On the Approximation Ratio of the MST-based
Heuristi for the Energy-EÆ ient Broad ast Problem
in Stati Ad-Ho Radio Networks
Andrea E.F. Clementi

1

Gianlu a Rossi

1;3

Gurvan Huiban

1

Paolo Penna

Yann C. Verhoeven

2

1

Abstra t
We present a new analysis of the approximation ratio of the MST-based heuristi

[1℄ for the Minimum Energy Broad ast Problem in Ad-Ho

This fundamental problem is known to be
worst- ase

onstant ratio by simply

NP

Radio Networks.

-hard [2℄ and approximable within a

omputing the Minimum Spanning Tree (MST)

of the graph underlying the wireless network (i.e., by the MST-based heuristi

in-

trodu ed by Ephremides et al. in [1℄). However, the best known theoreti al upper
bound [3℄ on this ratio is very large: 12.
Our intuition here is that this large value is due to a too rough and pessimisti
s enario

onsidered by the previous worst- ase analysis of the MST-based heuristi .

We use te hniques from [2℄ to derive a polynomial-time
the optimal

ost of any instan e of the problem.

omputable lower bound on

Thanks to this lower bound, we

were able to evaluate the approximation ratio over thousands of random instan es
(i.e. instan es in whi h nodes are

hosen uniformly and independently at random),

for several values of the network size n and the density. The previous experimental
studies on this problem [1, 4℄ were only able to

ompare a set of heuristi s, one to

ea h other, on random instan es.
The main result of this paper is that, in all the experimental tests, the approximation ratio has never a hieved a value greater than 6:4.

Furthermore, the

worst (i.e. the largest) values of this ratio are a hieved for small network sizes (i.e.
n



9). This is

onsistent with some previous works on the asymptoti al properties

of Eu lidean MST's [5, 6, 7℄.
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We also provide a

lear geometri al motivation of su h good approximation

results, i.e., the main reasons for whi h the ratio 12 is not tight (at least) for the
adopted input model.
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Introdu tion

1.1 Motivations and preliminary de nitions.
Wireless networking te hnology will play a key role in future ommuni ations and the
hoi e of the network ar hite ture model will strongly impa t the e e tiveness of the
appli ations proposed for the mobile networks of the future. Broadly speaking, there
are two major models for wireless networking: single-hop and multi-hop. The single-hop
model [8℄, based on the ellular network model, provides one-hop wireless onne tivity
between mobile hosts and stati nodes known as base stations. This type of networks
relies on a xed ba kbone infrastru ture that inter onne ts all base stations by highspeed wired links. On the other hand, the multi-hop model [9℄ requires neither xed,
wired infrastru ture nor predetermined inter onne tivity. Ad-ho networking [10℄ is the
most popular type of multi-hop wireless networks be ause of its simpli ity: Indeed, an ad
ho wireless network is onstituted by a homogeneous system of mobile stations onne ted
by wireless links.
In ad-ho networks, to every station is assigned a transmission range: The overall range
assignment determines a transmission (dire ted) graph sin e one station s an transmit
to another station t if and only if t is within the transmission range of s. The range
transmission of a station depends, in turn, on the energy power supplied to the station:
In parti ular, the power p(s) required by a station s to orre tly transmit data to another
station t must satisfy the inequality

p(s)
dist(s; t)

1

(1)

where dist(s; t) is the Eu lidean distan e between s and t, and  1 is the distan epower gradient. The most studied ase is
= 2 [1, 2, 3℄ sin e this orresponds to the
empty spa e and, moreover, it is a suÆ iently good approximation of the environment
where wireless networks are lo ated (see [11, 12℄).
Energy onservation is a riti al issue in an ad-ho wireless network: It is important to
minimize the energy onsumption of the network provided that a onne tivity property on
the indu ed transmission graph is guaranteed (for a survey on this topi see [13℄). Current
trans eivers and ommuni ation proto ols are designed for a xed transmission range (e.g.
IEEE 802.11 standard [14℄). However, a s enario in whi h the transmission range is not
xed is ompatible with urrent te hnology. In parti ular, the transmission range an
be varied dynami ally in presen e of mobility or when the physi al node pla ement is
unknown. Distributed topology ontrol proto ols, aimed at dynami ally hanging the
2

