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Abstract
Timed computation tree logic (Tctl) extends Ctl by allowing timing constraints on the temporal
operators. The semantics of Tctl is de ned on a dense tree. The satis ability of Tctl-formulae is
undecidable even if the structures are restricted to dense trees obtained from timed graphs. According
to the known results there are two possible causes of such undecidability: the denseness of the
underlying structure and the equality in the timing constraints. We prove that the second one is
the only source of undecidability when the structures are de ned by timed graphs. In fact, if the
equality is not allowed in the timing constraints of Tctl-formulae then the nite satis ability in
Tctl is decidable. We show this result by reducing this problem to the emptiness problem of timed
tree automata, so strengthening the already well-founded connections between nite automata and
temporal logics.

1 Introduction
In 1977 Pnueli proposed Temporal Logic as a formalism to specify and verify computer programs
[Pnu77]. This formalism turned out to be greatly useful for reactive systems [HP85], that is systems
maintaining some interaction with their environment, such as operating systems and network communication protocols. Several temporal logics have been introduced and studied in literature, and now this
formalism is widely accepted as speci cation language for reactive systems (see [Eme90] for a survey).
Temporal logic formulae allow to express temporal requirements on the occurrence of events. Typical
temporal operators are \until", \next", \sometimes", \always", and a typical assertion is \p is true until
q is true". These operators allow us only to express qualitative requirements, that is constraints on the
temporal ordering of the events, but we cannot place bounds on the time a certain property must be
true. As a consequence traditional temporal logics have been augmented by adding timing constraints to
temporal operators, so that assertions such as \p is true until q is true within time 5" can be expressed.
These logics, which are often referred to as real-time or quantitative temporal logics, are suitable when
it is necessary to explicitely refer to time delays between events and then we want to check that some
hard real-time constraints are satis ed.
Besides the usual classi cation in linear and branching-time logics, real-time logics are classi ed
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according to the nature of the time model they use. Temporal logics based on discrete time models
are presented in [EMSS90, JM86, Koy90, PH88]. An alternative approach is to model time as a dense
domain. Temporal logics with this time model are Mitl [AFH96], Tctl [ACD93], Stctl [LN97], and
Gctl [PH88]. For more about real-time logics, see [AH93, Hen98].
In this paper we are interested in branching-time temporal logics which use a dense time domain and
in particular we will consider the satis ability problem in Tctl. Given a formula ' we want to determine
if there exists a structure M satisfying it. The syntax of Tctl is given by augmenting the temporal
operators of Ctl [CE81] (except for the \next" which is discarded since it does not have any meaning
in a dense time domain) with a timing constraint of type  c, where  is one among <; ; >; ; and
=, and c is a rational number. The semantics of Tctl is given on a dense (or continuous) tree. It turns
out that the satis ability problem in Tctl is undecidable even if the semantics is restricted to dense
trees obtained from timed graphs ( nite satis ability [ACD93]), that is, timed transition systems where
the transitions depend also on the current value of a nite number of clock variables.
Another real-time branching-time temporal logic is Stctl [LN97] which is obtained by restricting
both the semantics and the syntax of Tctl. Instead of a dense tree, a timed !-tree is used to de ne the
semantics of formulae, and the equality is not allowed in the timing constraints. With these restrictions
the Stctl-satis ability problem turns out to be decidable. This result is obtained by reducing the
Stctl-satis ability problem to the the emptiness problem of nite automata on timed !-trees, which
is shown to be decidable in [LN97]. Introducing the equality in the timing constraints causes the loss
of the decidability. A similar phenomenon was observed in Mitl, where the decidability is lost when
the restriction to non-singular intervals is relaxed [AFH96].
In this paper we prove that this indeed holds also for the nite satis ability in Tctl. In particular, we reduce the nite satis ability problem of Tctl-formulae without equality in the timing
constraints, to the emptiness problem of timed tree automata, via translation to the satis ability problem of Tctl-formulae with respect to a proper subclass of Stctl-structures. Restricting the class
of Stctl-structures is necessary since along any path of a timed graph the truth assignments of the
atomic propositions vary according to a sequence of left-closed right-opened intervals, while in general
in Stctl-structures the truth assignments change according to sequences of time intervals which are
alternatively singular and opened. De ned the language of a logic as the set of formulae which are
satis able, as a consequence of the previous result we have that Tctl interpreted on timed graphs
is language equivalent to a proper restriction of Stctl. Moreover, in this paper we also introduce a
concept of highly-deterministic timed tree automaton with the aim of matching the concept of regular
tree in !-tree languages.
The use of the theory of timed tree automata to achieve the decidability of the Tctl nite satis ability, strengthens the relationship between nite automata and temporal logics, also in the case of
real-time logics. In a recent paper [DW99] an automata-theoretic approach to Tctl-model checking
has been presented. There the authors introduced timed alternating tree automata and rephrased the
model-checking problem as a particular word problem for these automata. For timed alternating tree
automata, this decision problem is decidable while the emptiness problem is not decidable.
The rest of the paper is organized as follows. In section 2 we recall the main de nitions and results
from the theory of timed tree automata, and we introduce a concept of highly-deterministic timed tree
automaton. In section 3 we recall the temporal logics Tctl and Stctl with the related decidability
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results. The main result of this paper is presented in section 4, where the nite satis ability in Tctl
is shown to be decidable via reduction to the emptiness problem of timed tree automata. Finally, we
give our conclusions in section 5.

