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Abstract—The Move-to-front (MTF) scheme is a data-compression method which converts each symbol of a source sequence to a
positive integer sequentially, and encodes it to a binary codeword.
The compression performance of this algorithm has been analyzed
usually under the assumption of the so-called symbol extension.
But, in this paper, upper and lower bounds are derived for the redundancy of the MTF scheme without the symbol extension for stationary ergodic sources and Markov sources. It is also proved that
for the stationary ergodic first-order Markov sources, the MTF
scheme can attain the entropy rate if and only if the transition matrix of the source is a kind of doubly stochastic matrix. Moreover,
2), the MTF
if the source is a th-order Markov source (
scheme cannot attain the entropy rate of the source generally.
Index Terms—Asymptotic redundancy, doubly stochastic
process, Markov sources, move-to-front (MTF) scheme, stationary
ergodic sources.

I. INTRODUCTION

T

HE move-to-front (MTF) scheme [1] is a data-compression algorithm, which is equivalent to the Recency–Rank
scheme [2] and the Book–Stack scheme [3]. The MTF scheme
is often used in several efficient data-compression methods. For
instance, in the block-sorting (BS) method [6], the MTF scheme
with the Burrows–Wheeler transform attains very high compression performance for many practical files [6].
of a data sequence
In the MTF scheme, each symbol
is transformed to a positive integer , and
is encoded to a binary codeword on the assumption that
then
is memoryless. The former transformation is
the process
called as the MTF transform.
Concerning the MTF scheme, some upper bounds of the
average redundancy are derived by the information-theoretic
analyses [1]–[3]. The average redundancy for stationary sources
and the almost-sure redudancy for stationary ergodic sources
and asymptotically mean stationary sources are also obtained
in [4]. These analyses show that the redundancy approaches
to zero as the size of the so-called symbol extension becomes
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large. Furthermore, the strict symbol-wise probability distriis studied for any independent and identically
bution of
distributed (i.i.d.) source in [5].
In these analyses, the symbol extension is introduced to show
is assumed to be i.i.d.
the asymptotic optimality, or source
In the analyses of the BS method [4], [7]–[9], the symbol extension is also used, because it is difficult to evaluate the performance of the MTF transform used in the BS method without the
symbol extension. However, the symbol extension is not usually used in practical applications of the MTF scheme nor the
BS method. Moreover, sources applied to the MTF transform
are generally not memoryless. Hence, from practical and theoretical points of view, it is worth evaluating the compression
performance of the MTF scheme without symbol extension for
sources with memory. In this paper, the redundancy of the MTF
scheme is derived for such practical cases.
This paper is organized as follows. In Section II, the MTF
transform algorithm is reviewed, and the redundancy of the
MTF scheme is defined in Section III. The redundancy is evaluated theoretically for stationary ergodic sources, finite-order
Markov sources, and binary sources in Sections IV, V, and VI,
respectively.
II. THE MTF TRANSFORM ALGORITHM
and
, let
For nonnegative integers
represent a sequence of random variables such
takes values in a finite set
that each
with cardinality
. We consider a stationary eras an information source.
godic stochastic process
satisfies
For simplicity, it is assumed that the probability of
for all
. A stochastic process
is
obtained from by the MTF transform, which has a sequence
of state . Each
takes values in integer alphabet
and each
takes values in , which con.
is the initial
sists of all permutations of
state of the MTF transform.
The algorithm of the MTF transform is defined as a map from
to
.
Algorithm—MTF Transform:
1) Generate randomly with a probability distribution
,
which is independent of .
.
2)
. Then, find
3) Suppose that
the symbol such that
.
.
4)
, which is ob5)
.
tained by moving to the front of
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6) If
, exit with output
can be chosen arbitrarily. If
and go to Step 3.

