Consider
the matrix of the sum of squares and products

Z = n1
Let zi = xi + iyi then

n
X
i=1

zizi :

Z = T + iU ;

where

T = n1 (xixTi + yiyiT ); U = n1 (yixTi ? xiyiT ):
Result Let l1; :::; ln be the eigenvalues of z. For large n, we have
k
X
K = nk(k + 1) (li ? k1 )2 ' 2k2 ?1 ;
i=1

where

(5.1)

tr Z =

k
X

i=1

li = 1:

(5.2)
(5.3)
(5.4)

Proof Consider the vector
vT = (t11; t22; :::; tkk; t12; t13; :::; t1k?1; :::; tk?1;k; u12; u13; :::; uk?1;k):
Let z = x + iy so that x1 ; :::; xk; y1 ; :::; yk are uniform on S 2k?1. For the uniform distribution,
we have E (x2i ) = 1=2k; E (xixj ) = 0, so that
E (tii) = E (x2i + yi2 ) = 1 ; E (tij ) = E (xixj + yi yj ) = 0; i 6= j:

Similarly, E (uij ) = 0.
Hence

k

E (vT ) = (1Tk ; 0Tp ; 0Tp )

(5.5)
where 1k is a k  1 vector of unity, and 0p is a vector of zeros where p = k(k ? 1)=2. Now
var(tii ) = n1 var(x2i + yi2 ) = n1 E (x2i + yi2 )2 ? fE (x2i + yi2 )g2. Now from the results on the uniform
distribution on S 2k?1 (Ch.9), we have

E (x4i ) = 3f4k(k + 1)g?1; E (x2i yi2) = f4k(k + 1)g?1:
Hence

var(tii ) = a(k ? 1)=k; a = fnk(k + 1)g?1;
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(5.6)

Similarly

cov(tii ; tjj ) = n1 fE (x2i + yi2 )(x2j + yj2 ) ? fE (x2i + yi2 )g2g = ?a=k:

(5.7)

var(tij ) = var(uij ) = a=2;
cov(tij ; ti0j 0 ) = cov(uij ; ui0j 0 ) = 0; i 6= i0; j 6= j 0;

(5.8)
(5.9)

cov(tij ; ui0j 0 ) = 0 for all i; i0; j; j 0:

(5.10)

A = cov(v) = a(Ik ? 1k 10k k?1; 21 Ip; 12 Ik ):

(5.11)

and
Hence
Now,

A? = a?1(Ik ; 2Ip; 2Ip)
and rank of A is k ? 1 + fk(k ? 1)=2g + fk(k ? 1)=2g = k2 ? 1:

(5.12)

Hence for large n, by the central limit theorem

Q = fv ? E (v)gT A?fv ? E (v)g ' 2k2 ?1

(5.13)

or from (5.5) and (5.12), we have

9
8k
=
<
X
X
X
1
Q = a?1 : (tii ? k )2 + 2 t2ij + 2 u2ij ; ;
i<j
i<j
i=1

which can be rewritten as
or equivalently

Q = a?1 ftr(T ? k1 I)2 + tr U2 g

(5.14)

Q = a?1 tr(Z ? k1 I)(Z ? k1 I):

(5.15)

Hence the result follows from (5.13) and (5.15).

Note that E [tr(Z ? k1 I)(Z ? k1 I)] = (k ? 1)=(nk) here is the same as for the real Bingham
Case in Ck . Also, using the canonical representation of the complex Bingham distribution, it
can be seen that (5.3) is a score statistic.

5.2 The case of CP 1

For k = 2, we note from (5.3) that
6nf(l1 ? 12 )2 + (l2 ? 21 )2g = 3n(l1 ? l2)2 ' 23
(5.16)
since l1 + l2 = 1. This result can be derived directly using the relationship of the complex
Bingham to the Fisher distribution. We have by de nition

R 2 = t21 + t22 + t23
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where
and

ti =

n
X
j =1

tij =n; i = 1; 2; 3; z1j = x1j + iy1j ; z2j = x2j + iy2j ;

tij = jZ1j j2 ? jZ2j j2; t2j = 2 Re (Z1j Z2j ); t3j = 2 Im(Z1j Z2j ):
If nU and nV are the sum of squares and products matrices for (x1; x2) and (y1; y2) respectively,
and

then we have

w12 = x1j y2j =n; w21 = x2j y1j =n
R2 = (u11 + v11 ? u22 ? v22)2 + 4(u12 ? v12)2 + 4(w12 + w21)2:

From the standard results (see Ch.9), we have under uniformity
3nR 2 ' 33 :

(5.17)
(5.18)

Now l1 and l2 are the eigenvalues of
 
n
X
Z = n1 (Z1i; Z2i) ZZ1i = S1 + iS2
2i
i=1

where

 u11 + v11 u12 + v12 


0
w
?
w
21
12
S1 = u + v u + v ; S2 = ?w + w
:
0
12
12 22
22
21
12
We nd that on writing the characteristic equation for S1 + iS2,
l1 + l2 = u11 + v11 + u22 + v22;
l1l2 = (u11 + v11)(u22 + v22) ? f(u12 + v12)2 ? (w21 ? w12)2g2 ;

Hence (5.17) can be written as

R 2 = (l1 ? l2)2 :

Thus, from (5.18) we have another derivation of (5.16).