transmission range assignment in order to guarantee a ertain onne tivity property of
the network and minimize energy onsumption, have re ently presented in [15, 16, 17℄
In this paper, we address the ase in whi h the onne tivity property is the following:
Given a sour e station s, the transmission graph indu ed by the range assignment must
ontain a dire ted spanning tree rooted at s. This is one of the ru ial problems underlying
ad-ho wireless networks be ause any transmission graph satisfying the above property
allows the sour e station to perform broad ast operations. Broad ast is a task initiated
by the sour e station whi h transmits a message to all stations in the wireless networks:
This task onstitutes a major part of real life multi-hop radio networks [18, 19℄.
A trivial solution for the above problem onsists in assigning to the sour e s a transmission power that suÆ es to dire tly ommuni ate (within one hop) with all the other
stations. However, this solution ould be very expensive: In fa t, due to the Equation (1),
the total power (i.e. the sum of the powers assigned to every stations) required by the
network ould be very large with respe t to the optimal solution. This fa t an be better
explained by an example: Let us onsider n nodes s1 , s2 , . . . , sn on a line su h that
d(si ; si+1 ) = 1, moreover, let s1 be the sour e node. If = 2, an assignment that allows
s1 to dire tly ommuni ate with all the other stations requires a total energy at least n2
whereas the best power assignment is p(si ) = 1 for all i = 1; : : : ; n 1; this means that
the total power required by this assignment is n 1.
Let S be a set of n nodes lo ated on the Eu lidean plane. A range assignment for S
is a fun tion r : S ! R + . The transmission (dire ted) graph Gr = (S; E ), indu ed by r,
is de ned as
E = f(v; u) : u 2 S ^ dist(v; u)  r(v )g:

[

v2S

The Minimum Energy Consumption Broad ast Subgraph (in short, MECBS) problem is then de ned as follows: Given a set of stations S on the Eu lidean plane and a
sour e node s 2 S , nd a range assignment r su h that Gr ontains a dire ted spanning
tree rooted at s and the fun tion
ost(r) =

Xr v
v2S

( )

(2)

is minimized.
This problem was introdu ed in [1℄ where three greedy heuristi s are proposed. Here,
the performan es of su h heuristi s, for the standard ase = 2, have been ompared
(one to ea h other) on random instan es, i.e., instan es in whi h points are hosen indpependently and uniformly from a square region. The best heuristi appears to be the
one based on the onstru tion of an Eu lidean Minimum Spanning Tree (MST) routed
at the sour e node. This algorithm, denoted as MST-ALG, is sket hed in Figure 1. The
MST-ALG heuristi learly runs in polynomial time and always returns a feasible solution.
It a hieves the best experimental results [1℄ and it is also easy to implement. Moreover,
in network with dynami power ontrol (where stations are allowed to make small and/or
3

begin

T := DIR-MST(S; dist; s);
forall v 2 S do
rmst (v ) := maxu:(v;u) T fdist(v; u)g;
2

end

Figure 1: The MST-ALG for omputing the MECBS. The DIR-MST pro edure returns the
dire ted MST rooted at s (a ording to the input distan e fun tion dist.
slow movings), the range assigned to the stations an be modi ed at any time: The algorithm an thus take advantage of all known te hniques to dynami ally maintain MST's
(see, for example, [20, 21, 22℄).
Finally, MST-ALG is the only heuristi for whi h theoreti al results are known: In fa t,
simultaneously and independently, in [2℄ and in [3℄, it is shown that the MST-ALG heuristi
a hieves a onstant approximation ratio. More formally, given an instan e hS; si, de ne
ost(hS; si; rmst ) =

Xr
v2S

mst

(v )2

and opt(hS; si) as the ost of a minimum range assignment for this instan e. Then, they
prove that a onstant  > 0 exists su h that, for any instan e hS; si, the approximation
ratio is su h that
ost(hS; si; rmst )
Rmst (S; s) =
 :
(3)
opt(hS; si)
This onstant is proved to be 40 in [2℄, it was then redu ed to 20 by the same authors
in [23℄, and it is shown to be 12 in [3℄. On the other hand, [3℄ provides a \bad" instan e
(i.e., a star of 6 nodes, see Figure 2) in whi h MST-ALG returns a solution whose ost is
almost 6 times the optimal.
We emphasize that the use of approximation algorithms is motivated by the fa t that
the MECBS problem is NP-hard even when it is restri ted to the ase in whi h the nodes
are lo ated on the Eu lidean plane (see [23, 24℄). More re ently, a simpler proof of the
NP-hardness for a di erent version of the problem (in whi h the set of possible node
transmission ranges is xed and given as input) is presented in [25, 4℄. It thus follows
that an important open question is to determine the \real" quality of approximation
a hieved by the MST-ALG heuristi .