2 Timed tree automata
In this section we recall some de nitions and results concerning to timed automata [AD94, LN97], and
introduce the concept of highly-deterministic timed tree automaton.
Let  be an alphabet and dom(t) be a subset of f1; : : : ; kg , for an integer k > 0, such that (i)
" 2 dom(t), and (ii) if v 2 dom(t), then for some j 2 f1; : : : ; kg, vi 2 dom(t) for any i such that
1  i  j and vi 62 dom(t) for any i > j . A -valued !-tree is a mapping t : dom(t) ?! .
Given a -valued !-tree t a subtree tu of t rooted at u 2 dom(t) is the -valued !-tree de ned as
dom(tu ) = fv j uv 2 dom(t)g and tu (v) = t(uv) for each uv 2 dom(t). For v 2 dom(t), we denote with
pre(v) the set of pre xes and with deg(v) the arity of v. A path in t is a maximal subset of dom(t)
linearly ordered by the pre x relation. Often we will denote a path  with the ordered sequence of its
nodes v0 ; v1 ; v2 ; : : : where v0 is ". With In(tj) we denote the set of symbols labelling in nitely many
nodes on a path  in t. With <+ we denote the set of the nonnegative real numbers. A timed -valued
!-tree is a pair (t;  ) where t is a -valued !-tree and  , called time tree, is a mapping from dom(t)
into <+ such that (i)  (v) > 0, for each v 2 dom(t) ? f"g, and
 (")  0 (positiveness), and (ii) for
P
each path  and for each x 2 <+ there exists v 2  such that u2pre(v)  (u)  x (progress property).
Nodes of a timed !-tree become available as the time elapses, that is, at a given time only a nite
portion of the tree is available. Each node of a timed !-tree is labelled by a pair (symbol, real number):
for the root the real number is the absolute time of occurrence, while for the other nodes is the time
which has elapsed since their parent node was read. Positiveness implies that a positive delay occurs
between any two consecutive nodes along a path. Progress property guarantees that in nitely many
events (i.e. nodes appearing at input) cannot occur in a nite slice of time (nonzenoness ). Given a
-valued
timed !-tree (t;  ) and a node v, we denote with v the time at which v is available, that is
P
v = u2pre(v)  (u). In the rest of the paper, we will consistently use to denote absolute time, i.e.
time elapsed from the beginning of a computation, and  to denote delays between events. Moreover,
we will use the term tree to refer to a -valued !-tree for some alphabet  and the term timed tree to
refer to a timed -valued !-tree. A (timed) tree language is any set of (timed) trees. Now we recall
the de nition of timed Buchi tree automaton. It is possible to extend this paradigm by considering
other acceptance conditions such as Muller, Rabin, or Streett [Tho90]. Timed Muller tree automata as
well as timed Buchi tree automata were introduced and studied in [LN97]. To de ne timed automata
we introduce the notion of clock, timing constraint, and clock valuation. A nite set of clock variables
(or simply clocks) is used to test timing constraints. Each clock can be seen as a chronograph which
is synchronized to a unique system clock. Clocks can be read or set to zero (reset): after a reset, a
clock automatically restarts. Timing constraints are expressed by clock constraints. Let C be a set of
clocks, the set of clock constraints (C ) contains boolean combinations of simple clock constraints of
type x  y + c, x  y + c, x  c, and x  c, where x; y 2 C and c is a rational number. A clock valuation
is a mapping  : C ?! <+ . If  is a clock valuation,  is a set of clocks and d is a real number, we
denote with [ ! 0]( + d) the clock valuation that gives 0 for each clock x 2  and  (x) + d for each
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clock x 62 .
A Buchi timed tree automaton is a 6-tuple A = (; S; S0 ; C; ; F ), where:
  is an alphabet;
 S is a nite set of locations;
 S0  S is the set of starting locations;
 C is a nite set of clocks;
[
  is a nite subset of (S    S k  (2C )k  (C ));
k0

 F  S is the set of accepting locations.

