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Abstract
Game theory has been employed traditionally as a modeling tool for describing and influencing behavior in societal systems. Recently, game theory has emerged as a valuable tool for
controlling or prescribing behavior in distributed engineered systems. The rationale for this
new perspective stems from the parallels between the underlying decision making architectures in both societal systems and distributed engineered systems. In particular, both settings
involve an interconnection of decision making elements whose collective behavior depends on
a compilation of local decisions that are based on partial information about each other and the
state of the world. Accordingly, there is extensive work in game theory that is relevant to the
engineering agenda. Similarities notwithstanding, there remain important differences between
the constraints and objectives in societal and engineered systems that require looking at game
theoretic methods from a new perspective. This chapter provides an overview of selected recent developments of game theoretic methods in this role as a framework for distributed control
in engineered systems.
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Introduction

Distributed control involves the design of decision rules for systems of interconnected components to achieve a collective objective in a dynamic or uncertain environment. One example is
teams of mobile autonomous systems, such as unmanned aerial vehicles (UAVs), for uses such
as search and rescue, cargo delivery, scientific data collection, and homeland security operations.
Other application examples can be found in sensor and data networks, communication networks,
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transportation systems, and energy [63, 74]. Technological advances in embedded sensing, communication, and computation all point towards an increasing potential and importance of such
networks of autonomous systems.
In contrast to the traditional control paradigm, distributed control architectures do not have a
central entity with access to all information or authority over all components. A lack of centralized
information is possible even when components can communicate. Communications can be costly,
e.g., because of energy conservation, or even inadmissible, e.g., for stealthy operations. Furthermore, the latency/time-delay required to distribute information in a large scale system may be
impractical in a dynamically evolving setting. Accordingly, the collective components somehow
must coordinate globally using distributed decisions based on only limited local information.
One approach to distributed control is to view the problem from the perspective of game theory.
Since game theory concerns the study of interacting decision makers, the relevance of game theory
to distributed control is easily recognized. Still, this perspective is a departure from the traditional
study of game theory, where the focus has been the development of models and methods for applications in economic and social sciences. Following the discussion in [44, 77], we will refer to the
to the traditional role of game theory as the “descriptive” agenda, and its application to distributed
control as the “engineering” agenda.
The first step in deriving a game theoretic model is to identify the basic elements of the game,
namely the players/agents and their admissible actions. In distributed control problems, there also
is typically a global objective function that reflects the performance of the collective as a function
of their joint actions. The following examples illustrate these elements in various applications:
• Consensus/synchronization: The agents are mobile platforms. The actions are agent orientations (e.g, positions or velocities). The global objective is for agents to align their orientations with each other [67].
• Distributed routing: Agents are mobile vehicles. The actions are paths from sources to
destination. The global objective is to minimize network traffic congestion [69].
• Sensor coverage: The agents are mobile sensors. The actions are sensor paths. The global
objective is to service randomly arriving spatially distributed targets in shortest time [56].
• Wind energy harvesting: The agents are wind turbines. The actions are the blade pitch angle
and rotor speed. The global objective is to maximize the overall energy generated by the
turbines [50].
• Vehicle-target assignment: The agents are heterogeneous mobile weapons with complementary capabilities. The actions are the selection of potential targets. The global objective is to
maximize the overall expected damage [6].
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• Content distribution: The agents are computer nodes. The actions are which files to store
locally under limited storage capacity. The global objective is to service local file requests
from users while minimizing peer-to-peer content requests [18].
• Ad hoc networks: The agents are mobile communication nodes. The actions are to form
a network structure. Global objectives include establishing connectivity while optimizing
performance specifications such as required power or communication hop lengths [65].
There is some flexibility in defining what constitutes a single player. For example in wind
energy harvesting, a player could be a single turbine or a group of turbines. The determining factor
is the extent to which the group can act as a single unit with shared information.
With the basic elements in place, the next step is to specify agent utility functions. Here the
difference between the descriptive and engineering agenda becomes more apparent. Whereas in the
descriptive agenda, utility functions are part of the modeling process, in the engineering agenda,
utility functions constitute a design choice.
An important consideration in specifying the utility functions is the implication on the global
objective. With utility functions in place, the game is fully specified. If one takes a solution
concept such as Nash equilibrium to represent the outcome of the game, then these outcomes
should be desirable as measured by the global objective.
With the game now fully specified, with players, actions, and utility functions, there is another
important step that again highlights a distinction between the descriptive and engineering agenda.
Namely, one must specify the dynamics through which agents will arrive at an outcome or select
from a set of possible outcomes.
There is extensive work in the game theory literature that explores how a solution concept such
as a Nash equilibrium might emerge, i.e., the “learning in games” program [21, 27, 87]. Quoting
Arrow [5],
“The attainment of equilibrium requires a disequilibrium process.”
The work in learning in games seeks to understand how a plausible learning/adaptation disequilibrium process may (or may not) converge, and thereby reinforce the role of Nash equilibrium as a
predictive outcome in the descriptive agenda. By contrast, in the engineering agenda, the role of
such learning processes is to guide the agents towards a solution. Accordingly, the specification of
the learning process also constitutes a design choice.
There is some coupling between the two design choices of utility functions and learning processes. In particular, it can be advantageous in designing utility functions to assure that the resulting game has an underlying structure (e.g., being a potential game or weakly acyclic game) so that
one can exploit learning processes that converge for such games.
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To recap, the engineering agenda requires both designing agent utility functions and learning
processes. At this point, it is worthwhile highlighting various design considerations that play a
more significant role in the engineering agenda:
• Information: One can impose various restrictions on the information available to each agent.
Two natural widely considered scenarios are: i) agents can measure the actions of other
agents or ii) agents can only measure their own action and perceived rewards. For example,
in distributed routing, agents may observe the routes taken by other agents (which could be
informationally intense), or, more reasonably, measure only their own experienced congestions.
• Efficiency: There can be several Nash equilibria, with some more desirable than others in
terms of the global objective. This issue has been the subject of significant recent research
in terms of the so called “price of anarchy” [69] in distributed routing problems.
• Computation: Each stage of a learning algorithm requires agent computations. Excessive
computational demands per stage can render a learning algorithm impractical.
• Dynamic constraints: Learning algorithms can guide how agent actions evolve over time,
and these actions may be restricted because of inherent agent limitations. For example,
agents may have mobility limitations in that the current position restricts the possible near
term positions. More generally, agent evolution may be subject to constraints in the form of
physically constraining state dynamics (e.g., so-called Dubins vehicles [12]).
• Time complexity: A learning algorithm may exhibit several desirable features in terms of
informational requirements, computational demands per stage, and efficiency, but require
a excessive number of iterations to converge. One limitation is that some of the problems
of distributed control, such as weapon/target assignment, have inherent computational complexity. Distributed implementation is a subclass of centralized implementation, and accordingly inherits computational complexity limitations.
Many factors contribute to the appeal of game theory for distributed control. First, in recognizing the relevance of game theory, one can benefit from the extensive existing work in game theory
to build the engineering agenda. Second, the associated learning processes promise autonomous
system operations in the sense of perpetual self-configuration in unknown or non-stationary environments and with robustness to disruptions or component failures. Finally, the separate design of
utility functions and learning processes offers a modular approach to accommodate both different
global objectives and underlying physical domain specific constraints.
The remainder of this chapter outlines selected results in the development of a engineering
agenda in game theory for distributed control. Sections 2 and 3 present the design of utility func4

tions and learning processes, respectively. Section 4 presents an expansion of these ideas in terms
of a broader notion of game design. Finally, Section 5 provides some concluding remarks.
Preliminaries
A set of agents is denoted N = {1, 2, ..., n}. For each i ∈ N , Ai denotes the set of actions available
to agent i. The set of joint actions is A = A1 × ... × AN with elements a = (a1 , a2 , ..., an ). The
utility function of agent i is a mapping Ui : A → R. We will often presume that there is also
a global objective function W : A → R. An action profile a∗ ∈ A is a pure strategy Nash
equilibrium (or just “equilibrium”) if
Ui (a∗i , a∗−i ) = max Ui (ai , a∗−i )
ai ∈Ai

for all i ∈ N .
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Utility Design

In this section we will survey results pertaining to utility design for distributed engineered systems.
Utility design for societal systems has been studied extensively in the game theoretic literature,
e.g., cost sharing problems [60–62,85] and mechanism design [22]. The underlying goal for utility
design in societal systems is to augment players’ utility functions in an admissible fashion to induce
desirable outcomes.
Unlike mechanism design, the agents in the engineered agenda are programmable components.
Accordingly, there is no concern that agents are not truthful in reporting information or obedient
in executing instructions. Nonetheless, many of the contributions stemming from the cost sharing
literature is immediately applicable to utility design in distributed engineered systems.

