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Abstract. This paper proposes a new knowledge representation language, called
QDLP, which extends DLP to deal with uncertain values. A certainty degree interval (a subinterval of [0; 1]) is assigned to each (quantitative) rule. Triangular
norms (T -norms) are employed to define calculi for propagating uncertainty information from the premises to the conclusion of a quantitative rule. Negation
is considered and the concept of stable model is extended to QDLP. Different
T -norms induce different semantics for one given quantitative program. In this
sense, QDLP is parameterized and each choice of a T -norm induces a different
QDLP language. Each T -norm is eligible for events with determinate relationships (e.g., independence, exclusiveness) between them. Since there are infinitely
many T -norms, it turns out that there is a family of infinitely many QDLP languages. This family is carefully studied and the set of QDLP languages which
generalize traditional DLP is precisely singled out. Finally, the complexity of
the main decisional problems arising in the context of QDLP (i.e., Model Checking, Stable Model Checking, Consistency, and Brave Reasoning) is analyzed. It is
shown that the complexity of the relevant fragments of QDLP coincides exactly
with the complexity of DLP. That is, reasoning with uncertain values is more
general and not harder than reasoning with boolean values.

1 Introduction
Disjunctive logic programs are logic programs where disjunction is allowed in the heads
of the rules and negation may occur in the bodies of the rules. Such programs are nowadays widely recognized as a valuable tool for knowledge representation and commonsense reasoning [3, 16, 22]. An important merit of disjunctive logic programming (DLP)
is its capability to model incomplete knowledge [3, 22]. DLP has a very high expressive power. In [14] it is proved that, under stable model semantics, disjunctive programs
capture the complexity class 2P , that is, they allow to express every property which is
decidable in non-deterministic polynomial time with an oracle in NP. Thus, DLP can
express real world situations that cannot be represented by disjunction-free programs.
However, real-life applications often need to deal with uncertain information and
quantitative data which cannot be represented in DLP. The usual logical reasoning in
terms of the truth values true and false are insufficient for the purposes of several reallife applications. Image databases, sensor data, temporal indeterminacy, information
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retrieval are only a few of the domains where uncertainty occurs [20]. Consider for instance a robot which moves and changes direction according to a prefixed route and
to the coordinates received from a sensor. Since sensor data may be subject to error
and sensors may have different reliability, a formalism able to deal with uncertain information is needed to encode the control mechanism of the robot. (See section 4 for
the example on this subject.)
Many frameworks for multivalued logic programming have been proposed to handle
uncertain information. There is a split in the AI community between (i) those who
attempt to deal with uncertainty using non-numerical techniques [8, 9, 12], (ii) those
who use numerical representations of uncertainty but, believing that probability calculus
is inadequate for the task, invent entirely new calculi, such as Dempster-Shafer calculus
[10, 17, 32], fuzzy logic [6, 7, 15, 18, 19, 33, 34], and (iii) those who remain within the
traditional framework of probability theory, while attempting to equip the theory with
computational facilities needed to perform AI tasks [2, 24–27, 29, 30].
We propose an approach to define the representation, inference, and control of uncertain information in the framework of DLP which is closely related to the second of
the above categories.
The main contributions of the paper are the following.
– We define a new knowledge representation language, called Quantitative Disjunctive Logic Programming (QDLP), extending DLP to deal with uncertain values.
– We define a mechanism of reasoning with uncertainty through rule chaining by
using the well-studied and mathematically clean notion of T -norm. In particular,
we consider a p-parameterized family of T -norms. Each T -norm is eligible for
events with determinate relationships (e.g., independence, exclusiveness) between
them. Different T -norms induce different semantics for one given quantitative program. Thus, QDLP is parameterized and each choice of a T -norm induces a different QDLP language. There are infinitely many T -norms, hence there are infinitely
many QDLP languages. Importantly, the T -norm may be chosen according to the
level of knowledge of the relationships between the atoms (events) of the program.
– We single out precisely the fragments from the QDLP family which are generalizations of DLP. Basically, a fragment QF of QDLP induced by a T -norm T (p) ,
p 2 , is a generalization of DLP iff to each program P from DLP corresponds a
program QP in QF such that the set of all stable models of P is exactly the set of all
stable models of QP under the semantics induced by T (p) .
– We show that the Quantitative Logic Programming Language proposed by van Emden in [34] coincides with the disjunction-free fragment of QDLP induced by the
T -norm T3 .
– We analyze the complexity of the main decisional problems arising in QDLP. We
classify precisely (i.e., by completeness results) the complexity of all relevant fragments of QDLP (i.e., of the QDLP languages which truly generalize DLP) for the
T -norm T3 . Importantly, the addition of uncertainty does not cause any computational overhead, as the complexity of QDLP is exactly the same as the complexity
of DLP. In other words, uncertainty comes for free!
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For space limitation, we omit the proofs of the results reported in section 6.2 and 7.
The proofs of all results along with further material and details are reported in the long
version of the paper [23] which can be retrieved from the mentioned web address.