, where
, then let
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depending on whether the knowledge of
is used in the encoding of . Hence, the asymptotic upper and lower bounds of
redundancy of the MTF scheme can be given by

can be reproduced from
We can easily show that
for any
.
, then we need not enWhen we fix the parameter as
is fixed or generated by
code . Moreover, if the initial state
a deterministic algorithm, is also unnecessary to be encoded.
only. Each
is usually enIn this case, the output becomes
coded to a binary codeword by a universal code for the positive
integers [1], [2] or the arithmetic code under the assumption that
is memoryless. In the case of arithmetic coding, we can know
for each if the probabilities of
exactly the probability of
and
are known. But, practically, adaptive arithmetic coding
may be
based on memoryless empirical distribution of
used.
In the following sections, we assume that the probability disare known. Such analyses
tributions of , , and hence,
under the
give the best performance in all possible coding of
memoryless assumption for the MTF scheme.

or

where

and

are defined by
(5)

(6)
and
are bounded as (3) for any
Then, since
, we have the following inequalities from Lemma 7 in the
Appendix, which is an extension of the Cesáro mean (cf., [13,
Theorem 4.2.3]).

III. REDUNDANCY OF THE MTF SCHEME
is indeIn the MTF transform algorithm, source symbol
for any
. But
depends
pendent of the initial state
on
generally, and may not be stationary even if is stationary. Hence, at a glance, it seems to be difficult to derive some
useful properties of . However, if is a stationary, especially
finite-order Markov, source, we can derive useful bounds for the
redundancy of the MTF scheme.
First we define the following two kinds of symbolwise redundancies for a given stationary source .
Definition 1:
(1)
(2)
where

for

(8)
Hence, if
and
converge, then
and
also converge to the same values as
and
, respectively.
From the above reason, we evaluate
and
as
the redundancies of the MTF scheme.
In the following sections, we treat the cases of stationary ergodic sources, finite-order Markov sources, and binary sources.

.

In the case that the initial state
is fixed,
and
coincide with each other. On the other hand, if
is
:
not fixed, the following relations hold for any
(3)
(4)
corresponds to the case that each
is encoded using
the information of initial state
while
corresponds to
is not used in the encoding
the case that any information of
of .
is given by
The entropy rate of a stationary source
. On the other hand, since
is encoded as
memoryless data, if the probability distribution of
is known
to the encoder and the decoder, the best average code length
is given by
per one symbol for
or

(7)

IV. REDUNDANCY FOR STATIONARY ERGODIC SOURCES
is stationary ergodic. We define a function
Assume that
, which represents a relation of
in the MTF
transform.
Definition 2: Functions
are defined as follows:

and

(9)
We note that

and

satisfy
(10)
(11)

respectively.
Next, we show that if all symbols of the alphabet occur in ,
for
does not depend on the initial state . First
then
we define the set of such sequences.
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Definition 3: For
of all distinct letters included in
, define a set

denote the set
. Moreover, for each and

Thus, the former part of Lemma 1 holds.
The latter part of Lemma 1, i.e., (12) holds from the ergodicity
of .
Next we define the concatenation of the function .

which is the set of
in the first

such that all symbols of the alphabet occur
symbols of .

We show the properties of the set
lemma.

Definition 4: For each
is defined as

and

, function

in the following
for

Lemma 1: There exists a deterministic function such that
for any prefix of
gives
the state of time independently of the initial state . If is
ergodic, it is satisfied that for any fixed
(12)
Proof: Assume that
. Then because of the definition of
includes all symbols of the
alphabet . Assume that such a sequence
has state
after
is converted by the MTF transform.
Letting
denote the last occurrence time of in , each
must satisfy that
. The set of
with
, say,
, can be
represented as

where

(13)

is the function given in Lemma 1.

and
are one-to-one if
Lemma 2: For any
is given.
arbitrarily. Then from Definition 2
Proof: Fix
and Algorithm 1, a unique
for each
satisfies that

On the other hand, from Definition 2 and the reverse MTF transfor each
satisfies that
form, a unique

Using these lemmas, we now derive some bounds of redunand
, which are used in the following
dancies
sections.
Theorem 1: For any stationary ergodic source
alphabet , the next relations hold.

with finite

(14)
for any
(15)
where
, and

means the Cartesian product set of the sets

and

Furthermore, it is satisfied for any integers
that

and

(16)
(17)
stands for the th Cartesian product set of the set
. If
denote the string of length
zero. Clearly, if
satisfies
independently of . Note that the next
.
relations hold for any

and
are equal asymptotically.
From (14),
This means that the information of the initial state
cannot
decrease the redundancy asymptotically. Expressions (15) and
(16) give lower and upper bounds of
, respectively.
Proof: First we derive (14). Probability
and any
with
be described for any
as follows:

can

if

Therefore, the function

can be defined as follows:
(18)
if
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In case of

, the summation is bounded above as

Next we derive (15).
as follows:
for any
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can be bounded above

(19)
On the other hand, if
mined by
make a Markov chain
the summation becomes

is uniquelly deter. This means that
and
. Hence, in this case,

(20)
From (18)–(20), it holds that
where equality
holds because
is uniquely determined
from
when
, and
is uniquely determined from
by (11). Furthermore, equality
is induced
from Lemma 2.
Therefore, for any , the next inequality is satisfied.