2.1

Cost/Welfare Sharing Games

To formally study the role of utility design in engineered systems we consider the class of welfare/cost sharing games [52]. This is a particularly relevant class of games in that may of the
aforementioned applications of distributed control resemble resource allocation or sharing.
A welfare sharing game consists of a set of agents N , a finite set of resources R, and for each
agent i ∈ N , an action set Ai ⊆ 2R . Note that the action set represents the set of allowable
resource utilization profiles. For example, if R = {1, 2, 3}, the action set
Ai = {{1, 2}, {1, 3}, {2, 3}}
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reflects that agent i always uses two out three resources. An example where structured actions sets
emerge is in distributed routing, where resources are roads, but admissible actions are paths. Accordingly, the action set represents sets of resources induced by the underlying network structure.
We restrict our attention to the class of separable system level objective functions of the form
W (a) =

X

Wr ({a}r )

r∈R

where Wr : 2N → R+ is the objective function for resource r, and {a}r is the set of agents using
resource r, i.e.,
{a}r = {i ∈ N : r ∈ ai }.
The goal of such welfare sharing games is to derive admissible agent utility functions such that
the resulting game possess desirable properties. In particular, we focus on the design of local agent
utility functions of the form
X
fr (i, {a}r )
(1)
Ui (ai , a−i ) =
r∈ai

where fr : N × 2N → R is the welfare sharing protocol, or just “protocol”, at resource r. The
protocol represents a mechanism for agents to evaluate the “benefit” of being at a resource given
the choices of the other agents. Utility functions are “local” in the sense that the benefit of using a
resource only depends on the set of other agents using that resource and not on the usage profiles
of other resources.
Finally, a welfare sharing game is now by the tuple G = (N, R, {Ai }, {Wr }, {fr }).
One of the important design considerations associated with engineered systems is that the structure of the specific resource allocation problem, i.e., the resource set R or the structure of the action
sets {Ai }i∈N , is not known to the system designer a priori. Accordingly, a challenge in welfare
sharing problems is to design a set of scalable protocols {fr } that efficiently applies to all games
in the set
G = {G = (N, R, {Ai }, {Wr }, {fr }) : Ai ⊂ 2R }.
In other words, the set G is represents a family of welfare sharing games with different resource
availability profiles. A protocol is “scalable” in the sense that the distribution of welfare does not
depend on the specific structure of resource availability. Note that the above set of games can
capture both variations in the agent set and resource set. For example, setting Ai = ∅ is equivalent
to removing agent i from the game. Similarly, letting the action sets satisfy Ai ⊆ 2R\{r} for each
agent i is equivalent to removing resource r from the specified resource allocation problem.
The evaluation of a protocol, {fr }, takes into account the following considerations:
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Potential game structure: Deriving an efficient dynamical process that converges to an equilibrium requires additional structure on the game environment. One such structure is that of potential
games introduced in [58]. In a potential game there exists a potential function φ : A → R such
that for any action profile a ∈ A, agent i ∈ N , and action choice a0i ∈ Ai ,
Ui (a0i , a−i ) − Ui (ai , a−i ) = φ(a0i , a−i ) − φ(ai , a−i ).
If a game is potential game, then an equilibrium is guaranteed to exist since any action profile
a∗ ∈ arg maxa∈A φ(a) is an equilibrium1 . Furthermore, there is a wide array of distributed learning
algorithms which guarantee convergence to an equilibrium [71]. It is important to note that the
global objective W (·) and φ(·) can be different functions.
Efficiency of equilibria: Two well known worst case measures of efficiency of equilibria are the
price of anarchy (PoA) and price of stability (PoS) [66]. The PoA provides an upper bound on the
ratio between the performance of an optimal allocation versus an equilibrium. More specifically,
for a game G, let aopt (G) ∈ A satisfy
aopt (G) ∈ arg max W (a; G);
a∈A

let NE(G) denote the set of equilibria for G; and define
PoA(G) =

W (aopt (G); G)
.
∈NE(G)
W (ane ; G)

max
ne

a

For example, a PoA of 2 ensures that for any game G ∈ G any equilibrium is at least 50% as
efficient as the optimal allocation. The PoS, which represents a more optimistic worst case characterization, provides a lower bound on the ratio between the performance of the optimal allocation
and the best equilibrium, i.e.,
PoS(G) =

2.2

W (aopt (G); G)
.
∈NE(G)
W (ane ; G)

min
ne

a

Achieving Potential Game Structures

We begin by exploring the following question: is it possible to design scalable protocols and local
utility functions to guarantee a potential game structure irrespective of the specific structure of the
resource allocation problem? In this section we review two constructions which originated in the
traditional economic cost sharing literature [85] that achieve this objective.
The first construction is the marginal contribution protocol [83]. For any resource r ∈ R,
player set S ⊆ N , and player i ∈ N ,
frMC (i, S) := Wr (S) − Wr (S \ {i}).
1

(2)

See [6] for examples of intuitive utility functions that do not result an equilibrium in vehicle-target assignment.

7

The marginal contribution protocol provides the following guarantees.
Theorem 2.1 (Wolpert and Tumer, [83]) Let G be a class of welfare sharing games where the
protocol for each resource r ∈ R is defined as the marginal contribution protocol in (2). Any
game G ∈ G is a potential with potential function W .
Irrespective of the underlying game, the marginal contribution protocols always ensures the existence of a potential games and consequently the existence of an equilibrium. Furthermore, since
the resulting potential function is φ = W , the PoS is guaranteed to be 1 when using the marginal
contribution protocol. In general, the marginal contribution protocol need not provide any guarantee with respect to the PoA.
The second construction is known as the weighted Shapley value [26, 29, 76]. For any resource
r ∈ R, player set S ⊆ N , and player i ∈ N ,
!
X
X
ω
i
|T
|−|R|
P
(−1)
Wr (R) .
(3)
frWSV (i, S) :=
j∈T ωj
R⊆T
T ⊆S:i∈T
where ωi > 0 is defined as the weight of player i. The Shapley value represents a special case
of the weighted Shapley value when wi = 1 for all agents i ∈ N . The weighted Shapley value
protocol provides the following guarantees.
Theorem 2.2 (Marden and Wierman, 2008 [52]) Let G be a class of welfare sharing games where
the protocol for each resource r ∈ R is the weighted Shapley value protocol in (3). Any game
G ∈ G is a (weighted) potential game2 with potential function
φWSV (a) :=

X

φWSV
({a}r ) ,
r

r∈R

where φWSV
is the resource specific potential function defined (recursively) as follows:
r
φWSV
(∅) = 0
r
φWSV
(S)
r

= P

"

1
i∈S

wi

#
Wr (S) +

X

wi φWSV
(S
r

\ {i}) , ∀S ⊆ N.

i∈S

2

A weighted potential game is a generalization of a potential game with the following condition on the game
structure. There exist a potential function φ : A → R and weights wi > 0 for each agent i ∈ N such that for any
action profile a ∈ A, agent i ∈ N , and action choice a0i ∈ Ai ,
Ui (a0i , a−i ) − Ui (ai , a−i ) = wi (φ(a0i , a−i ) − φ(ai , a−i )) .
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The recursion presented in the above theorem directly follows from the potential function characterization of the weighted Shapley value derived in [29]. As with the marginal contribution protocol, the weighted Shapley value protocol always ensures the existence of a (weighted) potential
game, and consequently the existence of an equilibrium, irrespective of the underlying structure of
the resource allocation problem. However, unlike the marginal contribution protocol, the potential
function is not φ = W . Consequently, the PoS is not guaranteed to be 1 when using the marginal
contribution protocol. In general, the weighted Shapley value protocol also does not provide any
guarantees with respect to the PoA.
An important difference between the marginal contribution in (2) and the weighted Shapley
value in (3) is that the weighted Shapley value protocol guarantees that the utility functions are
budget-balanced, i.e., for any resource r ∈ R and agent set S ⊆ N ,
X
frWSV (i, S) = Wr (S).
(4)
i∈S

The marginal contribution utility, on the other hand, does not guarantee that utility functions are
budget-balanced. Budget-balanced utility functions are important for the control (or influence)
of societal systems where there is a cost or revenue that needs to be completely absorbed by the
participating players, e.g., network formation [16] and content distribution [25]. Furthermore,
budget-balanced (or budget-constrained) utility functions are also important for engineered systems by providing desirable efficiency guarantees [70, 80]; see forthcoming Theorems 2.3 and 2.5.
However, the design of budget-balanced utility functions is computationally prohibitive in large
systems since computing a weighted Shapley value requires a summation over an exponential
number of terms.