2 Preliminaries: Triangular Norms and Conorms
The triangular norms ( T -norms) and conorms (T -conorms) form the basis for the various uncertainty calculi discussed in this paper. We will denote a T -norm by T and a
T -conorm by S . One of the advantages of these operators is their low computational
complexity.
The T -norms and T -conorms are functions T; S : [0; 1]  [0; 1] ! [0; 1] which
satisfy the following properties:

T (a; 0) = T (0; a) = 0
S (1; a) = S (a; 1) = 1
[boundary ]
T (a; 1) = T (1; a) = a
S (0; a) = S (a; 0) = a
[boundary ]
T (a; b)  T (c; d)
S (a; b)  S (c; d) if a  c; b  d [monotonicity]
T (a; b) = T (b; a)
S (a; b) = S (b; a)
[commutativity ]
T (a; T (b; c)) = T (T (a; b); c) S (a; S (b; c)) = S (S (a; b); c)
[associativity ]
Intuitively, T (a; b) (resp., S (a; b)) assigns a certainty value to the composition of
two events e1 and e2 whose certainty values are a and b. Usually, the composition of
e1 and e2 is the conjunction (resp., disjunction) under certain conditions (e.g., indepen-

dence, mutual exclusiveness).
Although defined as two-place functions, the T -norms and T -conorms can be used
to represent the composition of a larger number of events. Because of the associativity
property, it is possible to define recursively T (x1 ; : : : ; xn ; xn+1 ) and S (x1 ; : : : ; xn ; xn+1 )
for x1 ; : : : ; xn+1 2 [0; 1] as:

T (x1 ; : : : ; xn ; xn+1 ) = T (T (x1; : : : ; xn ); xn+1 )
S (x1 ; : : : ; xn ; xn+1 ) = S (S (x1 ; : : : ; xn ); xn+1 )
Some typical T -norms and T -conorms are the following:


T (a; b) = min(a; b) if max(a; b) = 1 S (a; b) = max(a; b) if min(a; b) = 0
0

0

otherwise

T1(a; b) = max(0; a p+ b ?p1)
T1:5(a; b) = max(0; a + b ? 1)2
T2(a; b) = ab
T2:5(a; b) = a+ab
b?ab
T3(a; b) = min(a; b)

0

1

otherwise

S1 (a; b) = min(1; a + b)p
p
S1:5 (a; b) = 1 ? max(0; 1 ? a + 1 ? b ? 1)2
S2 (a; b) = a + b ? ab
S2:5 (a; b) = a+1b??ab2ab
S3 (a; b) = max(a; b)

It is important to note that

T0  T1  T1:5  T2  T2:5  T3
S3  S2:5  S2  S1:5  S1  S0
T1 is appropriate to perform the intersection of lower probability bounds (uncertainty
values) and captures the notion of the worst case, where the arguments are considered
3

as mutually exclusive as possible. T3 is appropriate to represent the intersection of upper probability bounds and captures the notion of the best case, where one argument
attempts to subsume the others. T2 is the classical probabilistic operator that assumes
independence of arguments and its dual T -conorm S2 is the usual additive measure for
the union.
Schweizer and Sklar [31] proposed a parameterized family, denoted by T (a; b; p),
where a and b are the T -norm's arguments and p is the parameter that spans the space
of T -norms from T0 to T3 :