Therefore, we have from (12) that

(21)
(23)

Since it holds that
Thus, (15) is obtained from (12) and (23).
Equation (16) is derived from Lemma 2 as follows:
for any , (21) means that

and therefore,
(22)
From (4) and (22), (14) is established.
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where inequality
holds because
is uniquely determined from
by (11) and hence we have that

Finally we derive (17). The initial state
is indepenis uniquely determined from
or
dent of
, and
and
are one-to-one when
or
are given. Therefore, we have that

where
holds because
is determined from
,
holds since
is independent of , and
is from the
assumption that is the th-order Markov source.

which means that

Lemma 3: If
,
for any

V. REDUNDANCY FOR MARKOV SOURCES
In this section, we consider finite-order Markov sources on
the finite alphabet .
Theorem 2: If
is a stationary ergodic
source, it holds that for any

th-order Markov

Next we give the necessary and sufficient condition such that
the MTF-scheme attains the entropy rate of the source asymptotically. First we give three lemmas to evaluate

is the th-order Markov source, it holds that
, and

Proof: Lemma 2 implies that for any
and
, there exists
that satisfies

The right-hand side of the preceding equation can be expressed,
from (9) and (11), as follows:

(24)
for any

(25)

Proof: If
is stationary and ergodic, (15) holds. Moreover, if is the th-order Markov source

holds in (16) for any
and
. These relations induce
(24).
On the other hand, (25) can be derived from (17) as follows:

where the last equality holds because
is determined from
and , is the th-order Markov source, and theremake a Markov chain.
fore,
Lemma 4: Assume that the stationary source
with finite
is converted to by the MTF transform
alphabet
and denote the transition
with state sequence . Let
probability and a stationary distibution of . If
(27)
holds for any

(26)
where equality
holds because
is uniquely determined
from
and
, equality
holds from Lemma 2 and the
and
are one-to-one when
is given, and
fact that
equality
comes from the fact that
is uniquely determined from
by (11). Furthermore, it holds that for any

and
with

, then it is satisfied for all
that
(28)

where

and

are defined by
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and are the minimum nonzero probability of the stationary
distribution and the minimum nonzero transition probability,
respectively.
Proof: We note that, letting
for
, the next relation holds.
Event
Event
(29)
Moreover, for any

satisfies

for

if

satisfies

. This means that

Event
Event
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tained by applying the MTF transform to . Then, there exists
only one stationary distribution
that satisfies
(32)
is clearly a finite-state Markov process which
Proof:
. First, we show that is
takes values in the set with
and
,
irreducible. For any
at the time . Then
can be
assume that
attained by
. Since
all the transition probabilities of are assumed to be positive,
there is a transition path of length from to with positive
probability. This means that is irreducible. Next, we show that
is aperiodic. For any
, if there is a transition path
from the state to of length , there is also a transition path
because for any state
of length
, it is possible to transit to with length one by
.
Therefore, is aperiodic.
is a finite-state, irreducible, aperiodic Markov
Because
chain, its marginal distribution converges to the unique stationary distribution, i.e.,

(30)
Expressions (29) and (30) imply that
Since

can take only finite states, (32) holds.