2.3

Efficiency of Equilibria

The desirability of a potential game structure stems from the availability of various distributed
learning/adaptation rules that lead to an equilibrium. Accordingly for the engineering agenda,
an important consideration is the resulting PoA. This issue is related to a research thread within
algorithmic game theory that focuses on analyzing the inefficiency of equilibria for classes of
games where the agents’ utility functions {Ui } and system level objective W are specified (cf.,
Chapters 17–21 in [66]). While these results focus on analysis and not synthesis, they can be
leveraged in utility design.
The following result, expressed in the context of resource sharing and protocols, requires the
notion of submodular functions. An objective function Wr is submodular if for any agent set
S ⊆ T ⊆ N and any agent i ∈ N ,
Wr (S ∪ {i}) − Wr (S) ≥ Wr (T ∪ {i}) − Wr (T ).
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Submodularity reflects the diminishing marginal effect of assigning agents to resources. This property is relevant in a variety of engineering applications, including the aforementioned sensor coverage and vehicle-target assignment scenarios.
Theorem 2.3 (Vetta, 2002 [80]) Let G be a class of welfare sharing games that satisfies the following conditions for each resource r ∈ R:
(i) The objective function Wr is submodular.
(ii) The protocol satisfies fr (i, S) ≥ Wr (S) − Wr (S \ {i}) for each set of agents S ⊆ N and
agent i ∈ S.
P
(iii) The protocol satisfies i∈S fr (i, S) ≤ Wr (S) for each set of agents S ⊆ N .
Then for any game G ∈ G, if an equilibrium exists, the PoA is 2.
Theorem 2.3 reveals two interesting properties. First, condition (ii) parallels the aforementioned marginal contribution protocol in (2). Second, condition (iii) relates to the the budgetbalanced constraint associated with (weighted) Shapley value protocol in (4). Since both the
marginal contribution protocol and Shapley value protocol guarantee the existence of an equilibrium, we can combine Theorems 2.1, 2.2, and 2.3 into the following corollary.
Corollary 2.1 Let G be a class of welfare sharing games with submodular resource objective
functions, Wr . Suppose one of the following two conditions is satisfied:
(i) The protocol for each resource r ∈ R is the marginal contribution protocol in (2).
(ii) The protocol for each resource r ∈ R is the weighted Shapley value protocol in (3).
Then for any G ∈ G, an equilibrium is guaranteed to exist and the PoA is 2.
Corollary 2.1 demonstrates that both the marginal contribution protocol and the Shapley value
protocol guarantee desirable properties regarding the existence and efficiency of equilibria for
a broad class of resource allocation problems with submodular objective functions. There are
two shortcomings associated with this result. First, it does not reveal how the structure of the
objective functions {Wr } impacts the PoA guarantees beyond the factor of 2. For example, in the
aforementioned vehicle-target assignment problem (cf., [6]) with submodular objective functions,
both the marginal contribution and weighted Shapley value protocol will ensure that all resulting
equilibria are at least 50% as efficient as the optimal assignment. It is unclear whether this factor of
2 is tight or the resulting equilibria will be more efficient than this general guarantee. Second, this
corollary does not differentiate between the performance associated with the marginal contribution
protocol and the weighted Shapley value protocol. For example, does the marginal contribution
protocol outperform the weighted Shapley value protocol with respect to PoA guarantees? The
following theorem begins to address these issues.
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Theorem 2.4 (Marden and Roughgarden, 2010 [49]) Let G be a welfare sharing game that satisfies the following conditions:
(i) The objective function for each resource r ∈ R is submodular and anonymous.3
(ii) The protocol for each resource r ∈ R is the Shapley value protocol as in (3) with ωi = 1 for
all agents i ∈ N .
(iii) The action set for each agent i ∈ N is Ai = R.
Then an equilibrium is guaranteed to exist and the PoA is



Wr (k)
k
max
1 + max
−
.
r∈R, m≤n
k≤m
Wr (m) m

(5)

Theorem 2.4 demonstrates that the structure of the welfare function plays a significant role in
the underlying PoA guarantees. For example, suppose that the objective function for each resource
is linear in the number of agents, e.g., Wr (S) = |S| for all agent sets S ⊆ N . For this situation,
the second term in (5) is 0 which means that the PoA is 1.
The final general efficiency result that we review in this section pertains to the efficiency of
alternative classes of equilibria. In particular, we consider the class of coarse correlated equilibria,
which represent a generalization of the class of Nash equilibria4 . As with potential game structures,
part of the interest in coarse correlated equilibria is the availability of simple adaptation rules
that lead to time-averaged behavior consistent with coarse correlated equilibria [27, 87]. A joint
distribution z ∈ ∆(A) is a coarse correlated equilibrium if for any player i ∈ N and any action
a0i ∈ Ai
X
X
Ui (a)z a ≥
Ui (a0i , a−i )z a
a∈A

a∈A

where ∆(A) represent the simplex over the finite set A and z a represents the component of the
distribution z associated with the action profile a.
We extend the system level objective from allocations to a joint distribution z ∈ ∆(a) as
W (z) =

X

W (a)z a .

a∈A

Since the set of coarse correlated equilibria contains the set of Nash equilibria, the PoA associated
with this more general set of equilibria can only degrade. However, the following theorem demonstrates that if the utility functions satisfy a “smoothness” then there is no such degradation. We
will present this theorem with regards to utility functions as opposed to protocols for a more direct
presentation.
3
4

An objective function Wr is anonymous if Wr (S) = Wr (T ) for any agent sets S, T ⊆ N such that |S| = |T |.
Coarse correlated equilibria are also equivalent to the set of no-regret points [27, 87].
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Theorem 2.5 (Roughgarden, 2009 [70]) Consider any welfare sharing game G that satisfies the
following conditions:
(i) There exist parameters λ > 0 and µ > 0 such that for any action profiles a, a∗ ∈ A
X
Ui (a∗i , a−i ) ≥ λ · W (a∗ ) − µ · W (a).

(6)

i∈N

(ii) For any action profile a ∈ A, the agents’ utility functions satisfy

P

i∈N

Ui (a) ≤ W (a).

Then the PoA of the set of coarse correlated equilibria is


1+µ
inf
λ>0,µ>0
λ
where the infimum is over the set of admissible parameters that satisfy (6).
Many classes of games relevant to distributed engineered systems satisfy the “smoothness” condition set forth in (6). For example, the class of games considered in Theorem 2.3 satisfies the
conditions of Theorem 2.5 with smoothness parameters λ = 1 and µ = 1 [70]. Consequently, the
PoA of 2 extends beyond just pure Nash equilibria to all coarse correlated equilibria.

3

Learning Design

The field of learning in games concerns the analysis of distributed learning algorithms and their
convergence to various solution concepts or notions of equilibrium [21, 27, 87]. In the descriptive
agenda, the motivation is that convergence of such algorithms provides some justification for a
particular solution concept as a predictive model of behavior in a societal system.
This literature can be used as a starting point for the engineering agenda to offer solutions
for how equilibria should emerge in distributed engineered systems. In this section we will survey results pertaining to learning design and highlight their applicability to distributed control of
engineered systems.

3.1

Preliminaries: Repeated play of one-shot games

We will consider learning/adaptation algorithms in which agents repeatedly play over stages t ∈
{0, 1, 2, ...}. At each stage, an agent i chooses an action ai (t) according to the probability distribution pi (t) ∈ ∆(Ai ). We refer to pi (t) as the strategy of agent i at time t. An agent’s strategy at
time t relies only on observations over stages {0, 1, 2, ..., t − 1}.
Different learning algorithms are specified by the agents’ information and the mechanism by
which their strategies are updated as information is gathered. We categorize such learning algorithms into the following three classes of information structures.
12

• Full Information: For the class of full information learning algorithms, each agent knows
the structural form of his own utility function and is capable of observing the actions of
all other agents at every stage but does not know other agents’ utility functions. Learning
rules in which agents do not know the utility functions of other agents are also referred to as
uncoupled [30, 32]. Full information learning algorithms can be written as

pi (t) = Fi a(0), ..., a(t − 1); Ui .
(7)
for an appropriately defined functions Fi (·).
• Oracle-Based Information: For the class of oracle-based learning algorithms, each agent
is capable of evaluating the payoff associated with alternative action choices—even though
these choices were not selected. More specifically, the strategy adjustment mechanism of a
given agent i can be written in the form

pi (t) = Fi {Ui (ai , a−i (0))}ai ∈Ai , . . . , {Ui (ai , a−i (t − 1))}ai ∈Ai .
(8)
• Payoff-Based Information: For the class of payoff-based learning algorithms, each agent has
access to: (i) the action they played and (ii) the payoff they received. In this setting, the
strategy adjustment mechanism of agent i takes the form
pi (t) = Fi ({ai (0), Ui (a(0))} , ..., {ai (t − 1), Ui (a(t − 1))}) .

(9)

Payoff-based learning rules are also referred to as completely uncoupled [3, 20].
The following sections review various algorithms from the literature on learning in games and
highlight their relevance for the engineering agenda in terms of their limiting behavior, the resulting
efficiency, and the requisite information structure.

3.2

Learning Nash Equilibria in Potential Games

We begin with algorithms for the special class of potential games. The relevance of these algorithms for the engineering agenda is enhanced by the possibility of constructing utility functions,
as discussed in the previous section for resource allocation problems, to ensure a potential game
structure.
3.2.1

Fictitious Play and Joint Strategy Fictitious Play

Fictitious play (cf., [21]) is representative of a full information learning algorithm. In Fictitious
Play, each agent i ∈ N tracks the empirical frequency of the actions of other players. Specifically,
for any t > 0, let
t−1
1X
ai
I{ai (τ ) = ai },
qi (t) =
t τ =0
13

where I{·} denotes the indicator function5 The vector qi (t) ∈ ∆(Ai ) reflects the percentage of
time that agent i selected the action ai over stages {0, 1, . . . , t − 1} . Define the empirical frequency vector for player i at time t as qi (t) = {qiai (t)}ai ∈Ai . At each time t, each player seeks
to maximize his expected utility under the presumption that all other players are playing independently accordingly the empirical frequency of their past actions. More specifically, the action of
player i at time t is chosen according to
X
Y a
ai (t) ∈ arg max
Ui (ai , a−i )
qj j (t).
ai ∈Ai

a−i ∈A−i

j6=i

The following theorem establishes the convergence properties of Fictitious Play for potential games.
Theorem 3.1 (Monderer and Shapley, 1994 [57]) Let G be a finite n-player potential game. Under Fictitious Play, the empirical distribution of the players’ actions {q1 (t), q2 (t), . . . , qn (t)} will
converge to a (possibly mixed strategy) Nash equilibrium of the game G.
One concern associated with utilizing Fictitious Play for prescribing behavior in distributed engineered systems is the informational and computational demands [23, 35, 48]. Here, each agent is
required to track the empirical frequency of the past actions of all other agents, which is prohibitive
in large scale systems. Furthermore, computing a best response is intractable in general since it
requires computing an expectation over a joint action space whose cardinality grows exponentially
in the number of agents and the cardinality of their action sets.
Inspired by the potential application of Fictitious Play for distributed control of engineered systems, several papers investigated maintaining the convergence properties associated with Fictitious
Play while reducing the computational and informational demands on the agents [6, 23, 35, 39–41,
46, 48, 54]. One such learning algorithm is Joint Strategy Fictitious Play with inertia introduced
in [48].
In Joint Strategy Fictitious Play with inertia (as with no-regret algorithms [27]), at each time
t > 0 each agent i ∈ N computes the average hypothetical utility for each action ai ∈ Ai , defined
as
t−1