8 ?p ?p ? p1
if a?p + b?p  1 when p < 0
>
>
< 0(a + b ? 1)
?p ?p
when p < 0
T (a; b; p) = > lim T (a; b; p) = ab if a + b  1 when
p!0
p
!
0
>
: (a?p + b?p ? 1)? p1
when p > 0
Let R = [?1; +1] and R+ = [0; +1]. Given a real number p 2 R, we denote
by T (p) the member of the family of T -norms induced by p. Note that we allow p to be
assigned the infinite values ?1 and +1. Figure 1 illustrates how T (p) spans over the
real numbers, so for example T (?1) = T0 , T (?1) = T1 , T (0) = T2 , and T (+1) = T3 .
p

?1

T (a; b; p) T0

?1 ?0:5
T1

0

1

1

+

T1:5 T2 T2:5

Fig. 1. Spanning of the T -norms over the real numbers

T3

For suitable negation operators N (a), such as N (a) = 1 ? a, T -norms and
conorms are duals in the sense of the following generalization of DeMorgan's law:

T-

S (a; b) = N (T (N (a); N (b)))
T (a; b) = N (S (N (a); N (b)))
This duality implies that given the negation operator N (a) = 1 ? a, the selection of a
T -norm uniquely constrains the selection of the T -conorm.
The dual parameterized family of T -conorm, denoted by S (a; b; p) is defined as
S (a; b; p) = 1 ? T (1 ? a; 1 ? b; p). Given a real number p 2 R we denote by S (p)
the member of the family of T -conorms induced by p. So for example S (?1) = S0 ,
S (?1) = S1 , S (0) = S2 , and S (+1) = S3 .
Theorem 1. The evaluation of the T -norms and T -conorms at the extremes of the unity
interval [0; 1] satisfies the truth tables of the logical operators AND and OR, respec2
tively.
3 Syntax of QDLP

term is either a constant or a variable1. An atom is a(t1 ; :::; tn ), where a is a
predicate of arity n and t1 ; :::; tn are terms. A literal is either a positive literal p
or a negative literal :p, where p is an atom.
A

1

Note that function symbols are not considered in this work.
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A positive (disjunctive) quantitative rule r is a clause of the form:

h1 _    _ hn [x;y?] b1 ;    ; bk ; n  1; k  0
where h1 ;    ; hn ; b1 ;    ; bk are atoms and 0 < x  y  1. The interval [x; y ] is the

certainty degree interval of the rule (i.e., the strength of the rule implication) and it is a
measure of the reliability of the rule. h1 _    _ hn is the head of the quantitative rule
and it is a non-empty disjunction of atoms. b1 ;    ; bk is the body of the quantitative
rule and it is a (possibly empty) conjunction of atoms. If the body is empty (i.e., k = 0)
and the head contains exactly one atom (i.e., n = 1), the rule is a fact whose certainty
degree interval coincides with the strength of the implication.
A positive (disjunctive) quantitative program is a finite set of positive quantitative
disjunctive rules.

4 Semantics of QDLP
Let P be a positive disjunctive quantitative program. The Herbrand universe UP , the
Herbrand base BP , and ground(P ) of P are defined like in DLP.
Once we defined the syntax of quantitative rules, we need to evaluate the satisfiability of premises, to propagate uncertainty through rule chaining and to consolidate the
same conclusion derived from different rules.
A quantitative interpretation I of P is a mapping which assigns to each atom A 2
BP a certainty degree interval [xA ; yA ]  [0; 1]. We write I (A) = [xA ; yA]; 8 A 2

BP ; [xA ; yA]  [0; 1]:

It is worth noting that a quantitative program P has infinitely many quantitative
interpretations because each atom A 2 BP can be assigned infinitely many intervals
[xA ; yA ]  [0; 1]. This is an important difference w.r.t. (function-free) DLP, where each
program has always a finite number of Herbrand interpretations.
Let p be any real number inducing T (p) from the family of T -norms. We denote by T (p) (resp., S (p) ) the generalization of the T -norm T (p) (resp., T -conorm
S (p) ) whose arguments are intervals instead of single values, e.g., T (p) ([a; b]; [c; d]) =
[T (p) (a; c); T (p) (b; d)].
Now that we know what a quantitative interpretation I is, the first thing to straighten
out is when a rule r is true w.r.t. I and what is the role of p. To this end, we first define
the way the certainty degree intervals of the atoms of a conjunction or disjunction are
combined. In particular, we define
1. The certainty degree interval of a (possibly empty) conjunction
BP , C = b1 ^ : : : ^ bm , w.r.t. I and p:

