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Abstract. Most real-world applications operate in dynamic environments. In

such environments often it is necessary to modify the current solution due to
various changes in the environment (e.g., machine breakdowns, sickness of employees, etc). Thus it is important to investigate properties of adaptive algorithms
which do not require re-start every time a change is recorded.
In this paper non-stationary problems (i.e., problems, which change in time) are
discussed. We describe di erent types of changes in the environment. A new model
for non-stationary problems and a classi cation of these problems by the type of
changes is proposed. A brief review of existing applied measures of obtained results
is also presented.

1 Introduction
Most optimization algorithms assume static objective function; they search for a nearoptimum solution with respect to some xed measure (or set of measures), whether it is
maximization of pro ts, minimization of a completion time for some tasks, minimization
of production costs, etc. However, real-world applications operate in dynamic environments, where it is often necessary to modify the current solution due to various changes
in the environment (e.g., machine breakdowns, sickness of employees, etc). Thus it is
important to investigate properties of adaptive algorithms which do not require re-start
every time a change is recorded.
Let us consider an electric company. Periods of work and rest in the industry (e.g.,
day and night periods, periods of ve days of work and two days of rest, summer holidays,
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heating during the winter) mixed with some occasional changes (like special days of the
year, e.g., Christmas holidays), natural anomalies (early frost, long summer, oods, etc.)
and unpredictable events (e.g., breakdowns) make demands of energy varying in time.
Fortunately power system in every country has an over-supply of the produced energy
with respect to the demand but anyway the system of power control needs a exible
optimization algorithm to control and manage energy sources eciently.
Let us consider a typical factory. When the list of tasks and the list of resources, which
are necessary to realize these tasks, change in time, the optimization of task schedule is
in fact a real-time optimization with a varying optimization function and a varying set
of constraints.
Let us consider also a navigation problem. Navigation is a simultaneous path-planning
and movement to the goal along the path. For non-stationary environments once optimized path could be useless if an unexpected object (e.g., unknown obstacle) is detected
in the environment.
We can generalize these three examples to a class of optimization tasks of the same
type: these are non-stationary problems which change in time. We are interested in
solving these problems with evolutionary computation techniques. It would be interesting
to investigate, which extensions of evolutionary algorithms are useful in these scenarios.
In this paper we discuss the nature of non-stationary problems especially from the point
of view of evolutionary search process.
The paper is organized as follows. In section 2 a model of a problem is proposed.
The model includes stationary and non-stationary problems as well. Section 3 provides
a discussion of types of changes, whereas Section 4 presents a brief review of existing approaches to non-stationary problem optimization. In Section 5 existing applied measures
of obtained results are discussed. Some conclusions are drawn in section 6.

2 The Model
Most real-world optimization problems can be modelled by specifying the variables of
the problem together with their domains, the objective function to be optimized, and a
set of constraints the solution must satisfy. We assume that the problem has n decision
variables, x = (x1; : : :; xn). There is also an additional discrete variable t, which plays
the role of time.1
Thus, a model M of a problem P can be expressed as:

M(P ) = (D; F ; C )
where:
{ D { domain of the variables of the problem. It is a (n + 1)-dimensional search-space:
n
Y
D = hqi (t); ri(t)i  IN
i=1

1

Note, that time is continuous, however, any changes are usually recorded in discrete intervals.
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where xi 2 hqi (t); ri(t)i for 1  i  n (hqi(t); ri (t)i is a range for the i-th variable at
time t).
{ F { an evaluation function (implied by the problem), possibly extended by the time
dimension:
F = f (x; t) : D ! IR:

{ C { set of constraints:
C = fci (x; t)  0g; i = 1; : : :; v(t):
Let us discuss these components in more detail. Note that domains are usually divided
into two categories: (1) continuous and (2) discrete domains. If both types of variables are
present in the the problem, we deal with so-called mixed programming problem. There
are two forms of changes of the domain during the search process:
1. the intervals for domain variables can change, and
2. the number of dimensions of the search space can change in time | some variables
may disappear or a new variables can be introduced.
Changes of the number of dimensions as well as changes of intervals for domain
variables modify the nature of the problem. In that situation it is usually necessary to
re-start the search procedure and to tune the optimization tool to the new problem after
a change has occurred. So in further text we do not discuss this form of changes and we
assume that the domains is constant in time, i.e., qi(t) = qi and ri (t) = ri.
The model discussed above represents both stationary and non-stationary problems.
The di erence is in the role of time in the evaluation function and constraints. If the
variable of time t is present in the formula of evaluation function, i.e., F = f (x; t) or
in constraint inequalities (i.e., ci = ci (x; t) for some i) , then the model represents a
non-stationary problem, otherwise we deal with a stationary one.
Note that all problems represented in the model can be divided further into six
categories, since there are two categories of objective function and three categories of the
set of constraints:
{ the objective function may or may not depend on the time variable t, and
{ the set of constraints C can be empty, non-empty and time independent, and nonempty and time dependent.
Table 1 provides a classi cation of all possible cases.
The rst and the second class of problems are the stationary cases, i.e., they represent
situations where the problem do not have any time context. These two classes were
investigated heavily in the EA community.
In 1975 De Jong studied usefulness of evolutionary techniques to ve di erent evaluation functions which belonged to the rst class of problems (i.e., the objective function
is constant; the set of constraints is empty). Since that time a large group of researchers
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Table 1. Classi cation of changes in a process. The symbol ; denotes the case where the set of
constraints is empty; static | there are no changes in time; var | there are some changes in
time
No. objective function constraints
1
static
;
2
static
static
3
static
var
4
var
;
5
var
static
6
var
var

continued studying properties of evolutionary algorithms, proposed new operators of selection and variability, new population maintenance techniques, and other extensions of
basic evolutionary algorithm for many di erent but stationary problems from the rst
class of problems. For the second class of problems many constraint-handling methods
(e.g., methods based on preserving feasibility of solutions, penalty functions, repair algorithms, specialized operators, etc.) were proposed [24]. Clearly, the largest e ort of
the researchers of evolutionary computation community has been focused exclusively on
these two classes of problems.
However, as discussed in Introduction, most real-world applications operate in dynamic environments, which are modeled by classes 3{6. Thus in the rest of the paper we
concentrate on these.

3 Discussion of types of changes
The model of a problem discussed in the previous section introduced a time variable t. At
any time there might be a change in the evaluation function or in the set of constraints.
However, it is important to discuss a nature of such changes.
The rst issue to consider is the visibility of a change. It is necessary to investigate
whether the change which occurred in the environment is known to the system or if
it must be detected rst. When the changes have to be detected rst, the information
about them can be given to the system from outside or it can deduced on the basis of
behavior of system components. In the rst case an additional module controlling realworld environment and transmitting update information to the optimization system is
necessary. In the second case the system has to manage by itself.
The most intuitive form of changes detection in evolutionary algorithms is the observation of population performance. E.g., the time averaged performance of the whole
population was controlled in [32]: a signi cant decrease of the performance was a signal
that a change occurred, so it is time to perform some additional steps to recapture the
near-optimum solution.
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In further discussion we will assume that all necessary informations about changes
are given to the system and are known just after the change appeared. In the following
two subsections we consider cases where a change occurs in (1) the objective function or
(2) constraints of the problem.

