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Abstract: In this paper, a non-iterative algorithm for
amplitude and phase difference estimation of two acquired
sinewaves is presented and analyzed. The method is based
on the least-squares fitting of ellipses where the common
signal frequency is eliminated from the algorithm.
Keywords: Sine-fitting, ellipse fitting, amplitude and phase
difference estimation, least-squares method.
1. INTRODUCTION
Amplitude and phase measurements are essential for the
characterization of the frequency characteristics of linear
circuits [1] and can also be used to accurately measure
impedances [2]. The numerical methods used to determine
the amplitudes and phases of two acquired records
corresponding to common frequency sinewaves include:
zero-crossing detection, frequency domain algorithms (e.g.,
FFT and IpDFT) and sine-fitting algorithms.
All these methods require determination of the common
frequency to accurately determine the phase difference and
sine amplitudes. However, the frequency in itself is not
needed since in most applications, it is imposed by the user.
For example, in impedance measurement, the frequency is
selected by the user and applied to the impedance under test.
In this paper a non-iterative algorithm to determine the
sine amplitudes and phases is presented. The method does
not require nor determine the signal frequency since it is
based on the elliptical fit of the acquired records. The
elliptical fitting method was presented in [3] and improved
for implementation in [4]. The method best fits the acquired
data with a conical, imposing the restriction that the returned
parameters must correspond to an ellipse.

requires the strict definition of the convergence criteria to
stop the iterative method.
When two common frequency signals are acquired, for
example for impedance measurements as described in [2]
and applied in [6], it is necessary to apply two fourparameter sine-fitting algorithms (one to each channel).
Although the frequency is the same, the algorithms will
produce slightly difference frequencies due to the iterative
nature of the algorithms and different signal to noise ratio
(SNR) of the two channels.
One way to assure common frequency is to apply the
four-parameter algorithm to the highest amplitude channel
(actually, highest SNR would be preferable, but this would
requires extra calculations), and then apply the simpler noniterative three-parameter algorithm to the other channel
forcing the frequency obtained from the other algorithm.
Although this approach works relatively well, half the
acquisition points (the ones from the lowest amplitude
channel) are not used for the common frequency estimation.
In [7] a different method was proposed, which uses all
the acquired data points. This is the seven-parameter
algorithm which determines in one iterative method, the sine
amplitudes, phases and DC components of both channels as
well as the common frequency.
All these methods are based on the time-fitting of sine
signals to the acquired data – Fig. 1. They are iterative
methods since the frequency makes the least-squares method
nonlinear requiring the Taylor linearization around a given
frequency and the consequent iterative method to accurately
estimate the sine parameters.
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Sine-fitting algorithms best fit the acquired records with
the generic algebraic equation of a sine signal [5]. By
minimizing the least-squares error for all the acquired
samples, the sine amplitude, phase, frequency and DC
component are estimated, this is called the four-parameter
sine-fitting algorithm. This is an iterative method which
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Fig. 1. Time-domain fitting of two acquired noisy sine signals with
common frequency and fS/f = 18.5.

3. LEAST SQUARES FITTING OF ELLIPSES

4. NUMERICAL SIMULATIONS

The frequency dependence of the time-domain fitting
can be eliminated by re-writing the time-domain channel
amplitude functions

To assess the algorithm performance, extensive
numerical simulations were performed. In order to match the
experimental situation, the sampling frequency was set to
f S = 50209.2 S/s in the ±10 V range with 16 bit
resolution. The signal frequency is set to f = 1kHz and
white Gaussian noise was added to the signals before the
AD conversion.
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⎟ cos (φ ) − sin (φ ) = 0 . (2)
⎠

The general conic is
F ( u1 , u2 ) = au12 + bu1u2 + cu22 + du1 + eu2 + f = 0 .

(3)

When
b 2 − 4ac < 0 ,

(4)

the conic form represents an ellipse. For the two sine signals
situation, this corresponds to
cos 2 (φ ) < 1 .