I

p

( )



=0
C ) = T[1;(p1]) (I (b ); : : : ; I (b )) ifif m
m
>0
1
m

(

C of atoms from

i:e:; C = ;)

(

2. The certainty degree interval of a non-empty disjunction D of atoms from BP ,
D = h1 _ : : : _ hn , w.r.t. I and p:

I (p) (D) = S (p) (I (h1 ); : : : ; I (hn )):
5

We say that a rule r 2 ground(P ),
following inequality is satisfied

H (r) [x;y?] B (r), is p-satisfied w.r.t. I iff the

I (p) (H (r))  T2 (I (p) (B (r)); [x; y])

(1)

The member on the right-hand side of the inequality (1) represents the certainty degree
interval propagated through the rule w.r.t. I and p.
The head event H (r) depends on two events: (i) the rule reliability event, expressed
through [x; y ], and (ii) the reliability event of the body of r w.r.t. I and p, given by
I (p) (B (r)). Intuitively, we can assume that the rule reliability is independent of the
certainty degree intervals of the body literals, so that the two events are to be considered
independent and for this reason we use T2 in (1).
A quantitative p-model of P is a quantitative interpretation M of P such that each
rule r 2 ground(P ) is p-satisfied w.r.t. M . Since the definition of quantitative p-model
relies completely on the instantiation ground(P ) of P , for simplicity, throughout the
rest of this paper, we assume that P is a ground program (that can be either ground
originally, or it is the instantiation ground(P 0 ) of a program P 0 ). The set of all pmodels of P is denoted by M(p) (P ).
As previously noted, a quantitative program P has infinitely many quantitative interpretations. Thus, P may have (infinitely) many p-models. Therefore, it is useful to
define an order relation between the p-models of P which makes possible to prefer some
p-models to others. Since a p-model assigns certainty degree intervals to all atoms in
BP , an order relation between p-models should be defined in terms of an order relation
between intervals.
Given two certainty degree intervals [a; b] and [p; q ], then [a; b]  [p; q ] iff a  p
and b  q . Moreover, [a; b] < [p; q ] iff (i) [a; b]  [p; q ], and (ii) a < p or b < q .
Given M1 ; M2 2 M(p) (P ), M1  M2 iff M1 (A)  M2 (A) for each A 2 BP .
Moreover, M1 < M2 iff (i) M1  M2 , and (ii) 9A 2 BP s.t. M1 (A) < M2 (A).
We are now in a position to define what a minimal p-model is. A p-model M 2
M(p) (P ) is minimal iff there is no N 2 M(p)(P ) such that N < M . The minimal
p-model semantics of P is the set of all minimal p-models of P and is denoted by
MM(p) (P ).
Once we fix p, we uniquely select a T -norm and its dual T -conorm which completely describe an uncertainty calculus. That is, according to the previous definitions,
once we fix p, we define a semantics for P , called the p-semantics. In this sense, we
say that the semantics of the quantitative programs is parameterized and the choice of a
T -norm induces the semantics of a quantitative program. Moreover, different T -norms
induce different semantics in general. Since we can fix p in infinitely many ways, we
can define infinitely many semantics for P . The T -norm may be chosen according to
the level of knowledge of the relationships between the atoms of P .
Example 1. Consider the ground program P consisting of the following rules

a _ c [0:9?;1] :
b [0:5;?0:5] :

p [0:8;?0:8] a; b :
q [0:4;?0:8] b :
6

t [0:5;?0:6] p :
t [1;?1] q :

and the interpretations I1 , I2 and I3 ,

I1 = fa : [0:9; 1]; b : [0:5; 0:5]; c : [0; 0]; p : [0:4; 0:4]; q : [0:2; 0:4]; t : [0:2; 0:4]g
I2 = fa : [0:9; 1]; b : [0:5; 0:5]; c : [0; 0]; p : [0:4; 0:6]; q : [0:2; 0:4]; t : [0:2; 0:4]g
I3 = fa : [0:9; 1]; b : [0:5; 0:5]; c : [0; 0]; p : [0:2; 0:5]; q : [0:2; 0:4]; t : [0:2; 0:4]g
T3 ) then I1 ; I2 2 M(p) (P ). I3 62 M(p) (P ) because the rule
p [0:8;?0:8] a; b is not p-satisfied w.r.t. I3 . Moreover, I1 < I2 and I1 is minimal.
2
If p