Viai (t)

1X
Ui (ai , a−i (τ )),
=
t τ =0


t−1
1
=
Viai (t − 1) + Ui (ai , a−i (t − 1)).
t
t

(10)

The average hypothetical utility for action ai at time t is the average utility that action ai would
have received up to time t provided that all other agents did not change their action. Note that this
5

The indicator function I {statement} equals 1 if the mathematical expression “statement” is true, and equals 0
otherwise.
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computation only requires oracle-based information as opposed to the full information structure of
Fictitious Play. Define the best response set of agent i at time t as


ai
Bi (t) = ai ∈ Ai : arg max Vi (t) .
ai ∈Ai

The action of player i at stage t is chosen as follows:
• If ai (t − 1) ∈ Bi (t) then ai (t) = ai (t − 1).
• If ai (t − 1) ∈
/ Bi (t) then
(
ai (t) =

ai (t − 1)
ai ∈ Bi (t)

with probability 
with probability |B1−
i (t)|

where  > 0 is the players’ inertia. The following theorem establishes the convergence properties
of Fictitious Play for generic potential games.6
Theorem 3.2 (Marden et al., 2009 [48]) Let G be a finite n-player generic potential game. Under Joint Strategy Fictitious Play with Inertia, the joint action profile will converge almost surely
to a pure Nash equilibrium of the game G.
As previously mentioned, Joint Strategy Fictitious Play with inertia falls under the classification of oracle-based information. Accordingly, the informational and computational demands
on the agents when using Joint Strategy Fictitious Play with inertia are reasonable in large scale
systems—assuming the hypothetical utility can be measured. The availability of such measurements is application dependent. For example in distributed routing, the hypothetical utility could
be estimated with some sort of “traffic report” at the end of each stage.
The name Joint Strategy Fictitious Play stems from the average hypothetical utility in (10)
reflecting the expected utility for agent i under the presumption that all agents other than agent i
select an action with a joint strategy7 in accordance to the empirical frequency of their pasts joint
decisions, i.e,
X
a
Viai (t) =
Ui (ai , a−i )z−i−i (t)
a−i ∈Ai

where

t−1

a
z−i−i (t)

1X
=
I{a−i (τ ) = a−i }.
t τ =0

Here, “generic” me ands that for any agent i ∈ N , action profile a ∈ A, and action a0i ∈ Ai \ ai , Ui (ai , a−i ) 6=
Ui (a0i , a−i ). Weaker versions of genericity also ensure the characterization of the limiting behavior presented in
Theorem 3.2, e.g., if all equilibria are strict.
7
That is, unlike Fictitious Play, players are not presumed to play independently according to their individual empirical frequencies.
6
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Joint strategy Fictitious Play also can be viewed as a “max-regret” variant of no-regret algorithms [27, 46] with inertia where the the regret for action ai ∈ Ai at time t is
t−1

Riai (t) =

1X
(Ui (ai , a−i (τ )) − Ui (ai (τ ), a−i (τ ))) .
t τ =0

(11)

Note that arg max Viai (t) = arg max Riai (t), hence the algorithms are equivalent.
ai ∈Ai

ai ∈Ai

Finally, another distinction from Fictitious Play is that Joint Strategy Fictitious Play with inertia
guarantees convergence to pure equilibria almost surely.
3.2.2

Simple Experimentation Dynamics

One concern with the implementation of learning algorithms, even in the case of full information,
is the need to compute utility functions and the associated utility of different action choices (as in
the computation of better or best replies). Such computations presume the availability of a closedform expression of utility functions, which may impractical in many scenarios. A more realistic
requirement is to have agents only measure a realized utility online, rather than compute utility
values offline. Accordingly, several papers have focused on providing payoff-based dynamics with
similar limiting behaviors as the preceding full information or oracle-based algorithms [7, 20, 24,
54, 68, 88].
A representative example is the learning algorithm Simple Experimentation Dynamics, introduced in [54]. Each agent i ∈ N maintains a pair of evolving local state variables [āi , ūi ]. These
variables represent
• a benchmark action, āi ∈ Ai , and
• a benchmark utility, ūi , which is in the range of Ui (·).
Simple Experimentation Dynamics proceeds as follows:
1. Initialization: At stage t = 0, each player arbitrarily selects and plays any action, ai (0) ∈
Ai . This action will be set initially as the player’s baseline action at stage 1, i.e., āi (1) =
ai (0). Likewise, each player’s baseline utility at stage 1 is initialized as ui (1) = Ui (a(0)).
2. Action Selection: At subsequent stages, each player selects his baseline action with probability (1 − ) or experiments with a new random action with probability . That is,
• ai (t) = āi (t) with probability (1 − )
• ai (t) is chosen randomly (uniformly) over Ai with probability 
where  > 0 is the player’s exploration rate. Whenever ai (t) 6= āi (t), we will say that player
i “experimented”.
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3. Baseline Action and Baseline Utility Update: Each player compares the utility received,
Ui (a(t)), with his baseline utility, ūi (t), and updates his baseline action and utility as follows:
• If player i experimented (i.e., ai (t) 6= āi (t)) and if Ui (a(t)) > ūi (t), then
āi (t + 1) = ai (t),
ūi (t + 1) = Ui (a(t)).
• If player i experimented and if Ui (a(t)) ≤ ūi (t), then
āi (t + 1) = āi (t),
ūi (t + 1) = ūi (t).
• If player i did not experiment (i.e., ai (t) = āi (t)), then
āi (t + 1) = āi (t),
ūi (t + 1) = Ui (a(t)).
4. Return to Step 2 and repeat.
Theorem 3.3 (Marden et al., 2010 [54]) Let G be a finite n-player potential game. Under Simple
Experimentation Dynamics, given any probability p < 1, there exists an exploration rate  > 0
(sufficiently small), such that for all sufficiently large stages t, the joint action a(t) is a Nash
equilibrium of G with at least probability p.
Theorem 3.3 demonstrates that one can attain convergence to equilibria even in the setting
where agents have minimal knowledge regarding the underlying game. Note that for such payoffbased dynamics we attain probabilistic convergence as opposed to almost sure converges. The
reasoning is that agents are unaware of whether or not they are at an equilibrium since they do not
have access to oracle-based or full information. Consequently, the agents perpetually probe the
system to reassess the baseline action and utility.
3.2.3

Equilibrium Selection: Log-linear Learning and Its Variants

The previous discussion establishes how distributed learning rules under various information structures can converge to a Nash equilibrium. However, these results are silent on the issue of equilibrium selection, i.e., determining which equilibria may be favored or excluded. Notions such as
PoA and PoS give pessimistic and optimistic bounds, respectively, on the value of a global performance measure at an equilibrium as compared to its optimal value. Equilibrium selection offers a
refinement of these bounds through the specific underlying dynamics.
The topic of equilibrium selection has been widely studied within the descriptive agenda. Two
standard references are [37, 84], which discuss equilibrium selection between risk dominant or
payoff dominant equilibrium in symmetric 2 × 2 games. As would be expected, the conclusions
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are sensitive to the underlying dynamics [9]. However, in the engineering agenda, one can exploit
this dependence as an available degree of freedom (e.g., [15]).
This section will review equilibrium selection in potential games for a class of dynamics,
namely log-linear learning and its variants, that converge to maximizer of the underlying potential
function, φ. The relevance for the engineering agenda stems from results such as Theorem 2.1,
which illustrate how utility design can ensure the resulting interaction framework is a potential
game and that the optimal allocation corresponds to the optimizer of the potential function. Hence
the optimistic PoS, which equals 1 for this setting, will be achieved through the choice of dynamics.
Log-linear learning, introduced in [11], is an asynchronous oracle-based learning algorithm. At
each stage t > 0, a single agent i ∈ N is randomly chosen and allowed to alter his current action.
All other players must repeat their actions from the previous stage, i.e. a−i (t) = a−i (t − 1). At
stage t, the selected player i employs the (Boltzmann distribution) strategy pi (t) ∈ ∆(Ai ), given
by
1

pai i (t)

e τ Ui (ai ,a−i (t−1))
= P 1 U (ā ,a (t−1)) ,
e τ i i −i

(12)

āi ∈Ai

for a fixed “temperature”, τ > 0. As is well known for the Boltzmann distribution, for large τ ,
player i will select any action ai ∈ Ai with approximately equal probability, whereas for diminishing τ , player i will select a best response to the action profile a−i (t − 1), i.e.,
ai (t) ∈ arg max Ui (ai , a−i (t − 1))
ai ∈Ai

with increasingly high probability.
The following theorem characterizes the limiting behavior associated with log-linear learning
for the class of potential games.
Theorem 3.4 (Blume, 1993 [11]) Let G be a finite n-player potential game. Log-linear learning
induces an aperiodic and irreducible process of the joint action set A. Furthermore, the unique
stationary distribution µ(τ ) = {µa (τ )}a∈A ∈ ∆(A) is given by
1

e τ φ(a)
µ (τ ) = P 1 φ(ā) .
eτ
a

(13)