(5.19)

Example 7 For the T 2 bone data (k = 5; n = 23), we have given the eigenvalues in Example 4 so that
l1 = l2 = 0; l3 = 0:001; l4 = 0:003; l5 = 0:996 :
We have K = 49:7 with 224 . Now
Pr(224 > 45:6) = 0:005; Pr(224 > 51:2) = 0:001:
Hence there is evidence of non-uniformity. In view of the large values of l5, this result is obvious.
The Procrustes mean obtained before is now the maximum likelihood estimator of the population dominant eigenvector under the complex Bingham distribution. For large concentration,
from (4.36),
kX
?1
kX
?1 1
cov(^
^ v) =
? 2l ^j ^j = n1 lj gj gj
j
j =1
j =1
1
= (S ? l g g ):

n

k k k
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Thus we can obtain cov (Hv^ ) to get some idea of variances and intercorrelations. It is found
from cov(
^ Hv^ ) that the variances (23) are
0:020; 0:021; 0:005; 0:036; 0:005; 0:007:
Thus the landmark 4 has most variance whereas the landmarks 1 and 2 are the next highest.
There is almost no variability in the landmarks 3, 5 and 6 but note that the complex symmetry
imposes isotropy at each landmark.
The estimated correlation matrix Hv^ is found to be
2
3
1
66 0:05 ? 0:76i 1
77
66
77
66 ?0:34 ? 0:25i 0:10 ? 0:29i 1
77
66 ?0:60 + 0:68i ?0:60 ? 0:62i ?0:09 ? 0:38i 1
77
64 0:30 + 0:12i ?0:24 + 0:26i ?0:36 ? 0:01i ?0:24 ? 0:39i 1
75
?0:35 ? 0:08i ?0:34 + 0:16i 0:50 ? 0:08i 0:08 + 0:04i ?0:08 ? 0:21i 1
This indicates that correlations between landmarks are high. Note that the covariance matrix
is necessarily singular. From a shape analysis point of view, looking into real covariance matrix
for the tangent space to the dominant eigenvector is worth exploring (see, Kent, 1994). The
technique also allows correlations within landmarks to be explored - the model here forces zero
correlations between xi and yi to be asymptotically zero.

6 The Complex Angular Gaussian Model
Another suitable model is an extension of the angular Gaussian distribution of Tyler (1987).
The p.d.f. has the density (Kent, 1995)

f (z) = jj?1 f?(k)=(2 k)g(z?1 z)?k ; z 2 CS k?1 ;

(6.1)

where the parameter  is a positive de nite Hermitian matrix. Note that f (z) = f (ei z) for all
 so that z 2 CP k?1 .
Also, it is invariant under rescaling  ! c; c > 0. We can verify that the normalizing
constant by the same method as for the complex Bingham distribution.
The mode of the density (6.1) is given by the dominant eigenvector of . Hence, it is natural
to de ne an average shape from a set of landmark data by the dominant eigenvector of the MLE
of . This MLE is given by the solution of the estimating equation,

X
?1
^ = nk zj zj =zj ^ zj ;
n

j =1

(6.2)

so that ^ can be viewed as a weighted complex sum of squares and products matrix. This
equation can be solved iteratively by the EM algorithm using
n
X
 +1 = n1 vj( ) zj zj ;  = 1; 2; :::
j =1
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(6.3)

where

vj() = k=zj f() g?1 zj :

(6.4)
Under mild regularity conditions the iterations in (5.23) converge to the MLE ^ , which is unique
up to scaling. Note in equation (5.23) that outlying values of z get downweighted when forming
the complex sum of squares and products matrix. In order to link this result to conventional
multivariate M -estimators, consider what happens in the case of highly concentrated data.
Let the dominant eigenvector of  be given by  = (1; 0; :::; 0)T for simplicity (any angular
central Gaussian distribution can be rotated to this form by a suitable k-dimensional unitary
transformation), and suppose  is of the form
1 0 
1 0 
?
1
 = 0 ?1 A ;  = 0 B
(6.5)
where  > 0 is large and A is a xed (k ? 1)-dimensional positive de nite matrix. In general, the
projection of z onto the tangent plane of shape space at  is given by z ! (I ?   )e?i z = w,
say, where  = arg   z. In this case w = e?i (z2 ; :::; zk)T and  = arg z1. Under the angular
central Gaussian model,  is uniformly distributed on (0; 2 ) independently of (z2; :::; zk), and
the distribution of (z2 ; :::; zk) is invariant under multiplication by ei . Further, if  is large, the
distribution of z becomes concentratedpnear  , and the distribution can be studied by projection
onto the tangent plane. In particular w = v; say, becomes distributed with density

f (v) / lim !1 (z?1z)?k
= lim !1 (jz1j2 + vBv)?k
= lim !1 (1 ? ?1 vv + vBv)?k
= (1 + vBv)?k ; v 2 Ck?1 :

(6.6)

After switching to real coordinates in IR2k?2 , this density can be viewed as a multivariate tdensity with  = 2 degrees of freedom and with scatter matrix given by re-expressing 12 A in real
coordinates (Mardia et al, 1979, p.57). This result gives some insight into the extent to which
the angular central Gaussian distribution can accommodate outliers or with outlying objects in
shape analysis.