1 (i.e., T p

= +

( )

=

Example 2. Consider a robot which moves and changes direction according to a prefixed route and to the coordinates received from a sensor. Sensor data is subject to
error and different sensors may have different reliabilities. The control mechanism of
the robot can be encoded in QDLP as follows. Consider the atoms moveToRight,
moveToLeft, moveUp, moveDown, xCoord(X ), yCoord(Y ), sensorX (X ), and
sensorY (Y ). At regular intervals of time, the sensors return instances of the atoms
sensorX (X ) and sensorY (Y ) which are used to derive the actual coordinates according to the following quantitative rules

xCoord(X ) [0:9?;1] sensorX (Z ); jX ? Z j  0:5
yCoord(Y ) [0:8?;1] sensorY (Z ); jY ? Z j  0:5
where the strength of the implication of each rule represents the reliability of the corresponding sensor in normal environment conditions (e.g., good visibility, low level of
usage, etc). The built-in predicates have always the maximal reliability (i.e., [1; 1]). The
atoms sensorX (X ) and sensorY (Y ) are assigned reliabilities according to the current
environment conditions. For each turning point (x; y ) of the assigned route, we define
a rule like

atom [1;?1] xCoord(x); yCoord(y)
where atom 2 fmoveToRight; moveToLeft; moveUp; moveDowng. The robot turns
to the right when the certainty degree interval of moveToRight is at least [0:75; 1], and
so on.
2
5 QDLP with Negation
Several real world situations can be represented much more naturally if negation is
allowed [21]. It is therefore necessary to define a general (disjunctive) quantitative rule
r which allows negative literals in its body:

h1 _    _ hn [x;y?] b1 ;    ; bk ; :bk+1 ;    ; :bk+m ; n  1; k; m  0
where h1 ;    ; hn ; b1 ;    ; bk+m are atoms and 0 < x  y  1.
We show next how the definitions of p-satisfiability and (minimal) p-model change
when negative literals are allowed in the rules' bodies. Moreover, we will see that the
quantitative minimal model semantics is not the natural meaning to be assigned to a
negative quantitative program, and we define the quantitative stable model semantics.
7

We have to redefine only the relation (1) which the p-satisfiability of a positive rule
depends on and take into consideration the case when the body of a rule contains also
negative literals; all other definitions remain unchanged.
A natural question that arises is, given I (A) = [x; y ], how do we evaluate the
certainty degree of the negative literal :A, that is, what is I (:A)? The answer is

I (:A) = [N (y); N (x)] = [1 ? y; 1 ? x]
where N is the negation operator N : [0; 1] ! [0; 1], N (x) = 1 ? x.
Thus, the certainty degree interval of the body of r w.r.t. I and p is given by

m=0
p
I (B (r)) = T[1; p1](I (b ); : : : ; I (bk ); I (:bk ); : : : ; I (:bk m)) ifif kk +
+m>0
( )

( )

1

+1

+

Like in DLP, the quantitative minimal model semantics is applicable also to negative
quantitative programs, but it does not capture the meaning of negation by failure (i.e.,
CWA). We define a new new semantics, called quantitative stable model semantics.
The quantitative stable model semantics involves the notion of stable p-model. Before defining this new notion, we define the extended quantitative program and the
quantitative version (qGL) of the Gelfond-Lifschitz transformation (GL).
An extended quantitative program is a quantitative program Pe where subintervals
of the unity interval [0; 1] may occur as body atoms in the rules of Pe and are considered
like normal atoms. It is worth noting that such atoms are not in BPe . We assume that
every quantitative interpretation I of Pe assigns to each atom [x; y ] occurring in the
body of a rule the certainty degree interval [x; y ], that is, I ([x; y ]) = [x; y ].
Given a quantitative interpretation I for P , the qGL-transformation PI of P w.r.t. I
is the positive extended quantitative program obtained from P by replacing in the body
of every rule each negative literal : Bi by the constant interval I (: Bi ).
Let M be a p-model of P , for some p 2 . M is a stable p-model of P iff M is
P . The stable p-model semantics of P is the set of all stable pa minimal p-model of M
models of P and is denoted by SM(p) (P ). Note that if P is positive then MM(p) (P ) =
SM(p) (P ) for each p 2 .