Using Lemmas 3–5, we next give the necessary and sufficient
condition to attain the entropy rate of the -th order Markov
source asymptotically by the MTF scheme.
Theorem 3: Let
be a stationary ergodic
th-order
, and let
Markov source with finite alphabet
denote the set of transition probabilities,
which are positive for all
and
. Then
if and only if
and
is given by
(31)
and any

Hence, we have that for any

such that

if
otherwise

(33)

where is a parameter satisfying
.
In the case of i.i.d. sources, the above condition can be simplified as follows.
Corollary 1: Let
. Then
distributed over .

be an i.i.d. source with finite alphabet
if and only if
is uniformly

Proof of Theorem 3: First we derive (33) under the assumption
Finally, the inequality
with

(34)

implies for all
that

Equations (24) and (34) means that
(35)
i.e., that for any

Lemma 5: Assume that
is the th-order Markov source
with positive transition probabilities and is the process ob-

and sufficiently large
(36)
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From Lemma 4, (36) implies that for any

with

and
Letting
and
(41) holds for any
, and sufficiently large

, since
, it is satisfied for any
that

(37)
(42)
Then, because of Lemma 8 in the Appendix, it holds that for any
and any

This means that for
(43)
Futhermore, since is stationary, the left-hand side of (43) does
must satisfy that for any
not depend on time . Therefore,
with
(44)

(38)
in (38) can be replaced with

From Lemma 3,

, and
can be represented by
is stationary. Hence, we obtain that

since

(39)
On the other hand, from Lemma 5, there exists the unique
for . Hence, from (32), it holds
stationary distribution
, any
, and sufficiently large that
for any

Then if we define

With the preceding formula, we consider two cases of
and
. We note from the assumption that
for all
and all
.
1) In the case of
, we have
Hence, (44) means that
and all such that

from (10) and (11).
is constant for all
.

2) In the case of
, and
must be different from
and
each other. Consider a case such that
. Then, if has and as the first and th elements,
respectively,
also has and as the first and th eladequately,
ements, respectively. Hence, by selecting
. This means
every except can satisfy
for any fixed ,
from (44) that
, and all
, that is,
is constant for
. Therefore, we conclude from (44) that
must be constant for all
and all such
.
that
Combining the results of these two cases,
depends only on and
but not
. Therefore,
becomes the first-order Markov source with
satisfying that
1)
is constant for all
,
2)
is constant for all
.
is given by (33).
Such distribution
Conversely, if
is given by (33), it can be easily checked
for any , and therefore,
that
.

as

the following holds;

In Theorem 3, we assume that transition probabilities
for all
and all
are positive.
such that
, we
If there exists a pair
cannot conclude that (33) is necessary for
because probability
cannot be bounded
below for all
as (31). In this case, we must exclude state
with
(40)
in the MTF transform. But, such treatment is burdensome.
In the case that the transition probability is different from
(33), the redundancy can be bounded as follows.

Combining (39) and (40), we obtain that

(41)

Theorem 4: Let be a stationary ergodic th-order Markov
.
source with finite alphabet and transition probability
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Then the redundancy
by

is bounded above asymptotically
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defined by (33). On the other hand,

becomes

can be rewritten to
by Lemma 3.
By these replacements, (47) can be represented as follows:
(45)
(46)

where the right-hand side in (45) is the conditional divergence
defined by

Hence, we obtain from Theorem 2 that

which means

(48)

Theorem 4 means that if the transition probability of the
th-order Markov source is close to the one given by (33) in
the sense of divergence, the redundancy is small.
Proof:
It holds for any
, and
that

(49)
Finally, since (48) and (49) hold for any , the bounds can be
taken the infimum by as follows:

Taking the average of both sides with respect to
we have

,
VI. REDUNDANCY FOR BINARY SOURCES
In this section, we consider the case that the source
nary.

Using this equation and the nonnegativity of divergence,
is upper-bounded as follows:

is bi-

Lemma 6: If the source
is binary, then
and
are
.
one-to-one for any
, the next relaProof: Letting the alphabet be
tions hold.

In the binary case,
and
can be evaluated
exactly for any as shown by the next theorem.
(47)
Now, set the probability distribution

as

if
otherwise
which is independent of the state
ized by . Then if we rewrite this probability
to a conditional probability of
given

Theorem 5: If is a binary source, the next equations hold
and
for any

and parameterby Lemma 3, it

(50)
(51)
Proof: For a given binary source,
follows:

is evaluated as
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where

is the binary divergence defined by

Proof: When
with
where equalities
respectively.
Similarly,

and

is the first-order Markov source,
is equal to zero. Hence, (50) and (51)

imply

hold from Lemmas 6 and 2,

is evaluated from (26) as follows:

Moreover, from Lemma 6,

can be represented as
(55)

On the other hand,

where equality
of .

comes from the fact that

can be evaluated as follows:

is independent

If
is the th-order binary Markov sources, the next theorem can easily be obtained from Theorem 5.