1.2 Our results.
We show that the large approximation ratio a hieved in [3℄ is not tight for random instan es. A tually, our intuition here is that it might be possible to almost mat h the
lower bound 6.
4

In order to support our intuition, we present and dis uss the results of a new massive
experimental analysis of the MST-ALG performan es on random instan es. A ording to
most of the experimental analysis of omputational problems on stati ad-ho radio networks (see for example the papers [1, 4, 26, 27℄), we onsider the uniform random model,
in whi h nodes are hosen uniformly and independently at random from a square region
of a given size and, then, the ( omplete) distan e graph is onsidered. Besides having a
per se theoreti al interest, the use of the uniform random model is well motivated by theoreti al and experimental results [28, 29, 30℄ showing that the topology of eÆ ient stati
ad-ho radio networks must be sparse and well-spread [31, 32℄. We refer here to topologies arising from appli ations in emergen ies, battle eld, monitoring remote geographi al
regions, et . [33, 34, 35, 36, 37℄. As in [1, 3, 4, 25℄, we address the ase = 2.
The main novelty of our ontribution onsists in omparing the ost of the MST-ALG
solution to a lower bound of the relative optimum. Indeed, from the theoreti al analysis
in [23℄, we rst derive an easy-to- ompute lower bound (whi h is not the dire t lower
bound yielded by the approximation ratio) on the optimal ost of any instan e of the
problem. We then exploit this lower bound in order to evaluate the approximation ratio
over several thousands of random instan es. The main result of this paper is that, for
all the randomly generated instan es, the approximation ratio has never a hieved a value
greater than 6:4. Noti e that this value somewhat implies that the uniform random model
\takes are" of \bad" instan es like the one in Figure 2.
The above lower bound on the optima establishes a dire t onne tion between the
approximation ratio of the MST-based solution and the ratio (S ) between the ost1 of
the MST of a set of nodes S on the plane and the minimal-area disk that ontains S .
It an in fa t be proved that the approximation ratio of MST-ALG is not larger than
4  (S ). Thanks to this onne tion, we an evaluate the MST-ALG approximation ratio by
performing experimental results on (S ). We on entrate and report only the maximal
value a hieved by (S ) (and, thus, by the approximation ratio) as fun tion of the input
parameters. Clearly, the average values are bounded by the relative maximal values.
Two input parameters are onsidered: the number n of nodes and the side length ` of
the square region in whi h the n nodes are independently pla ed a ording to the uniform
distribution. From these two parameters, we an de ne the density of the radio network
as the ratio between the number of nodes and the size of the smallest region ontaining
all the nodes. Number of nodes and region size hara terize the network topology. For
example, in radio networks implemented in buildings of few hundreds of square meters,
the number of nodes an vary from few dozens to some hundreds, whereas wide area
networks, spread over thousands of squared kilometers, may ontain few thousands of
nodes [38, 39℄. However, we perform our experiments over larger ranges of the input
parameters.
Our results are summarized in Table 1: the approximation ratio Rmst (S; s) is shown
1 Noti

e that the ost of an edge (u; v ) is dist(u; v )2 : see Se tion 2.
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for di erent sizes of the node set S . The hoi e of reporting Rmst (S; s) as fun tion of the
(only) parameter jS j is motivated by the fa t that, from the experimental data, Rmst (S; s)
does not depends on the region size. In parti ular, the values of Rmst (S; s) greater than
6 (as the value returned by the \bad" instan e in Figure 2) are all obtained for jS j  9:
This might implies that this \bad" instan e is one of the (absolute) worst instan es.
More importantly, the worst- ase approximation ratio Rmst (S; s) seems to be a de reasing
fun tion of jS j: It seems to tend to a onstant slightly greater than one. This trend
is onsistent to that of the asymptoti al expe ted value of (S ) determined in [7℄ (this
asymptoti al average- ase analysis gives no information about the \worst- ase" instan es
of reasonable, small size - see Se tion 3).
From Table 1 and the above dis ussion, it thus turns out that the worst- ase instan es
are likely to have small sizes. This well-motivates our massive simulation on random
networks of relatively small sizes.
Finally, we an state that the quality of the approximation yielded by the MST-ALG
heuristi is thus rather good on random instan es, mu h better than that arising from the
previous theoreti al worst- ase analysis in [3℄. In Se tion 2, we will show some spe i
geometri al properties of the MST-ALG solutions that motivate the a hieved quality.