R

R

:;:

R

? : bg, p 2 (the value of p is irrelevant, since the
Example 3. Let P = fa
body of the single rule of P contains only one literal), and the minimal p-model M =
[0 5 0 6]

fa : [0:5; 0:6]; b : [0; 0]g. Note that MP

fa

:;:

? [1; 1]g. and that M is a minimal
p-model of MP , hence M is a stable p-model of P .
Consider now the minimal p-model N = fa : [0:25; 0:36]; b : [0:4; 0:5]g. Thus,
0:6]
P = fa [0:5;?
P
[0:5; 0:6]g and N 0 = fa : [0:25; 0:36]; b : [0; 0]g is a p-model of N .
N
P , hence N is not a stable p-model of P .
2
Since N 0 < N , N is minimal for N
=

[0 5 0 6]

6 Generalization Results
6.1 Van Emden's Approach
One of the most relevant earlier works in this field was accomplished by van Emden in
f
[34]. There, a quantitative rule r is of the form A ? B1 ; : : : ; Bn ; where n  0, A,
8

B1 ; : : : ; Bn are all positive atoms, f is a real number in the interval (0; 1]. r is true in a
quantitative interpretation I iff I (A)  f  minf I (Bi ) j i 2 f1; : : : ; ng g:
Theorem 2. The language proposed by van Emden in [34] is a particular case of the
p-model semantics, where p = +1 (i.e., T (p) = T3 ).
2
There are important differences between our approach and that of van Emden. First
of all, the programs considered in [34] are positive and without disjunction. Moreover,
unlike in our approach, each clause implication receives a scalar and not an interval.
Finally, van Emden defines a unique uncertainty calculus, based on the T -norm T3 .
6.2 Traditional Disjunctive Logic Programming
From the syntax point of view, QDLP is an extension of DLP. Each P in DLP can be
transformed in a program P 0 in QDLP, called the quantitative version of P , by assigning
[1; 1] to the strength of the implication of each rule (fact) of P . Remember that in DLP
the implications are strict logical true and the logical value true is regarded as [1; 1] in
QDLP. Thus, P is equivalent to P 0 from the syntax point of view.
Example 4. Consider the logic program

P

=

fa

;

b

;

c_d

[1;1]
[1;1]
[1;1]
quantitative version of P is P 0 = fa ? ; b ? ; c _ d ? a; bg.

a; bg. The
2

We wish to see now whether QDLP is an extension of DLP also from the semantics
point of view. We say that a stable p-semantics of QDLP is a generalization of the stable
model semantics of DLP iff SM(p) (P 0 ) = SM(P ) for each P in DLP, where P 0 is the
quantitative version of P . Given p, a priori, it is not guaranteed that the p-semantics of
QDLP generalizes the DLP semantics.
It is highly desirable that QDLP semantics coincides with DLP semantics on boolean
quantitative programs. Whether the p-semantics of a given class of boolean quantitative
programs coincides with the DLP semantics, depends strongly on the value of p and on
the features (e.g., positive, stratified negative, disjunctive,etc.) of the QDLP class. We
single out the classes of QDLP and the values of p for which the p-semantics on the
boolean quantitative programs of these classes coincides with the DLP semantics.

f g f :s g f : g f _h g f _ g f _h ; :s g f _; :s g f _; : g
p = ?1

YES YES

NO

YES

NO

YES

NO

NO

p 2 (?1; 0)

YES YES

NO

NO

NO

NO

NO

NO

p 2 [0; +1]