ā∈A

One can interpret the stationary distribution µ as follows. For sufficiently large times t > 0, µa (τ )
equals the probability that a(t) = a. As one decreases the temperature, τ → 0, all the weight
of the stationary distribution µ(τ ) is on the joint actions that maximize the potential function.
Again, the emphasis here is that log-linear learning, coupled with suitable utility design, converges
probabilistically to the maximizer of the potential function, and hence underlying global objective.
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A concern with log-linear learning as a tool for the engineering agenda is whether the specific
assumptions on the both the game and learning algorithm are restrictive and thereby limit the
applicability of log-linear learning for distributed control. In particular, log-linear learning imposes
the following assumptions:
(i) The underlying process is asynchronous which implies that the agents can only update their
strategies one at a time, thereby requiring some sort of coordination.
(ii) The updating agent can select any action in his action set. In distributed control applications, there may be evolving constraints on the available action sets (e.g., mobile robots with
limited mobility or in an environment with obstacles).
(iii) The requisite information structure is oracle-based.
(iv) The agents’ utility function constitute an exact potential game.
It turns out that these concerns can be alleviated through the use of similar learning rules with
an alternative analysis. While Theorem 3.4 provides an explicit characterization of the resulting
stationary distribution, an important consequence is that as τ → 0 the mass of the stationary
distribution focuses on the joint actions that maximize the potential function. In the language
of [86], potential functions maximizers are stochastically stable8
Recent work analysis how to relax the structure of log-linear learning while ensuring that the
only stochastically stable states are the potential function maximizers. Reference in [1] demonstrates certain relaxations under which potential function maximizers need not be stochastically
stable. Reference [51] demonstrates that it is possible to relax the structure carefully while maintaining the desired limiting behavior. In particular, [51] establishes a payoff-based learning algorithm, termed payoff-based log linear learning, which ensures that for potential games the only
stochastically stable states are the potential function maximizers. We direct the readers to [51] for
details.
3.2.4

Near Potential Games

An important consideration for the engineering agenda is to understand the “robustness” of learning algorithms, i.e., how do guaranteed properties degrade as underlying modeling assumptions are
violated. For example, consider the weighted Shalpey value protocol defined in (3). The weighted
Shapley value protocol requires a summation of an exponential number of terms, which can be
computationally prohibitive in large-scale systems. While there are sampling approaches that can
yield good approximations for the Shapley value [17], it is important to note that these sampled
utilities will not constitute a potential game.
8

An action profile a ∈ A is stochastically stable if limτ →0+ µa (τ ) > 0.
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Accordingly, several papers have focused on analyzed dynamics in near potential games [13,
14, 51]. We say that a game is δ > 0 close to a potential game if there exists a potential function
φ : A → R such that for any player i ∈ N , actions a0i , a00i ∈ Ai , and joint action a−i ∈ A−i ,
players’ utility satisfies
|(Ui (a0i , a−i ) − Ui (a00i , a−i )) − (φ(a0i , a−i ) − φ(a00i , a−i ))| ≤ δ.
A game is a near potential game for such games where δ is sufficiently small. The work in [13, 14,
51] proves that the limiting behavior associated with associated with several classes of dynamics
on near-potential games can be approximated by analyzing the dynamics on the closest potential
game. Hence, the characterization of the limiting behavior for many of the learning algorithms for
potential games immediately extend to near potential games.

3.3

Beyond Potential Games and Equilibria: Efficient Action Profiles

The discussion thus far has been limited to potential games and convergence to Nash equilibrium.
Nonetheless, there is an extensive body of work that discusses convergence to broader classes of
games (e.g., weakly-acyclic games) or alternative solution concepts (e.g., coarse and correlated
equilibria). See [27, 87] for an extensive discussion. In this section, we depart from the preceding
discussion on learning in games two ways. First, we do not impose a particular structure on the
game9 . Second, we focus on convergence to efficient joint actions, whether or not they may be an
equilibrium of the underlying game. In doing so, we continue to exploit the prescriptive emphasis
of the engineering agenda by treating the learning dynamics as a design element.
3.3.1

Learning Efficient Pure Nash Equilibria

We begin by reviewing the “mood-based” learning algorithms introduced in [68,88]. For any finite
n-player “interdependent” game where a pure Nash equilibrium exists, this algorithm guarantees
(probabilistic) convergence to the pure Nash equilibrium that maximizes the sum of the agents’
payoffs while adhering to a payoff-based information structure. Before stating the algorithm, we
introduce the following definition of interdependence.
Definition 3.1 (Interdependence, [88]) An n-person game G on the finite action space A is interdependent if, for every a ∈ A and every proper subset of agents J ⊂ N , there exists an agent
Q
i∈
/ J and a choice of actions a0J ∈ j∈J Aj such that Ui (a0J , a−J ) 6= Ui (aJ , a−J ).
Roughly speaking, the interdependence condition states that it is not possible to divide the agents
into two distinct subsets that do not mutually interact with one another.
9

beyond the forthcoming technical connectivity assumption of “interdependence”.
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We will now present the version of the learning algorithm introduced in [68], which leads
to efficient Nash equilibria. Without loss of generality we shall focus on the case where agent
utility functions are strictly bounded between 0 and 1, i.e., for any agent i ∈ N and action profile
a ∈ A we have 1 > Ui (a) ≥ 0. As with the simple experimentation dynamics, each agent i ∈ N
maintains an evolving local state variables, now given by the triple [āi , ūi , mi ]. These variables
represent
• a benchmark action of agent i, āi ∈ Ai .
• a benchmark utility of agent i, ūi , which is in the range of Ui (·).
• a mood of agent i, mi ∈ {C, D, H, W }. We will refer to the mood C as “content”, D as
“discontent”, H as “hopeful”, and W as “watchful”.
The algorithm proceeds as follows:
1. Initialization: At stage t = 0, each player randomly selects and plays any action, ai (0).
This action will be initially set as the player’s baseline action at stage 1, i.e., āi (1) = ai (0).
Likewise, the player’s baseline utility at stage 1 is initialized as ui (1) = Ui (a(0)). Finally,
the player’s mood at stage 1 is set as mi (1) = C.
2. Action Selection: At each subsequent stage t > 0, each player selects his action according
to the following rules. Let xi (t) = [āi , ūi , mi ] be the state of agent i at time t. If the mood of
agent i is content, i.e., mi = C, the agent chooses an action ai (t) according to the following
probability distribution
(

for ai 6= āi
ai
|Ai |−1
(14)
pi (t) =
1−
for ai = āi
where |Ai | represents the cardinality of the set Ai and c is a constant that satisfies c > n. If
the mood of agent i is discontent, i.e., mi = D, the agent chooses an action ai according to
the following probability distribution
pai i (t) =

1
for every ai ∈ Ai
|Ai |

(15)

Note that the benchmark action and utility play no role in the agent dynamics when the agent
is discontent. Lastly, if the agent is either hopeful or watchful, i.e., mi = H or mi = W , the
agent chooses an action ai (t) according to the following probability distribution
(
0
for ai 6= āi
pai i (t) =
(16)
1
for ai = āi
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3. Baseline Action, Baseline Utility, and Mood Update: Once the agent selects an action
ai (t) ∈ Ai and receives the payoff ui (t) = Ui (ai (t), a−i (t)), where a−i (t) is the action
selected by all agents other than agent i at stage t, the state is updated according to the
following rules. First, if the state of agent i at time t is xi (t) = [āi , ūi , C] then the state
xi (t + 1) is derived from the following transition:


[āi , ūi , C]
if ai (t) = āi , ui (t) = ūi ,





if ai (t) = āi , ui (t) > ūi ,
 [āi , ui (t), H]
xi (t) = [āi , ūi , C] −→ xi (t + 1) =
[āi , ui (t), W ]
if ai (t) = āi , ui (t) < ūi ,



[ai (t), ui (t), C] if ai (t) 6= āi , ui (t) > ūi ,



 [ā , ū , C]
if ai (t) 6= āi , ui (t) ≤ ūi .
i
i
Second, if the state of agent i at time t is xi (t) = [āi , ūi , D] then the state xi (t + 1) is derived
from the following (probabilistic) transition:
(
[ai (t), ui (t), C] with probability 1−ui (t) ,
xi (t) = [āi , ūi , D] −→ xi (t + 1) =
[ai (t), ui (t), D] with probability 1 − 1−ui (t) .
Third, if the state of agent i at time t is xi (t) = [āi , ūi , H] then the state xi (t + 1) is derived
from the following transition:
(
[ai (t), ui (t), C] if ui (t) ≥ ūi ,
xi (t) = [āi , ūi , H] −→ xi (t + 1) =
[ai (t), ui (t), W ] if ui (t) < ūi .
Lastly, if the state of agent i at time t is xi (t) = [āi , ūi , W ] then the state xi (t + 1) is derived
from the following transition:
(
[ai (t), ui (t), H] if ui (t) > ūi ,
xi (t) = [āi , ūi , W ] −→ xi (t + 1) =
[ai (t), ui (t), D] if ui (t) ≤ ūi .
4. Return to Step 2 and repeat.
The above algorithm ensures convergence, in a stochastic stability sense, to the pure Nash
equilibrium which maximizes the sum of the agents’ payoffs. Before stating the theorem, we
introduce the notation N E(G) to represent the set of action profiles that are pure Nash equilibria
of the game G.
Theorem 3.5 (Pradelski and Young, 2011 [68]) Let G be a finite n-player interdependent game
where a pure Nash equilibrium exists. Under the above algorithm, given any probability p < 1,
there exists an exploration rate  > 0 (sufficiently small), such that for sufficiently large times t,
P
a(t) ∈ arg maxa∈N E(G) i∈N Ui (a) of G with at least probability p.
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3.3.2