1.3 Organization of the paper.
Se tion 2 shows a simple and eÆ ient method to derive the lower bound on the optimal
from the worst- ase analysis in [23℄. We also des ribe the main geometri al fa ts the
worst- ase analysis relies on, and we then onje ture a more likely worst- ase geometri al
s enario. In Se tion 3, we present our experimental results. Finally, in Se tion 4, we
dis uss the obtained results.
2

Fast- omputable lower bound for the optima

Given any set of nodes S , D(S ) denotes the smallest disk ontaining all the nodes S and
its diameter is denoted as diam(S ). Given the weighted omplete graph (G(S; E ); dist2 ),
where the weight of every edge (u; v ) is de ned as dist(u; v )2, the weight of a subgraph
G (S; E ) of G is de ned as
0

X

0

w(G ) =
0

u;v)2E

(

dist(u; v )2:
0

Now, let ropt be an optimal range assignment for the instan e hS; si of MECBS. For any
v 2 S , let
K (v ) = fu 2 S : dist(v; u)  ropt (v )g

6

and let MST(v ) be a minimum spanning tree of the subgraph of Gropt indu ed by K (v ).
For any v 2 S , let
(v ) =
Then, it holds that
opt(hS; si) =

w(MST(v ))
and
diam(K (v))2

Xr

opt

v2S

(v )2 

Sin e the graph G = (S; E ) where
0

0

E =
0

max

Xw

1

4 v

S

2

[ fe 2 E

v2S

= maxf (v ) j v 2 S g:

(MST(v ))
(v )

41 
max

Xw
v2S

(MST(v ))

: e 2 MST(v )g;

is a spanning subgraph for S , it follows that
opt(hS; si) 

4

1
max



Xw
v2S

(MST(v )) 

4

1
max

 w(MST(S ))
41 
max

ost(MST-ALG(S; s)) (4)

From the above inequality, it should be lear that any upper bound for max determines a
lower bound on the optimum of any instan e of the Minimum Energy Consumption
Broad ast Subgraph problem.
Noti e that, given any set of points S on the plane, the ratio w(MST(S ))=diam(S )2 an
be easily omputed in O(jS j2) time (as we will see later, this is the only omputation
made by our experimental tests!).
In [23℄, the following result is proved
Theorem 1 ([23℄) For any set

S

of points on the plane,

(S ) =

w(MST(S ))
diam(S )2  5:

(5)

By repla ing max  5 in Equation 4, [2℄ showed that MST-ALG is a 20-approximation
algorithm for Minimum Energy Consumption Broad ast Subgraph. However, our
opinion is that this upper bound is due to a rough and pessimisti theoreti al analysis.
In what follows, we argument this opinion.
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2.1 A more realisti analysis.
In order to determine an upper bound for

we need to ompare the area of the disk
set S of nodes on the plane (where the weight
of every edge (u; v ) is w((u; v )) = dist(u; v )2).
Let e = (u; v ) be an edge of a Eu lidean MST(S ) and De be the diametral disk whose
enter is on the midpoint of e and whose diameter is dist(u; v ). The ontribution of e to
the ost of MST an be \represented" as the area of De (up to the onstant fa tor =4);
so, the ost of MST is thereabout the sum of the areas of the diametral disks asso iated to
all the edge of the tree (see 3). Then, roughly speaking, Theorem 1 is proved by showing
that no more than 5 of su h disks an overlap over any point of D(S ).
In this analysis, it is thus assumed that, in the worst ase, every point of D(S ) is
overed by 5 overlapping diametral disks! In other words, it is onsidered the worst- ase
s enario in whi h the MST solution \pays" 5 times the area of D(S ).
It is easy to onvin e the reader that this situation never happens. Moreover, as for
random instan es, the total area overed by the diametral disks appears very small with
respe t to the area of the disk D(S ) (see Figure 3)! We even tried to draw 4 diametral
disks of a minimum spanning tree so that they all over a same region of positive area
with no su ess. This really seems a geometri al property of minimum spanning trees
for points of plane: unfortunately, until now, we were not able to prove it. We have run
experiments devoted to the evaluation of the number of overlapping diametral disks that
an o ur (see the java applet in http://mat.uniroma2.it/verhoeve/). From these
simulations it turns out that never more than 3 disks overlap and the size of the region
overed by more than one disk is almost negligible with respe t to the area of D(S ). Our
opinion an thus be summarized into the following