YES YES

NO

YES YES

YES

YES

NO

Table 1. QDLP fragments generalizing DLP
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The results on generalizations are summarized in Table 1. Each column of the table
collects the results for a specific class of programs for the T -norms induced by the
values of p on the rows. The symbol :s refers to the stratified negation, while _h refers
to the head cycle free (HCF) disjunction. 2 For instance, the last column of the table
refers to the (unstratified) negative (non-HCF) disjunctive programs.
A box of the table contains the answer YES if the class of programs given by the
corresponding column header is a generalization for the values of p given by the header
of the corresponding row of the table, and NO otherwise.
From the non-disjunctive programs class, for positive and stratified programs, every
p 2 induces a quantitative extension of DLP.
From the class of disjunctive programs, like in the non-disjunctive case, for positive
and stratified programs there are values of p which induce quantitative extensions of
DLP, but unlike in the non-disjunctive case, where p 2 , p is reduced to f?1g [
[0; +1] for the HCF case and to [0; +1] for the non-HCF case. The generalizations of
the HCF and non-HCF programs are not supported by other values of p.
Thus, generalization is guaranteed in most cases where recursion through negation
and disjunction is forbidden (stratified and HCF programs). This is a nice result because
stratified HCF programs have a very clear and intuitive declarative meaning (while
unstratification and recursion through disjunction can be confusing).
Intuitively, the fact that a fragment QF of QDLP is not a generalization of the corresponding fragment F of DLP is due to (i) the disjunctive rules' heads, and (ii) that some
values of p induce T -conorms for which, when applied to a disjunction of atoms, it is
not absolutely necessary that the certainty degree interval of all atoms be [1; 1] in order
to derive [1; 1] as certainty degree interval for the disjunction. For these values of p, the
quantitative version P 0 in QF of a program P in F has pure quantitative stable p-models
in QDLP which clearly cannot be accepted as stable models in DLP for P . Only the
T -conorms and not also the T -norms corresponding to these values of p were reasons
for not obtaining generalizations of DLP.

R

R

7 Complexity Results
As for traditional DLP, four main decisional problems arise in the context of QDLP. In
particular, given a quantitative program P and p 2 ,

R

1.
2.
3.
4.

is a given quantitative interpretation I of P a p-model for P ? (p-Model Checking)
is a given p-model M of P a stable p-model for P ? (Stable p-Model Checking)
does there exist a stable p-model for P ? (p-Consistency)
given an atom A 2 BP and a certainty interval [x; y ], does there exist a stable
p-model M for P such that M (A)  [x; y]? (Brave p-Reasoning)

We have analyzed the complexity of the above decisional problems for the classes of
QDLP which are generalizations of the corresponding DLP classes, the other fragments
2

The notion of Stratified Negation [1] and of Head Cycle Free Disjunction [4, 5] are extended
from traditional DLP to QDLP in a straightforward manner. Their formal definitions are given
in Appendix A.
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being of low interest from the practical point of view. The results for non-disjunctive
and disjunctive quantitative programs are summarized in Table 2 and 3, respectively.
A box in the tables contains the complexity of the decisional problem given by the
corresponding column header for the fragment of QDLP given by the corresponding
row header.

p-Model Checking Stable p-Model Checking p-Consistency Brave p-Reasoning

fg
f :s g

P

P

Ensured

P

P

P

Ensured

P

Table 2. Complexity of non-disjunctive QDLP Fragments for p

2R

R

The results in Table 2 for the non-disjunctive fragments are valid for p 2 .
For both positive and stratified classes, all decisional QDLP problems, apart from pConsistency which is O(1), are polynomial.

p-Model Checking Stable p-Model Checking p-Consistency Brave p-Reasoning

f _h g
f_g
f _h ; :s g
f _; :s g

P

P

Ensured

NP-complete

P

coNP-complete

Ensured

2P -complete

P

P

Ensured

NP-complete

P

coNP-complete

Ensured

2P -complete

1 (T -norm T )

Table 3. Complexity of QDLP Fragments for p = +

3

Determining precisely the complexity of disjunctive QDLP is much more difficult.
In this paper, we have concentrated our attention on the QDLP fragments relative to the
T -norm T3 (p = +1). This T -norm is of particular interest, as it is the norm for which
QDLP generalizes also the quantitative language of van Emden (see section 6.1).
The results for the disjunctive QDLP are shown in Table 3. The first column reports
about the complexity of p-Model Checking for the various disjunctive fragments of
QDLP. In all cases the complexity is polynomial.
The 2nd column reports about the complexity of Stable p-Model Checking. The
“hardest” QDLP fragments for this problem are proved to be the classes of positive and
stratified negative (non-HCF) disjunctive programs whose complexity is coNP. In the
other two considered cases the complexity is polynomial.
The 3rd column reports about the complexity of p-Consistency. In all considered
cases the complexity is O(1) because the existence of a stable p-model is ensured.
11