3.1 Changes of a function landscape
Changes of a function landscape represent real-world optimization tasks where values
of proposed solutions change in time and thus demand continuous optimization process.
An example of a situation of this type is a (real-time) traveling salesperson problem.
The level of trac in the streets change in time respectively to the hours of a day. The
salesperson plans the route taking into account the time of the journey (as a longer route
can take less time than the shorter one performed on the crowded streets), and the total
time depends on the time of the day. In other words, the same solution (in terms of a
route) may have di erent merit at di erent times.
Changes in the function landscape can be classi ed in many ways. One of them is
based on the regularity of changes:
1. random changes | where the next change of the landscape does not depend of
the previous change and the time t. If changes are too large we have a situation of
optimization of a completely di erent new problem.
2. non-random and non-predictable changes | where the next change do depend
of the previous changes, but the dependency is so complex that we consider these
changes not predictable.
3. non-random and predictable changes | where the change of the landscape is
deterministic.
If the changes are de ned by a function which is known we can try to predict the
future coordinates of the optimum and improve the search process by some deterministic procedures.
This class of non-random and predictable changes can be divided into two additional
subclasses: (1) cyclical, and (2) non-cyclical changes.
The next criterion of classi cation is the continuous or discrete nature of changes. We
can distinguish two areas of this classi cation: the time of search and the search space.
Changes which are continuous in time make the environment at least a little di erent
every time we measure it. Discrete changes appear in the environment from time to time
and there are periods of stagnations between them.
Changes which have a continuous nature in the search space move the optimum to
the other point which is close enough to be found again by the local search mechanisms
without a risk of becoming trapped in a local optimum. Discrete changes in the space
represent situation when optimum skips from one point to another during a single change.
The distance between these two coordinates before and after skip is big enough to make
the local search inecient or too expensive.
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3.2 Changes of problem constraints

Changes of a set of constraints simulate other real-world situations where some feasible
solutions become unacceptable or | in the opposite case | unacceptable solutions become feasible. An example is a factory with a set of machines producing some goods. List
of tasks and list of machines are the input data for a system optimizing task management
in the factory. A case when some of machines break and need time to be repaired is the
situation where a new constraint appears in the optimizing system. Task allocations for
the broken machine are not feasible till the machine is repaired.
Changes of problem constraints can be constant or discrete in time and in the search
space as well. Additionally they can be classi ed by the change of capacity of the feasible
part of search space.
For a discrete search space S its capacity V (S ) is equal to the number of possible
solutions in the domain; similarly, the capacity of the feasible part V (F ) is equal to the
number of feasible solutions in the domain.
For continuous spaces we can measure the capacity of sets using integrals. An example is a n-dimensional search space S limited by pairs of boundaries (lower and upper
boundary) for each of dimensions. Capacity of S from the example is measured by the
following formula:
Z r1 Z rn
V (S ) =
: : : dx1 : : :dxn
q1

qn

where qi and ri represent lower and upper boundary of an i-th dimension. Capacity of
the feasible search space equals:
Z Z
V (F ) = : : : dx1 : : :dxn
F