D(S ) and the weight of MST(S ) for a generi

max ,

S be a set of points on the Eu lidean plane and let MST be an Eu lidean
spanning tree of S . Then, no more than 3 diametral disks of edges of T an

Conje ture 1 Let

minimum
overlap on a region of positive area. Furthermore, the area of the overall region whi h is
overed by more than two diametral disks is almost negligible with respe t to the area of
(S ).

D

3

Experimental Results

As mentioned in the previous se tion, our experimental task onsists in omputing the
worst ratio (S ) from several thousands of random node sets S 's. In parti ular, the
simulation is performed by varying the side length ` of the square region ontaining S
and by varying the size jS j = n from 5 to some thousands. The nodes are independently
pla ed a ording to the uniform distribution. For ea h ` and jS j  1000, we run 10; 000
experiments from whi h only the maximum value of (S ) is onsidered. While, due to the
high omputational time and to the dis overed trend of the experiments, few hundreds of
8

experiments have been run for larger values of n. The experimentas tests onsider three
region sizes (10  10, 50  50, 100  100). The results are summarized in Table 2. The
table shows that (S ) is a de reasing fun tion of density. Observe that, xing the density
and in reasing the region size orresponds to in reasing the number of nodes! This might
imply that, similarly to the theoreti al asymptoti al expe ted value (see Theorem 2), the
maximum value of (S ) only depends on n.
In order to support the above statement, we have performed experiments by varying
the number of nodes and keeping the region size xed. Table 3 shows the results for every
n 2 f5; : : : ; 100g and for ` 2 f10; 50; 100; 1000g. The obtained data show that, for the
same number of nodes, there is no relevant di eren e among the four onsidered regions.
It seems thus on rmed our laim that (S ) (and hen e Rmst (S; s)) only depends on the
number of nodes and does not depend on the region size. A tually, this laim is also
on rmed by a simple s aling operation.
We emphasize that the maximal values of (S ) returned by our experimental results
seem to yield a de reasing fun tion of n (see also Figure 4). This is fully ompatible with
the asymptoti al behaviour of the expe ted value of (S ). Indeed, [7℄ proved the following
theoreti al result.
Theorem 2 ([7℄) Let

S be a set of points hosen independently and uniformly at random
A. Then, two positive onstants k and 0 exist su h that, for

from a square region of area
any n > 0, it holds that

jw(MST(S )) k  Aj  ppn :

For this reason, in order to nd \bad" instan es, we have onsidered instan es S of
size not too large (jS j  100): The relative data are reported in Table 3.
We nally remark that determining the exa t value of the onstant k in Theorem 2 is
still an open problem [5, 6℄. However, on the ground of our experimental data, we may
onje ture that this onstant is widely smaller than 1.

3.1 Notes on the Implementation
Our laim is that the performan e ratio of the MST-ALG algorithm is 6 but the worst value
found by our experiments is a little greater than this value. This dis repan y is due to
our implementation hoi es. Sin e our experiments run over thousands of big instan es,
we have adopted the hoi e of omputing the ratio
w(MST(S ))
(6)
C (S ) =
maxu;v S fdist(u; v) g
0

2

that an be omputed faster than the real value of (S )

C (S ) =

w(MST(S ))

diam

9

:

Moreover, observe that maxu;v S fdist(u; v ) gdiam. Then, an upper bound for C (S )
is also an upper bound for C (S ). However, this approximation an be too \rough" for
small values of jS j. Indeed, let us onsider three stations forming an equilateral triangle:
by using Equation (6), we get C (S )  2 and a performan e ratio of 8. On the ontrary,
the real value of C (S ) is 3=2 (see Figure 5) that implies a performan e ratio of 6. We
also observe that the worst instan e leading the 6:4 approximation fa tor found by our
experiments yield a shape similar to the Figure 5. This instan e is represented in Figure 6.
0