In Fig. 3, four different situations are depicted. The
sampling points are shown together with the fitting ellipse.
For this case, only 51 points were considered which
corresponds to approximately one period.
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This means that the two sine signals can be represented by
an ellipse except if the phase is kπ with k ∈ ] (in phase or
in opposition). In these situations, the XY representation of
the sines corresponds to a straight line segment.
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The minimization of F 2 ( u1 , u2 ) must include the
restriction (4) to ensure a ellipse. The numerical method for
ellipse fitting was presented in [3] and optimized for
implementation in [4].
In Fig. 2, the results of the ellipse fitting applied to the
acquired data presented in Fig. 1 are shown.
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F ( u1 , u2 ) = x ⋅ a = 0 ,

x = ⎡⎣u12
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The conic equation can be written in the form
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u2 ( t ) = D2 sin ( 2π ft + φ )
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Fig. 3. Examples of ellipse fitting from numerical simulations:
A) D1 = 1 V, D2 = 2 V, φ = 30 º, noise standard deviation of 1 mV;
B) D1 = 2 V, D2 = 2 V, C1 = 0.4 V, C2 = – 0.2 V, φ = 30 º,
noise standard deviation of 1 mV;
C) D1 = 2 V, D2 = 2 V, φ = 170 º, noise standard deviation of 1 mV;
D) D1 = 2 V, D2 = 2 V, φ = 30 º, noise standard deviation of 50 mV.

In Fig. 4, the phase error standard deviation as a function
of the input amplitudes is shown. These results were
obtained with 502 samples, noise standard deviation of
1 mV and 10000 different simulations for each amplitude
combination. For each simulation, the signals phase
difference is randomly selected from the interval
[ −180º ;180º ] (uniform distribution).

Best Fitted Ellipse

Clearly, as the signal amplitudes increases, the phase
error standard deviation decreases. This result is similar to
the results obtained with the seven-parameter sine fitting
algorithm [7]. The main difference is that these results are
obtained much faster since the algorithm used is non
iterative and does not require the determination of the signal
frequency.
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Fig. 2. Ellipse fitting of the data points from Fig. 1.
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For signals with amplitudes near the AD full scale range,
the phase error standard deviation is only 0.00074º for 10
periods of sampled data.
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Fig. 4. Standard deviation of phase error as function of amplitudes Di.
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To test the algorithm in all the quadrants and with all
possible amplitude combinations, a Tektronix AFG320 dual
output arbitrary function generator was used. It allows
locking of the two outputs and definition of the phase
difference with 1º resolution and independent amplitude and
offset channel selection. For the acquisition system a
National Instruments DAQ USB-9215A was used. It has 4
input channels, maximum sampling rate of 100 kS/s and 16
bit resolution in the ±10 V range. The two channels are
acquired simultaneously. This DAQ has an internal clock of
12 MHz and the possible sampling rates are

fS =

-2

-3

In this section the experimental setup used to test the
ellipse fitting algorithm is described and all the experimental
results are presented.
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5. EXPERIMENTAL RESULTS
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Fig. 5. Experimental results of the ellipse fitting for the situations
shown in Fig. 3.
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with n ∈ ` > 120 . With n = 239 the sampling rate is set to
f S = 50209.2 S/s .
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In Fig. 5, the experimental results obtained for the
situations depicted in Fig. 3 are shown. These results
correspond to only one period of sampled data from both
channels.
To assess the influence of the number of acquired
periods on the algorithm precision, the average value of the
estimated amplitudes and the corresponding uncertainty
intervals at 2σ as a function of the acquired periods is
shown in Fig. 6. The situation depicted corresponds to
D1 = D2 = 5 V with φ = 45º and the average and standard
deviation values are obtained from 1000 acquisitions. As the
number of periods increase, the standard deviation is
reduced. However, the results for acquisitions above 30
periods fail to further improve the standard deviation. This
means that, for this situation, acquiring more than 30 periods
does not reduce the standard deviation of the estimated
amplitudes. The amplitude mismatch is caused by the
arbitrary waveform generator since with the same signal at
both inputs, the estimated amplitude is the same.
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Fig. 6. Average values of the estimated signal amplitudes and the
corresponding uncertainty intervals (2σ) as a function
of the number of acquired periods.