where: F is the feasible part of the search space.
As the feasible part F of the search space is de ned by a set of constraints C (which
are time dependent), the capacity of the feasible part of the search space can change over
time.
For better control of constraints behavior during the search process two measures of
changes can be very useful: (1) a feasible part of the search space capacity ratio, and
(2) a gradient of change. Let (t) is a feasible search space ratio for a given time t; for
dynamic constraints this ratio is a function of t:
(t) = V V(F(S(t))) :
For dynamic constraints we can also measure a gradient of change G (t):
? (F (t) \ F (t ? 1)))
G (t) = V ((F (t) [ FV ((tF?(t1))
) [ F (t ? 1))
It's value is in the range h0; 1i and equal 1 when the feasible search space changed
completely and 0 when the feasible space for the time t is the same as the feasible space
for the time t ? 1.
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4 Existing evolutionary approaches to non-stationary problem
optimization
Extensions of evolutionary algorithm to consider changes which may occur during the
search process and to track the optimum eciently in spite of this changes have been
studied by several researchers over the last few years. These extensions can be grouped
into three general categories:
 Maintenance of the diversity level. The presence of many potential solutions during
the evolutionary search seems to be a useful feature in optimization in changing
environments. As long as some level of the population diversity is uphold we could
expect the algorithm to adapt easier to changes. Hence maintaining diversity of the
population could increase search performance of the algorithm.
Among many maintaining population diversity techniques we can select:
 sharing and crowding techniques [15, 4],
 techniques based on the concepts of temperature and entropy [25, 26],
 techniques based on the concept of the age of individuals [10],
 a random immigrants mechanism [5, 16],
 a mechanism of variable range local search around the current locations [32].
 Adaptation and self-adaptation mechanism. Dynamical adjustment of the algorithm to
the non-stationary environment is the next feature of the ecient optimization. So
adaptive and self-adaptive techniques are the next signi cant extension of evolutionary algorithm [1, 3, 8]. In adaptation the parameters of the algorithm are updated
using statistic or heuristic rules to determine how to update. Update of the parameters in the genetic process in parallel with searching of the optimum is called a
self-adaptation. Both these techniques of parameters update were applied to nonstationary optimization tasks.
 Redundancy of genetic material. One of the most important abilities in adaptation
to changes is reasoning from previous experiences. If we want to reason from past
a place to collect experiences is needed. So the next good idea of enforcement of
eciency in dynamic optimization is adding memory structures to the algorithm.
One of the earliest forms of memory although not used for non-stationary optimization was the tabu-search strategy [12, 13]. Beside TS a considerable number of other
ideas using past experience and the forms of memory were proposed. We can classify
them into several types [30]:
 numerical memory | where the modi cation of algorithm parameters is performed
using experience of previous generations [29, 30, 34]. This type of memory has
a form of additional numerical parameters. They are updated every generation
using the results of the previous search. Their in uence on the search process is realized by modi cation of the behavior of search operators: mutation or crossover.
 symbolic memory | where the algorithm gradually learns from the individuals in
the populations and thus constructs beliefs about the relevance of schemas (Machine Learning theory is exploited) [31]. The symbolic type of memory encodes
some knowledge in its structures which have a form of rules used to guide search
operators.
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 exact memory | where existing structures are enhanced by additional genes,

chromosomes (diploidy) or groups of chromosomes (polyploidy) [6, 14, 17, 20, 23,
25, 28, 35]. The memory is utilized during the search process and between the
search tasks as well. Change of the current active chromosome of the individual
by the data from memory is controlled by some dominance functions which behavior depends on the type of stored data (chromosomes or just single genes),
the structure of memory (linear, hierarchical, etc.) and a form of access | it is
common for the whole population, an individual or a single gene only.

5 Measures for comparisons of algorithms
When the problem is stationary (neither an evaluation function nor a set of constraints
change in time) it is relatively easy to compare the results of various algorithms. However,
when a problem is non-stationary, the situation is more complex, as it is necessary to
measure not the nal result (which does not exist in the continuous process of tracking
the moving optimum), but rather the search process itself (e.g., its reactions to di erent
types of changes).
In evolutionary computation community some measures of obtained results have been
proposed; these measures exploited the iterational nature of the search process and the
presence of continuously modi ed and improved population of solutions. One of the rst
measures were on-line and o -line performance proposed by De Jong in 1975 [7].
{ o -line performance | is the best value in the current population averaged over
the entire run. It represents the eciency of the algorithm in the given time of run.
{ on-line performance | is the average of all evaluation of the entire run. It shows
the impact of the population on the focus of the search.
These two measures, although designed for static environments, were employed in experiments with non-stationary ones [2, 16, 32, 33].
In other publications authors visually compared graphs of the best objective function
value measured during the entire search process (or graphs of the mean value obtained
from series of experiments) [1, 3, 5, 4, 6, 10, 14, 16, 22, 25, 26, 27, 33]. In some papers
graphs of average values of all individuals or of the worst individual in the population
were also analyzed [5, 14, 6, 25, 26]. Both these methods were based on the measures of
o -line and on-line performance.
An interesting measure based on the o -line performance was an adaptation performance described in [25]. It was evaluated according to the formula:
TX
max f (t)
best
I= T1
max i=1 fopt (t)
where:
Tmax | the length of the entire search process,
fbest(t) | the tness of the best individual in the population at the time t,
fopt (t) | the tness of the optimum point in the search space at the time t.
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This formula was later modi ed slightly to:

TX
max
1
f
(
t
)
(t) = fopt (t)
best
I=T
= 10;:5; ifif ffbest
(t) < fopt (t)
f
(
t
)
best
max i=1
opt
In [9] two benchmarks measuring relative closeness of the best found solution to
the global optimum were proposed: Optimality Op and Accuracy Ac. Optimality Op
represents closeness of the value of the best obtained solution f (x0 ) to the value of
optimum fopt . For maximization and minimization problems we have following formulas
respectively:
Opmin (x0) = ffmax ?? ff(x0 )
Opmax (x0 ) = ff(x0 ) ?? ffmin
max
min
max
min
Accuracy Ac represents the relative closeness of a solution found to the global optimum
solution xopt and it is de ned with following formula:
Ac(x0 ) = 1 ? xjxopt??xx0 j
max
min
Although authors did not use these measures to non-stationary optimization evaluation, the closeness to the optimum during the search process is an interesting value
which seems to be helpful in comparisons between applications and easy to control in
experiments.
Another measure was based on the observation of the population distribution. In
[26, 33] authors controlled population entropy which is a measure of disorder in the
population. Forms of the entropy evaluation depended on the demands of the applied
algorithm. For example in [26] the entropy was evaluated in a locus-wise manner i.e. it
was evaluated separately for every locus in the individual in comparison to locuses on
that position in all other individuals in the population.
For results estimations of non-stationary optimization process we proposed the following two measures: Accuracy | Acc and Adaptability | Ada. They are based on a
measure proposed by De Jong [7]: o -line performance but evaluate di erence between
the value of the current best individual and the optimum value instead of evaluation of
the value of just the best individual.
 Accuracy | Accuracy is a measure dedicated exclusively for dynamic environments. It
is a di erence between the value of the current best individual in the population of the
\just before the change" generation and the optimum value averaged over the entire run.
K
X
Acc = K1 (erri; ?1 )
i=1

 Adaptability | di erence between the value of the current best individual of each
generation and the optimum value averaged over the entire run.
2
3
K

?
1
X
X
Ada = K1 4 1 (erri;j )5
i=1
j =0
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where:
erri;j | a di erence between the value of the current best individual in the
population of j -th generation after the last change (jin[0;  ?1]), and the optimum
value for the tness landscape after the i-th change (i 2 [0; K ? 1]),
 | the number of generations between two consequtive changes,
K | the number of changes of the tness landscape during the run.
Clearly, the smaller measured values are (for both Accuracy and Adaptability) the better
result. In particular, a value of 0 for Accuracy means that the algorithm found the
optimum every time before the landscape was changed (i.e.,  generations were sucient
to track the optimum) On the other hand, a value of 0 for Adaptability means that
the best individual in the population was at the optimum for all generations, i.,e., the
optimum was never lost by the algorithm.

6 Conclusions
In this paper a model for non-stationary problems was proposed. Two components of
the problem can be changed in time: evaluation function and problem constraints. We
discussed and classi ed di erent types of components changes. A brief review of existing
evolutionary approaches to non-stationary problem optimization was presented. They
were divided into three main groups representing (1) population diversity maintenance
techniques, (2) adaptation and self{adaptation techniques, and (3) redundant genetic
material approaches. In the last section di erent measures for comparisons of obtained
results were discussed. They mostly exploited the iterational nature of the search process
and observed values of individuals changing in time. Some measures controlled diversity of the population of solutions which is continuously modi ed and improved by the
algorithm. Two new measures of non-stationary optimization results were also proposed.
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