2

4

Con lusion and open questions

We have presented the rst experimental results on the approximation ratio a hieved by
the MST-ALG heuristi for the Minimum Energy Consumption Broad ast Subgraph problem on 2-dimensional radio networks. Su h experiments show that the
a hieved quality is good, mu h better than that derived from the best-known theoreti al
worst- ase analysis. We strongly believe that this quality is due to a set of geometri al
properties of the MST-ALG solutions whi h are not onsidered by su h worst- ase analysis:
these properties seem to hold for any 2-dimensional instan e of reasonable large size.
The main theoreti al open question is proving Conje ture 1, thus a hieving a better
theoreti al worst- ase approximation ratio for the MST-ALG.
Moreover, another important open problem is whether other algorithmi te hniques
an a hieve better worst- ase approximation for the Minimum Energy Consumption
Broad ast Subgraph problem.
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Figure 2: A bad instan e for MST-ALG.
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Rmst (S; s)

jS j

Rmst (S; s)

jS j

Rmst (S; s)

59
10
15
20
25
30
35
40
45
50
55

6:4
4:4
3:3
3:0
2:7
2:7
2:5
2:3
2:4
2:2
2:2

60
65
70
75
80
85
90
95
100
125
250

2:1
2:0
2:0
2:0
1:9
1:9
1:9
1:9
1:8
1:7
1:5

375
500
1000
1500
2000
1250
1750
2250
5000
7000
9000

1:4
1:3
1:2
1:2
1:2
1:2
1:2
1:1
1:1
1:1
1:1

Table 1: The experimental results for the approximation ratio Rmst (S; s) for several dimensions of the set S . We report the largest values from thousands of experiments.

5%
10%
15%
20%
50%
70%
90%

10  10
1.448513
0.978396
0.807885
0.738916
0.543291
0.507716
0.457731

50  50 100  100
0.433417 0.333548
0.372507 0.30637
0.344493 0.295351
0.33153 0.293037
0.290886 0.270258
0.289506 0.268491
0.28003 0.263674

Table 2: The (S ) values for some node densities and some region sizes.
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Figure 3: A MST (and the relative edge diameter disks) of a set S of 100 points randomly
generated inside a disk of diameter 400.

Figure 4: Trend for the worst values for (S ) obtained by the fourth olumn of Table 3.
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5
6
7
8
9
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95
100

10

50

100

1000









10
1.448
1.420
1.283
1.209
1.082
0.978
0.808
0.739
0.668
0.614
0.594
0.576
0.535
0.543
0.543
0.506
0.483
0.508
0.493
0.468
0.452
0.458
0.464
0.441

50
1.378
1.387
1.254
1.162
1.155
1.103
0.795
0.717
0.679
0.678
0.625
0.568
0.528
0.553
0.541
0.528
0.508
0.502
0.461
0.471
0.454
0.473
0.455
0.450

100
1.448
1.611
1.261
1.221
1.096
0.981
0.822
0.750
0.664
0.653
0.613
0.569
0.568
0.526
0.523
0.511
0.490
0.490
0.490
0.468
0.478
0.481
0.479
0.440

1000
1.462
1.412
1.332
1.143
1.103
0.995
0.797
0.759
0.662
0.647
0.609
0.566
0.599
0.554
0.503
0.498
0.506
0.480
0.473
0.469
0.475
0.456
0.446
0.446

max

1.462
1.612
1.332
1.221
1.155
1.103
0.822
0.759
0.679
0.678
0.625
0.576
0.599
0.554
0.543
0.528
0.508
0.508
0.493
0.471
0.478
0.481
0.479
0.450

R

mst

(S; s)

5.846
6.447
5.330
4.886
4.619
4.413
3.288
3.036
2.716
2.711
2.501
2.304
2.395
2.215
2.174
2.111
2.034
2.031
1.971
1.885
1.914
1.924
1.917
1.801

Table 3: The values of (S ) and Rmst (S; s) for di erent sizes of S and di erent size of
networks. For ea h region size, we have reported the worst value of (S ) obtained from
10 thousands of trials. The fourth olumn reports the worst value between the rst three
olumns whereas the last olumn is the approximation ratio omputed by multiplying by
4 the value of the fourth olumn.
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