7 Shape and Directional Statistics
Consider the QR decomposition (2.4) . Broadly speaking, in shape analysis we are interested only
in T and not in ? 2 Vk;m . However, in directional statistics we are interested only in ? 2 Vk;m ,
namely, distributions on Stiefel manifold including rotation groups (Ch.12); the special interest
is here on Vm;m = O(m). Some techniques in directional statistics also play a role in shape
analysis. The main approaches described here in this chapter based on the Fisher distribution
and the complex Bingham distribution rely on directional statistics in an indirect way. However,
from an analytical view-point, the directional statistics and shape analysis are complementary
subjects as we now indicate (see also, Bingham et al, 1992). Kent (1992) has investigated how
\average shape" and \directional averages" are connected (described above) together with some
embeddings of shape space. In particular, techniques for calculating normalising constants for
certain directional distributions are the same as those for computing shape densities.
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For example, the matrix Fisher distribution (12.5) was introduced by Mardia and Khatri
(1977). The normalizing constant is found by integration over Vk;m as

Z

Vk;m

expftr(FXT )gdX = 0F1 (m=2; FFT =4);

where 0 F1 (:; :) is a matrix hypergeometric function. Alternatively consider the re ection sizeand-shape density of Goodall and Mardia (1993), which contains the following integral in its
proof:
Z
exp[tr(T T?)]d? / 0F1 (m=2; A);
(T TTT )=4

Vk;m

and d? denotes Haar measure. Both expressions depend on the
where A =
hypergeometric function of the same type and order. Thus the tool for calculating the marginal
re ection size-and-shape distribution was the same as that used for computing the integrating
constant above. We summarize the situation as follows:
\In shape rotations are to be integrated out or to be optimized over, whilst they are the
basis of directional statistics".

8 Discussion
Shape Analysis is a rapidly growing area. D.G. Kendall and his co-workers pioneered deep
studies of the geometry of shape spaces using a di erential-geometric framework. (See, D.G.
Kendall (1977, 1983, 1984), W.S. Kendall (1988, 1990), Le (1991), Le & Kendall (1993), Stoyan
et al (1987) and Stoyan and Stoyan (1994). Bookstein (1978) took a morphometric view point
giving insight into shape statistics (see, Bookstein, 1991). Goodall (1991) proposed a Procrustes
approach to shape analysis. Mardia and Dryden (1989a,b) and Kent (1994) have proposed a
model-based approach which is related to directional statistics as described here. Mardia (1995)
has given a recent review of shape analysis. This paper gives the viewpoint from directional
statistics but of course, it is only a partial view of the eld. A recent review has been given by
Mardia (1975).
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Titles of the Figures
Fig.1
Fig.2
Fig.3
Fig.4
Fig.5
Fig.6
Fig.7
Fig.8
Fig.9

A microfossil Globorotolia truncatulinoides with three landmarks (Bookstein, 1986).
A mouse vertebra bone (T2) with six landmarks.
Procrustes mean shape (-) for the T2 bones with data superimposed (n = 23).
Procrustes Mean Shape for the T2 bone data.
Kendall's spherical shape space for triangles in two dimensions.
Schmidt net of triangle shapes from a half-lune.
Kendall's bell representation of triangle shapes.
Delaunay triangles (63) of 44 Iowa Central Places.

Schmidt net for the Iowa data ; ; + mean directions for the data, simulated under
Poisson assumption, simulated under uniform assumption respectively.
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Table 1 The fossil data in Bookstein coordinates (u; v) with
Kendall shape variables (; ).

u
?0:16
?0:13
?0:08
?0:09
?0:16
?0:13
?0:10
?0:08
?0:09
?0:08
?0:08
?0:07
?0:10
?0:08
?0:08
?0:07
?0:05
?0:07
?0:10
?0:07

v
0:66
0:65
0:77
0:71
0:75
0:68
0:72
0:73
0:63
0:62
0:65
0:59
0:61
0:63
0:54
0:66
0:57
0:52
0:47
0:44
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20:2
18:9
9:3
13:1
14:3
16:9
13:1
11:3
19:1
20:2
17:8
22:1
21:1
18:9
26:7
16:9
24:2
28:5
33:7
37:1



134:0
141:1
132:1
142:8
119:5
137:7
138:2
143:0
152:2
156:2
153:3
160:6
153:1
155:6
161:7
155:2
165:8
163:9
160:1
166:3