Learning Pareto Efficient Action Profiles

One of the main issues regarding the asymptotic guarantees associated with the learning algorithm
given in [68] is that the system performance associated with the best pure Nash equilibrium may
be significantly worse than the optimal system performance, i.e., the system performance associated with optimal action profile. Accordingly, it would be desirable if the algorithm guarantees
convergence to the action profile which maximizes the sum of the agents’ utilities irrespective of
whether this action profile constitutes a pure Nash equilibrium. We will now present a learning
algorithm, termed Distributed Learning for Pareto Optimality, that builds on the developments
in [68] and accomplishes such a task. As above, we shall focus on the case where agent utility
functions are strictly bounded between 0 and 1. Consequently, for any action profile a ∈ A we
P
have n > i∈N Ui (a) ≥ 0. As with the dynamics presented in [68], each agent i ∈ N maintains
an evolving local state variable given by the triple [āi , ūi , mi ]. These variables represent
• a benchmark action of agent i, āi ∈ Ai .
• a benchmark utility of agent i, ūi , which is in the range of Ui (·).
• a mood of agent i, mi ∈ {C, D}. The moods “hopeful” and “watchful” are no longer used
in this setting.
Distributed Learning for Pareto Optimality proceeds as follows:
1. Initialization: At stage t = 0, each player randomly selects and plays any action, ai (0).
This action will be initially set as the player’s baseline action at stage 1, i.e., āi (1) = ai (0).
Likewise, the player’s baseline utility at stage 1 is initialized as ui (1) = Ui (a(0)). Finally,
the player’s mood at stage 1 is set as mi (1) = C.
2. Action Selection: At each subsequent stage t > 0, each player selects his action according
to the following rules. If the mood of agent i is content, i.e., mi (t) = C, the agent chooses
an action ai (t) according to the following probability distribution
(
c
for ai 6= āi
ai
|Ai |−1
(17)
pi (t) =
1 − c
for ai = āi
where |Ai | represents the cardinality of the set Ai and c is a constant that satisfies c > n. If
the mood of agent i is discontent, i.e., mi (t) = D, the agent chooses an action ai according
to the following probability distribution
pai i (t) =

1
for every ai ∈ Ai
|Ai |

(18)

Note that the benchmark action and utility play no role in the agent dynamics when the agent
is discontent.
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3. Baseline Action, Baseline Utility, and Mood Update: Once the agent selects an action
ai (t) ∈ Ai and receives the payoff Ui (ai (t), a−i (t)), where a−i (t) is the action selected by
all agents other than agent i at stage t, the state is updated according to the following rules.
First, the baseline action and baseline utility at stage t + 1 are set as
āi (t + 1) = ai (t),
ūi (t + 1) = Ui (ai (t), a−i (t)).
The mood of agent i is updated as follows.
3a. If



 

āi (t)
ai (t)

 

 ūi (a(t))  =  Ui (a(t))  ,
mi (t)
C

then mi (t + 1) = C.
3b. Otherwise,
(
mi (t + 1) =

C with probability 1−Ui (a(t))
D with probability 1 − 1−Ui (a(t))

4. Return to Step 2 and repeat.
Theorem 3.6 (Marden et al., 2011 [55]) Let G be a finite n-player interdependent game. Under
Distributed Learning for Pareto Optimality, given any probability p < 1, there exists an exploration
P
rate  > 0 (sufficiently small), such that for sufficiently large stages t, a(t) ∈ arg maxa∈A i∈N Ui (a)
of G with at least probability p.
Distributed Learning for Pareto Optimality guarantees probabilistic convergence to the action profile that maximizes the sum of the agents’ utility functions. As stated earlier, the maximizing
action profile need not be a Nash equilibrium. Accordingly, in games such as the classical prisoner’s dilemma game, this algorithm provides convergence to the action profile where each player
cooperates even though this is a strictly dominated strategy. Likewise, for the aforementioned
application of wind farm optimization, where each turbine’s utility function represents the power
generated by that turbine, Distributed Learning for Pareto Optimality guarantees convergence to
the action profile that optimizes the total power production in the wind farm. As a consequence
of the payoff-based information structure, this algorithm also demonstrates that optimizing system performance in wind farms does not require a characterization of the aerodynamic interaction
between the turbines nor global information available to the turbines.
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4

Exploiting the Engineering Agenda: State-Based Games

When viewed as dynamical systems, distributed learning algorithms are all described in terms of
an underlying evolving state. In most cases, this state has an immediate interpretation in terms of
the primitive elements of the game (e.g., empirical frequencies in Fictitious Play or immediately
preceding actions in log-linear learning). In other cases, the state variable may be better interpreted
as an auxiliary variable, not necessarily related to actions and payoffs. Rather, these variables are
introduced into the dynamics to evoke desirable limiting behavior. One example is the “mood”
in Distributed Learning for Pareto Optimality. Similarly, reference [73] illustrates how auxiliary
states can overcome fundamental limitations in learning [31]. The introduction of such states again
reflects the available degrees of freedom in the engineering agenda in that these variables need not
have interpretations naturally relevant to the associated game.
In this section, we continue to explore and exploit this addition degree of freedom in the defining the game itself, and in particular, through a departure from utility design for normal form
games. We begin this section by reviewing some of the limitations associated with the framework of strategic form games for distributed control. Next, we review the framework of state
based games, introduced in [45], which represents a simplification of the framework of Markov
games and is better suited to address the constraints and objective inherent to engineered systems.
The key distinction between strategic form games and state based games is the introduction of an
underlying state space into the game theoretic environment. Here, the state space presents the system designer with additional design freedom to address issues pertinent to distributed engineered
systems. We conclude this section by illustrating how this additional state can be exploited in
distributed control.

4.1

Limitations of Strategic Form Games

In this section we review two limitations of strategic form games for distributed engineered systems. The first limitation concerns the complexity associated with utility design. The second
limitation concerns on the applicability of strategic form games for distributed optimization.
4.1.1

Limitations of Protocol Design

The marginal contribution (Theorem 2.1) and the weighted Shapley value (Theorem 2.2) represent
two universal methodologies for utility design in distributed engineering system. By universal, we
mean that these methodologies will ensure that the resulting game is a (weighted) potential game
irrespective of the resource set R, the structure of the objective functions {Wr }r∈R , or the structure
of the agents’ action sets {Ai }i∈N . Here, universality is of fundamental importance by allowing
design methodologies to be applicable to a wide array of different applications.
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Consider the weighted Shapley value protocol, defined in (3), which always ensures the existence of a pure Nash equilibrium through the use of budget-balanced utility functions. Budgetbalanced utility functions play an important role for providing desirable efficiency guarantees as
highlighted by the conditions set forth in Theorems 2.3 and 2.5. However, utilizing the weighted
Shapley value protocol is computationally prohibitive in large systems as it requires computing a
summation of an exponential number of terms. Are there alternative methodologies that guarantee
the existence of a pure Nash equilibrium through the use of budget-balanced utility functions? The
following theorem proves that the answer is no.
Theorem 4.1 (Marden and Wierman, 2011 [53]) Let G be the set of welfare sharing games. A
set of protocols {fr (·)} is budget-balanced and guarantees the existence of any equilibrium in any
game G ∈ G if and only if the protocol is a weighted Shapley value.
Theorem 4.1 builds on work in [16] which derives a similar result for the analogous class of cost
sharing games. This theorem proves that the only universal methodology that guarantees the existence of an equilibrium in any game through the use of budget-balanced protocols is the weighted
Shapley value protocol. An alternative interpretation of Theorem 4.1 is the following: If a protocol is budget-balanced and does not represent a weighted Shapley value, then there exists a game
G ∈ G such that an equilibrium does not exist. The value of this theorem is that it provides a complete characterization of the protocol design space that a system designer needs to consider when
trying to design budget-balanced protocols that ensure the existence of a pure Nash equilibrium. In
essence, this design space is completely parameterized by player weights {ωi }i∈N . It is important
to highlight that there are currently no characterizations for the complete class of protocols that
ensure the existence of an equilibrium with relaxed budget-balanced constraints.
A second limitation associated with utility design for engineered systems focuses on the PoS
when using budget-balanced protocols. Theorem 4.1 proves that the weighted Shapley value protocol is necessary for ensuring the existence of an equilibrium in such settings. The following
theorem demonstrates that this requirement not only increases the computation complexity of such
a task, but also comes with a degradation in the PoS.
Theorem 4.2 (Marden and Wierman, 2011 [53]) Let G be the set of welfare sharing games with
submodular objective functions and a fixed weighted Shapley value protocol. The PoS across the
set of games G is 2.
This theorem proves that in general it is impossible to guarantee that the optimal allocation is an
equilibrium when using budget-balanced protocols. This is in contrast to non-budget balanced
protocols, e.g., the marginal contribution protocol, which can achieve a PoS of 1 for such settings.
Note that both the marginal contribution protocol and the weighted Shapley value protocol guarantee a PoA of 2 when restricting attention to welfare sharing games with submodular objective
functions since both protocols satisfy the conditions of Theorem 2.3.
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4.1.2