In Fig. 7, the average estimated phase difference and the
corresponding uncertainty interval at 2σ as a function of
the number of acquired periods is shown. Contrarily to the
amplitude situation depicted in Fig. 6, the phase difference
uncertainty is further reduced for acquisitions with more
than 30 periods.
45.01

45

To analyze the influence of the signal amplitude, another
situation was experimentally characterized. In this situation,
D1 = 5 V , D2 = 50 mV and φ = 45º . In Fig. 9, the relative
standard deviation of the estimated amplitudes is shown.
Clearly, the standard deviation has increased for both
channel amplitudes. Unlike the seven-parameter fitting,
where the amplitude reduction of one channel does not
influence greatly the standard deviation of the other channel
amplitude estimative, in the ellipse fitting the reduction of
one amplitude affects the estimation of both amplitudes.
However, for 60 periods, the relative standard deviation of
D1 is only 0.011 % and 0.019 % for D2 .
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Fig. 7. Average values of the estimated phase difference and the
corresponding uncertainty intervals (2σ) as a function
of the number of acquired periods.
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For 60 periods, the relative standard deviation of the
phase is 0.00044º while the relative standard deviation of
D1 is 0.0016 % and 0.0012 % for D2 . In Fig. 8, the relative
standard deviations of the amplitudes are shown as a
function of the number of acquired periods. Again, it is
visible that there isn’t much improvement beyond 30
periods.
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Fig. 9. Relative standard deviation of the estimated amplitudes as a
function of the number of acquired periods for D1=5 V and D2=50 mV.

In Fig. 10 the comparison between the standard
deviation of the phase error as a function of the number of
acquired periods is shown.
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Fig. 8. Relative standard deviation of the estimated amplitudes as a
function of the number of acquired periods for D1=D2=5 V.
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Fig. 10. Standard deviation of the phase error as a function of the
number of acquired periods for two different amplitude combinations.

In normal situations, the function generator will
introduce several lower amplitude harmonics. Since the
input signal includes other harmonics, the XY representation
is no longer an ellipse. To test the algorithm under these
circumstances a low cost function generator was used to
supply voltage to the series connection of two impedances
like the setup used for impedance measurements [2].
The circuit is composed by a 200 Ω resistor in series
with a 20 nF capacitor. The DAQ channel 1 acquires the
function generator voltage while channel 2 acquires the
much lower voltage across the resistor.
In Fig. 11, the normalized average power spectrum of
the function generator (channel 1) is depicted. It can be seen
that the THD is very poor and that the highest harmonic is
actually the second which is an indication of the lack of
symmetry of the sine signal.
0

Average Power Spectrum /dBc

-20

0.1

0.05

u2 /V

On average, the standard deviation of the phase error for
D1 = 5 V and D2 = 50 mV is 25 times higher than the
standard deviation of the phase error for D1 = 5 V and
D2 = 5 V . However, for 60 periods of acquired data, the
standard deviation of the phase error is only 0.013 º for
D1 = 5 V and D2 = 50 mV .
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Fig. 12. Sampled points and the fitted ellipse. u1 corresponds to the
function generator voltage while u2 is the voltage across a 200 Ω
resistor which is connected in series with a 20 nF capacitor.

6. CONCLUSIONS

In this paper an efficient, non-iterative method for
estimating the amplitudes and phase difference of two
acquired sine signals was presented. The method is very fast
since no iterative process is required. When applied to
impedance measurements, it will require less computational
time and increase the number of impedance measurements
per unit of time.
The method is particularly suited for situations where the
excitation signals are very pure sine signals.
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Further work will include a comparison with the
seven-parameter sine fitting, focusing on the parameter
estimation accuracy and uncertainty as well as the influence
of ADC number of bits, sampling rate, number of acquired
points, SNR ratio for both channels, phase difference and
algorithm time consumption.
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of the low cost function generator output.
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In Fig. 12, 100 sample points corresponding to one
period (for this test the sampling frequency is
f S = 100 kS/s ) are shown together with the best fitted
ellipse. Notice that near the maximum of u1 (X-axis) there
are fewer points. This is a clear indication of sine distortion.
The function generator also introduces a small negative DC
component.
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