Finally, the 4th column reports about the complexity of Brave p-Reasoning. We can
note an increment of complexity from NP-complete for the HCF case to 2P -complete
for the non-HCF case.
Note that the here considered classes of QDLP with stratified negation do not increase the complexity of any of the four decisional problems w.r.t. the corresponding
positive classes. This result is shown in Table 3 by the rows pairs (1; 3) and (2; 4) which
store the same complexity results in all columns.
Remark that our results for QDLP coincide precisely with the results for DLP obtained by Eiter et al. in [13, 14], i.e., reasoning under multiple-valued logics is more
general but not harder than reasoning under boolean logics. That is, uncertainty comes
for free!
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A Stratified and Head Cycle Free QDLP
The stratified and head-cycle-free (HCF) quantitative programs are important classes of the quantitative programs and, as we will see, they have nice properties.
The stratified quantitative programs are defined in the classical way, as introduced by Apt et
al. in [1]. A quantitative program is (locally) stratified iff it is possible to partition the set of its

h

P

i

atoms into strata S1 ; : : : ; Sr , such that for every rule h1
in the following holds,

P

_  _hk x;y? b ;    ; bl ; :bl ;    ; :bl
[

]

1

+1

Strat(a) = i iff a 2 Si and
Strat(bs)  Strat(ht) for all 1  s  l, 1  t  k and
Strat(bs) < Strat(ht) for all l + 1  s  l + m, 1  t  k.
Note that if P is stratified then there is a partition P = P1 [ : : : [ Pr , where r is the number of
strata and Pi contains the rules of P defining the atoms of Si , 1  i  r.

(i)
(ii)
(iii)

In the sequel, if a negative program is not explicitly said to be stratified, it is assumed to be
unstratified.

P consisting of the following rules:
a _ b : ;?: : c:
a : ;?: :
:;:
e ? b; : d:
c _ d : ;?: :
P is stratified. A partition of BP into strata is hS ; S i with S = fc; dg and S = fa; b; eg.
:;:
The partition of P corresponding to the partition of BP is P = P [P with P = fc_d
?g
:;:
and P = fa
? ; a _ b : ;?: : c; e : ;?: b; : dg.
2
At every program P , we associate a directed graph DGP = (N; E ), called the dependency
graph of P , in which (i) each predicate of P is a node in N , and (ii) there is an arc in E directed
from a node a to a node b iff there is a rule in P such that b and a are the predicates of a positive
Example 5. Consider the program

[0 6 0 6]

[0 4 0 4]

[0 5 0 5]

[0 8 0 8]

1

2

1

2

1

2

[0 4 0 4]

[0 6 0 6]

2

1

[0 8 0 8]

[0 5 0 5]

literal appearing in H (r) and B (r), respectively. DGP singles out the dependencies of the head
predicates of a rule r from the positive predicates in its body. 3

Example 6. Consider the program

a _ b [0:6;?0:6] :

P

1

consisting of the following rules: 4

c [0:6;?0:6] a:

c [0:6;?0:6] b:

DGP1 is depicted in Figure 2a. (Note that, since the sample program is propositional, the
nodes of the graph are atoms, as atoms coincide with predicates in this case.)
Consider now the program 2 , obtained by adding to 1 the rules

P

d _ e [0:8;?0:8] a:
d [0:4;?0:4] e:
The dependency graph DGP2 is shown in Figure 2b.

P

e [0:5;?0:5] d; : b:

2

The HCF quantitative programs are an important class of the quantitative programs with
disjunction in the head and are defined in the classical way, as defined in [4, 5].
A program is HCF iff there is no clause r in such that two predicates occurring in the
head of r are in the same cycle of DGP . In the sequel, if a disjunctive program is not explicitly
said to be HCF, it is assumed to be non-HCF.

P

3
4

P

Note that negative literals cause no arc in DGP .
We point out again that we use propositional programs for simplicity, but the results are valid
for the general case of (function-free) programs with variables.
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m

+

c

a

e

b

d

c

a

(a)

b
(b)

Fig. 2. Dependency Graph (DGP )

Example 7. The dependency graphs given in Figure 2 reveal that program

P

HCF and that 2 is not HCF, as rule d
to the same cycle of DGP2 .

_e

:;:

P

1

of Example 6 is

? a contains in its head two predicates belonging

[0 8 0 8]

2
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