Distributed Optimization: Consensus

An extensively studied problem in distributed control is that of agreement and consensus [36, 67,
79]. In such consensus problems, there is a group of agents, N , and each agent i ∈ N is endowed
with an initial value ai (0) ∈ R. Agents update these values over stages, t = 0, 1, 2, .... The goal
is for each agent to compute the average of the initial endowments. Each agent i is only able to
communicate with neighboring agents, specified by the subset Ni ⊆ N . Define the interaction
graph as the graph formed by the nodes N and edges E = {(i, j) ∈ N × N : j ∈ Ni }. The
challenge in consensus problems is then to design update rules of the form


ai (t) = Fi {information about agent j at time t}j∈Ni
(19)
P
so that limt→∞ ai (t) = a∗ = n1 i∈N ai (0), which represents the solution to the optimization
problem
P
maxa∈Rn − 21 i∈N,j∈Ni ||ai − aj ||22
(20)
P
P
s.t.
i∈N ai =
i∈N ai (0)
provided that the interaction graph is connected. Furthermore, the control laws {Fi (·)}i∈N should
achieve the desired asymptotic guarantees for any initial value profile a(0) and any connected interaction graph. This implies that the underlying control design must be invariant to these parameters
in addition to the specific indices assigned to the agents.
One algorithm (among many variants) that achieves asymptotic consensus is distributed averaging [36, 67, 79], given by
X
ai (t) = ai (t − 1) + 
(aj (t − 1) − ai (t − 1)),
j∈Ni

where  > 0 is a step-size. This algorithm imposes the constraint that for all times t ≥ 0,
X
X
ai (t) =
ai (0),
i∈N

i∈N

i.e., the average value is invariant. Hence, if the agents reach consensus on a common value, this
value must represent the average of the initial values.
While the above description makes no explicit reference to games, there is considerable overlap with the present discussion of games and learning. Reference [47]) discusses how consensus
and agreement problems can be viewed within the context of games and learning. However, the
discussion is largely restricted to only asymptotic agreement, i.e., consensus but not necessarily to
the original average.
Since most of the aforementioned learning rules converge to a Nash equilibrium, one could
attempt to assign each agent i ∈ N an admissible utility function such that (i) the resulting game
is a potential game and (ii) all resulting equilibria solve the optimization problem in (20). To
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ensure scalability properties, we focus on meeting these objective using “spatially invariant” utility
functions of the following form


Ui (a) , U {aj , aj (0)}j∈Ni
(21)
where the function U(·) is invariant to specific indices assigned to agents. Note that the design
of U(·) leads to a well defined game irrespective of the agent set, N , initial value profile, a(0),
or the structure of the interaction graph {Ni }i∈N . The following theorem demonstrates that it
is impossible to design U(·) such that for any game induced by an initial value profile and an
undirected and connected interaction graph all resulting Nash equilibria solve the optimization
problem in (20).
Theorem 4.3 (Na and Marden, 2011 [42]) There does not exist a single U(·) such that for any
game induced by a connected and undirected interaction graph formed by the information sets
{Ni }i∈N , an initial value profile a(0), and agents’ utility functions of the form (21), the Nash
equilibria of the induced game represent solutions to the optimization problem in (20).
This theorem demonstrates that the framework of strategic form games is not rich enough to meet
the design considerations pertinent to distributed engineered systems. While this limitation was
illustrated here on the consensus problem, one might imagine that various other system level objectives could have similar limitations.

4.2

State Based Games

In this section we review the framework of state based games, introduced in [45], which represents
an extension to the framework of strategic form games where an underlying state space to the game
theoretic framework.10 Here, the state is introduced as a coordinating device used to improve
system level behavior. A (deterministic) state based game consists of the following elements:
(i) A set of agents N .
(ii) An underlying state space X.
(iii) A state-dependent action set Ai (x) for each agent i ∈ N and state x ∈ X.
(iv) A state-dependent utility function Ui : X × A → R for each agent i ∈ N where Ai =
Q
∪x∈X Ai (x) and A = i∈N Ai .
(v) A deterministic state transition function P : X × A → X.
10

State based games represent a simplification of the class of Markov games [75] where the key difference lies in
the discount factor associated with future payoffs. In Markov games, an agent’s utility represents a discounted sum
of future payoffs. Alternatively, in state based games, an agent’s utility represents only the current payoff, i.e., the
discount factor is 0. This difference greatly simplifies the analysis of such games.
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Repeated play of a state based game produces a sequence of action profiles a(0), a(1), ..., and
a sequence of states x(0), x(1), ..., where a(t) ∈ A is referred to as the action profile at time t
and x(t) ∈ X is referred to as the state at time t. The sequence of actions and states is generated
according to the following process: at any time t ≥ 0, each agent i ∈ N myopically selects an
ai (t) ∈ Ai , optimizing only the agent’s potential payoff at time t. The state x(t) and the action
profile a(t) := (a1 (t), . . . , an (t)) together determine each agent’s payoff Ui (x(t), a(t)) at time t.
After all agents select their respective action, the ensuing state x(t + 1) is chosen according to the
state transition function x(t + 1) = P (x(t), a(t)) and the process is repeated.
The framework of state based games can be exploited to model phenomena that are of interest
to distributed engineered systems. For example, a common assumption in game theory is that an
agent can select any action in the agent’s action set at any instance in time. In multiagent systems
this assumption is not necessarily true. Rather, each agent has the ability to influence his action
through different control strategies. Accordingly, we consider the situation where each agent i ∈ N
has a set of control strategies Πi that the agent can use to influence the agent’s action choice. Let
Q
Π := i Πi be the set of joint control strategies. We represent the action transition function of
agent i by a deterministic (or stochastic) transition function gi : Ai × Π → Ai . In a repeated state
based game, we adopt the convention that ai (t + 1) = gi (ai (t), π(t)) for any agent i ∈ N and
time t ≥ 1 where π(t) = (π1 (t), ..., πn (t)) is the joint control decision at time t. This implies that
an agent’s ensuing action is potentially influenced by the control strategies of all agents. We will
focus on the case where each agent has a null control strategy πi0 ∈ Πi such that for any agent
i ∈ N and action ai ∈ Ai we have ai = gi (ai , π 0 ) where π 0 = (π10 , ..., πn0 ).
Incorporating control-based decisions into the state based game framework requires the following: First, we embed the action profiles A and the original state space X into a new space
Y = A × X. Each agent i ∈ N now has a state invariant control strategy set Πi as described above
and a new state dependent utility function of the form Ui : Y × Π → R. Lastly, the deterministic
state transition function is now of the form Q : Y × Π → Y which encompasses both the previous
state transition function P (·) and the new action transition functions {gi (·)}. Repeated play of a
state based game proceeds in the same fashion as before with the sole exception that action profiles a(t) are replaced with control profile π(t). We denote such a state based games G by the tuple
G = {N, {Πi }, {Ui }, Y, Q}.
We begin by introducing a class of games, termed state based potential games [42], which
represent an extension of potential games to the framework of state based games.
Definition 4.1 (State Based Potential Game, [42]) A state based game G = {N, {Πi }, {Ui }, Y, Q}
is a state based potential game if there exists a potential function Φ : Y × Π → R that satisfies the
following two properties for every state y ∈ Y and control profile π ∈ Π:
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1. For any agent i ∈ N with control πi0 ∈ Πi
Ui (y, πi0 , π−i ) − Ui (y, π) = Φ(y, πi0 , π−i ) − Φ(y, π)
2. The potential function satisfies Φ(ỹ, π 0 ) = Φ(y, π) for the state ỹ = Q(y, π 0 )
The first condition states that each agent’s utility function is aligned with the potential function in
the same fashion as in potential games [58]. The second condition relates to the evolution on the
potential function along the state trajectory. We focus on the class of state based potential games
since dynamics can be derived which converge to the following class of equilibria:
Definition 4.2 (Stationary State Nash Equilibrium, [42]) A state action pair [y ∗ , π ∗ ] is a stationary state Nash equilibrium if
∗
).
1. For any agent i ∈ N we have πi∗ ∈ arg maxπi ∈Πi Ui (y ∗ , πi , π−i

2. The state is a fixed point of the state transition function, i.e., y ∗ = f (y ∗ , π ∗ ).
It can be shown that a stationary state Nash equilibrium is guaranteed to exist in any state based
potential game [42]. Furthermore, there are several learning dynamics which will converge to such
an equilibrium in state based potential games [42, 45].