(56)

Theorem 6: Let be the th-order binary Markov source.
If
or
for some
, then the
. In other words, in the case of
Markov order must be
,
, and
are strictly positive for any
.
Proof: Since any binary source satisfies (50),
if and only if both of

comes from the fact that
where inequality
because
is independent of
and that
.
From (3), (55), and (56), we conclude that
for any
.
Next we derive (53). In the binary case,
and
are
is given. Hence, we have that
one-to-one when

and
are satisfied. We note that the condition
for any
means that
.
We have the similar argument for

from (51).

This theorem means that for any , the MTF scheme can encode only some of the first order binary Markov sources at the
entropy rate. Moreover, it cannot attain the entropy rate if the
order of the binary Markov source is strictly greater than one.
In the case of the first-order binary Markov sources, we can
obtain simple upper and lower bounds of the redundancy from
Theorem 4.

Furthermore, it holds that

Hence, we can bound

above as follows:

Theorem 7: Let be a stationary ergodic first-order Markov
source with binary alphabet
. Then
and
satisfy that for
(52)
Letting
, where
and

, and
is a stationary distribution of , then
are bounded for any
as follows:

(53)
(57)
(54)

where the first inequality holds because of the convexity of divergence.
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On the other hand,
is bounded below from the third
equality in (57) as the following:

where the inequality holds because
erage of the two values

VII. CONCLUDING REMARKS

.

We note from (53) that for the first-order binary Markov
source, the redundancy of the MTF scheme becomes small
as the transition probability becomes close to the symmetric
.
distribution with
From Theorem 4, we can derive another upper bound of the
redundancy.
be the first-order binary Markov source
Theorem 8: Let
with
and
. Then the redundancy is upper-bounded as
(58)
where

is given by
(59)

and

monotonically increases from zero and
monotonically decreases to zero. Therefore, (60) can be minimized for
and by selecting that satisfies
given
. Such optimal is given by (59), and the upper
bound of (60) becomes

is a weighted av-

and
for
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is the binary entropy function defined by

In this paper, we have clarified what class of sources can be
compressed efficiently by the MTF scheme. We showed that the
MTF scheme cannot attain the entropy rate of any th-order
, but it can attain the entropy rate if
Markov source for
the source is the first-order Markov source given by (33). Furthermore, the closer the source distribution becomes to (33), the
smaller the redundancy is.
We note that the first-order Markov source with transition
probability given by (33) is a doubly stochastic process. Since
is assumed to be ergodic, its symbol-wise stationary distribution
is the uniform distribution (cf., [13, Problem 1 in Ch. 4]). Thereas an i.i.d. source,
cannot
fore, if we encode the source
be compressed at all. However, we note from Theorem 3 that,
to by the MTF transform and encode as
if we convert
an i.i.d. source to a binary codeword, can be encoded at the
entropy rate asymptotically. Especially, in the case of small
in (33), each symbol tends to occur continuously, and the enthat is the entropy
tropy rate of is much smaller than
of symbol-wise stationary distribution of . This case corresponds to an empirically known result such that “the data which
consist of many runs of symbols can be compressed efficiently
by the MTF scheme.”
We think that our theoretical analyses of the MTF scheme are
also useful to analyze and/or improve the performance of the BS
method without the symbol extension.
APPENDIX

Proof: In the binary case,
defined in (33)
can represent any binary symmetric probability distribution
. Hence, the following upper
bound is derived from (46) and Lemma 9 in the Appendix:

Lemma 7: If a sequence
that

is bounded, then it holds

(62)
(63)

(60)

Proof: We prove (62) only since (63) can be proved in the
same way.
Suppose that

(61)

(64)

is concave and
is the tangent line of
Since
at
monotonically increases as
beto
comes large. Hence, moving from

which implies that, for any
, there exists
such that
for any
. Moreover, from the assumption
is bounded, there exists
such that for any
that

where

is defined by
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. Using these bounds,
as follows;

is bounded above

Lemma 9—([14, Example 2.4]): Let
be the tanat
gent line of the binary entropy function
. Then
is given by (61). Furthermore, for any
, the difference of
and
is given by

Proof: The proof is omitted since it is simple.
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