4.3
4.3.1

Illustrations
Protocol Design

Section 4.1.1 highlight computational and efficiency limitations associated with designing protocols within the framework of strategic form games. Recently in [53], the authors shows that there
exists a simple state-based protocol that overcomes both of these limitations. In particular, for
welfare sharing games with submodular objective functions this state-based protocol is universal,
budget-balanced, tractable, and ensures the existence of a stationary state Nash equilibrium. Furthermore, the PoS is 1 and PoA is 2 when using this state-based protocol. Hence, this protocol
matches the performance of the marginal contribution protocol with respect to efficiency guarantees. We direct the readers to [53] for the specific details regarding this protocol.
4.3.2

Distributed Optimization

Consider the following generalization of the average consensus problem where there exists a set
of agents N , an action set Ai = R for each agent i ∈ N , a system level objective function
W : A → R which is concave and continuously differentiable, and a coupled constraint on the
agents’ action profile which is characterized by a set of m-linear inequalities represented in matrix
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form as Za ≤ C. Here, the goal is to establish a set of local control laws of the form (19) such that
the joint action profile converges to the solution of the following optimization problem
maxa∈Rn ,i∈N W (a)
Pn
k
k
s.t.
i=1 Zi ai − C ≤ 0,

k ∈ {1, . . . , m}

(22)

Here, the interaction graph encodes the desired locality in the control laws. Note that the objective
for average consensus in (20) is a special case of the objective presented in (22).
Section 4.1.2 demonstrates that it is impossible to design scalable agent utility functions within
the framework of strategic form games which ensured that all equilibria of the resulting game
represented solutions to the optimization problem in (22). We will now review the methodologies
developed in [42, 43] which accomplishes this task using the framework of state based games.
Furthermore, the forthcoming design also ensures that the resulting game is a state based potential
game; hence, there are available distributed learning algorithms for reaching the stationary state
Nash equilibria of the resulting game [42, 45]. The details of the design are as follows:
Agents: The agent set is N = {1, 2, ..., n}.
States: The starting point of the design is an underlying state space Y where each state y ∈ Y is
defined as a tuple y = (a, e, c), where the components are as follows:
• The term a = (a1 , . . . , an ) ∈ Rn is the action profile.
• The term e = (e1 , . . . , en ) is a profile of agent based estimation terms for the action profile
a. Here, ei = (e1i , . . . , eni ) ∈ Rn is agent i’s estimation for the joint action profile a. The
term eki captures agent i’s estimate of agent k’s action ak .
• The term c = (c1 , . . . , cn ) is a profile of agent based estimation terms for the constraint
m
violations. Here, ci = (c1i , . . . , cm
i ) ∈ R is agent i’s estimation for the constraint violation
C − Za. The term cki captures agent i’s estimate of the violation of the k-th constraint, i.e.,
P
k
j∈N Zkj aj − C .
Action Sets: Each agent i ∈ N is assigned a set of control policies Πi that permits the agents
to change their value and change their estimation terms through communication with neighboring
agents. Specifically, a control for agent i is defined as a tuple πi = (âi , êi , ĉi ) whose components
are as follows:
• The term âi ∈ R indicates a change in the agent’s value.
• The term êi := (ê1i , · · · , êni ) indicates a change in the agent’s “action profile” estimation
terms ei . Here, êki := {êki→j }j∈Ni where êki→j ∈ R represents the estimation value that agent
i “passes” to agent j regarding the action of agent k.
• The term ĉi := (ĉ1i , · · · , ĉm
i ) indicates a change in the agent’s “constraint violation” estimak
tion terms ci . Here, ĉi := {ĉki→j }j∈Ni where ĉki→j ∈ R represents the estimation value that
agent i “passes” to agent j regarding the violation of the k-th constraint.
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State Dynamics: We now describe how the state evolves as a function of the control choices
π(0), π(1), ..., where π(k) is the control profile at stage k. Define the initial state as y(0) =
[a(0), e(0), c(0)] where a(0) = (a1 (0), ..., an (0)) is the initial action profile, e(0) is an initial estimation profile that satisfies
X
eki (0) = n · ak (0),
(23)
i∈N

for each agent k ∈ N , and c(0) is an initial estimate of the constraint violations that satisfies
X
X
(24)
Zik · ai (0),
cki (0) =
i∈N

i∈N

for each agent k ∈ M . Hence, the initial estimation terms are contingent on the initial action
profile. We represent the state transition function Q(π, y) by a set of local state transition functions


{Qai (y, π)}i∈N , Qei,j (y, π) i,j∈N , and Qci,k (y, π) i∈N,k∈M . For any agent i ∈ N , state y =
(a, e, c), and control π = (â, ê, ĉ) the state transition function pertaining to the action profile takes
on the form
Qai (y, π) = ai + âi .
For any distinct agents i, k ∈ N , state y = (a, e, c), and control π = (â, ê, ĉ) the state transition
function pertaining to the estimate of the action profile takes on the form
X
X
êii→j
êij→i −
Qei,i (π, y) = eii + n · âi +
j∈Ni

j∈N :i∈Nj

Qei,k6=i (y, π)

=

eki

+

X

êkj→i

−

j∈N :i∈Nj

X

êki→j .

(25)

j∈Ni

It is straightforward to show that for any sequence of control choices π(0), π(1), ..., the resulting
state trajectory y(t) = (a(t), e(t)) = Q(π(t − 1), y(t − 1)) satisfies for all times t ≥ 1 and agents
k∈N
n
X
eki (t) = n · ak (t).
(26)
i=1

Lastly, for any agent i ∈ N , constraint k ∈ M , state y = (a, e, c), and control π = (â, ê, ĉ) the
state transition function pertaining to the estimate of the constraint violations takes on the form
X
X
Qci,k (y, π) = cki + Zik âi +
ĉkj→i −
ĉki→j
j∈N :i∈Nj

j∈Ni

It is straightforward to show that for any sequence of action profiles a(0), a(1), . . ., the resulting
state trajectory y(t) = (a(t), e(t), c(t)) = Q(y(t − 1), π(t − 1)) satisfies
X
X
cki (t) =
zik ai (t) − C k
(27)
i∈N

i∈N
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for all t ≥ 1 and constraints k ∈ M . Therefore
X
X
cki (t) ≤ 0 ⇔
zik ai (t) − C k ≤ 0
i∈N

(28)

i∈N

for any constraint k ∈ M . Hence, the estimation terms encode information regarding whether the
constraints are violated.
Agent Utility Functions: The last part of our design is the agents’ utility functions. For any state
y ∈ Y and admissible control π ∈ Π the utility function of agent i is defined as
Ui (y, π) =

X

W (ẽ1j , ẽ2j , ..., ẽnj ) −

m
XX
X X
2

2
max 0, c̃kj
ẽki − ẽkj − µ
j∈Ni k∈N

j∈Ni

j∈Ni k=1

where µ > 0 and (ṽ, ẽ, c̃) = Q(y, π) represents the ensuing state. Note that the agents’ utility
functions are both local and scalable.
Theorem 4.4 (Li and Marden, 2011 [42, 43]) Consider the state based game depicted above. The
designed game is a state based potential game with potential function
Φ(y, π) =

X

W (ẽ1i , ẽ2i , ..., ẽni )

i∈N

m
XX


2
1 X X X k
k 2
−
ẽi − ẽj − µ
max 0, c̃kj
2 i∈N j∈N k∈N
j∈N k=1
i

where (ã, ẽ, c̃) = Q(y, π) represents the ensuing state and µ > 0. Furthermore, if the interaction graph is connected, undirected, and non-bipartite, then a state action pair [y, π] =
[(a, e, c), (â, ê, ĉ)] is a stationary state Nash equilibrium if and only if the following conditions
are satisfied:
(i) The action profile a is an optimal point of the unconstrained optimization problem
"
!#2
X
µ X
k
k
max 0,
Zi ai − C
.
(29)
max W (a) −
a∈A
n k∈M
i∈N
(ii) The estimation of the action profile e is consistent with a, i.e., for any ∀i, k ∈ N we have
eki = ak .
(iii) The estimation of the constraint violations c satisfies the following for any ∀i ∈ N and
k∈M
!
X

1
max 0, cki = max 0,
Zik ai − C k .
n
i∈N
(iv) The change in action profile satisfies âi = 0 for all agents i ∈ N .
(v) The net change in estimation for both the action profile and the constraint violation is 0, i.e.,
X
X
êkj→i −
êki→j = 0
∀i, k ∈ N,
j∈N :i∈Nj

X
j∈N :i∈Nj

j∈Ni

ĉkj→i −

X

ĉki→j = 0

j∈Ni
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∀i ∈ N, k ∈ M.

This theorem characterizes the complete set of stationary state Nash equilibrium for the designed state-based game. There are several interesting properties regarding this characterization.
First, the solutions to the unconstrained optimization problem incorporating penalty functions in
(29) in general only represent solutions to the constrained optimization problem in (22) when the
tradeoff parameter µ → ∞. However, in many settings, such as the consensus problem discussed
in Section 4.1.2, any finite µ > 0 will provide the equivalence between these two solution sets [42].
Second, the design methodology set forth in this section is universal and provides the desired equilibrium characteristics irrespective of the specific topological structure of the interaction graph
or the agents’ initial actions/values. Note that this was impossible when using the framework of
strategic form games. Lastly, since the designed game represents a state based potential game, there
exists learning dynamics which guarantee convergence to a stationary state Nash equilibrium [42].

5

Concluding Remarks

We conclude by mentioning some important topics not discussed in this chapter.
First, there has been work using game theoretic formulations for engineering applications over
many decades. Representative topics include cybersecurity [2, (2010)], wireless networks [78,
(2005)], robust control design [8, (1995)], team theory [34, (1972)], and pursuit-evasion [33,
(1965)]. The material in this chapter focused on more recent trends that emphasize both game
design and adaptation through learning in games.
Second is the issue of convergence rates. We reviewed how various learning rules under different information structures can converge asymptotically to Nash equilibria or other solution concepts. Practical implementation for engineering applications places demands on the requisite convergence rates. Furthermore, existing computational and communication complexity results constrain the limits of achievable performance in the general case [19, 28]. Recent work has begun to
address settings in which practical convergence is possible [4, 38, 59, 72].
Finally, there is the obvious connection to distributed optimization. A theme throughout the
paper is optimizing performance of a global objective function under various assumptions on available information and communication constraints. While the methods herein emphasis a game theoretic approach, there is extensive complementary work on modifying optimization algorithms (e.g.,
gradient decent, Newton’s method, etc) to accommodate distributed architectures. Representative
citations are [64, 81, 82] as well as the classic reference [10] .
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