A timed Buchi tree automaton A is deterministic if jS0 j = 1 and for each pair of di erent tuples
(s; ; s1 ; : : : ; sk ; 1 ; : : : ; k ; ) and (s; ; s01 ; : : : ; s0k ; 01 ; : : : ; 0k ; 0 ) in ,  and 0 are inconsistent (i.e.,
 ^ 0 =false for all clock valuations).
A state system is completely determined by a location and a clock valuation, thus it is denoted by
a pair (s;  ). A transition rule (s; ; s1 ; : : : ; sk ; 1 ; : : : ; k ; ) 2  can be described as follows. Suppose
that the system is in the state (s;  ), and after a time  the symbol  is read. The system can take
the transition (s; ; s1 ; : : : ; sk ; 1 ; : : : ; k ; ) if the current clock valuation (i.e.  +  ) satis es the clock
constraint . As a consequence of the transition, the system will enter the states (s1 ; 1 ); : : : ; (sk ; k )
where 1 = [1 ! 0]( +  ); : : : ; k = [k ! 0]( +  ). Each node of a timed tree has thus assigned a
location and a clock valuation, according to the transition rules in . Formally, this is captured by the
concept of run. A run of A on a timed tree (t;  ) is a pair (r;  ), where:
 r : dom(t) ?! S and  : dom(t) ?! <C+;
 r(") 2 S0 and  (") = 0, where 0 (x) = 0 for any x 2 C ;
 for v 2 dom(t), k = deg(v): (r(v); t(v); r(v1); : : : ; r(vk); 1 ; : : : ; k ; ) 2 ,  (v) +  (v) ful ls  and
 (vi) = [i ! 0]( (v) +  (v)) 8i 2 f1; : : : ; kg.
Clearly, deterministic timed automata have at most one run for each timed tree. A timed tree (t;  )
is accepted by A if and only if there is a run (r;  ) of A on (t;  ) such that In(rj) \ F 6= ; for any path
 in r. The language accepted by A, denoted by T (A), is the set of all timed trees accepted by A. In
the following we refer to (timed) Buchi tree automata simply as (timed) tree automata. No confusion
will arise since we do not consider other acceptance conditions.
For a timed tree automaton the set of states is in nite. However, they can be nitely partitioned
according to a nite-index equivalence relation over the clock valuations. Each equivalence class, called
clock region, is de ned in such a way that all the clock valuations in an equivalence class satisfy the
same set of clock constraints from a given timed automaton (see [AD94] for a precise de nition). Given
a clock valuation  , [ ] denotes the clock region containing  . A clock region 0 is said to be a timesuccessor of a clock region if and only if for any  2 there is a d 2 <+ such that  + d 2 0 . The
region automaton of a timed tree automaton A is a transition system de ned by:
 the set of states R(S ) = fhs; i j s 2 S and is a clock region for Ag;
 the set of starting states R(S0 ) = fhs0 ; 0 i j s0 2 S0 and 0 satis es x = 0 for all x 2 C g;
 the transition rules R() such that: (hs; i; ; hs1 ; 1i; : : : ; hsk ; k i) 2 R() if and only if
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(s; ; s1 ; : : : ; sk ; 1 ; : : : ; k ;  ) 2  and there is a time-successor 0 of such that 0 satis es 
and i = [i ! 0] 0 for all i 2 f1; : : : ; kg.
The region automaton is the key to reduce the emptiness problem of timed tree automata to the
emptiness problem of tree automata. Given a timed tree language T , Untime(T (A)) is the tree language
ft j (t;  ) 2 T g. We will denote by R(A) the timed tree automaton accepting Untime(T (A)) and obtained
by the region automaton (see [LN97] for more details).
Remark 1 [LN97]
1. The emptiness problem of timed Buchi tree automata is decidable in time exponential in the length
of timing constraints and polynomial in the number of locations.
2. The class of timed Buchi tree automata is closed under union and intersection.

We end this section by introducing a new de nition. The aim is to de ne for timed tree automata a
concept which captures some of the properties that regular trees have in the context of tree languages.
We will use this notion to relate timed tree automata to timed graphs. A timed tree automaton
A = (; S; S0 ; ; C; F ) is said to be highly deterministic if Untime(T (A)) contains a unique tree, and
for s 2 S , e = (s; ; s1 ; : : : ; sk ; 1 ; : : : ; k ; ) 2  and e0 = (s; 0 ; s01 ; : : : ; s0h ; 01 ; : : : ; 0h ; 0 ) 2  imply that
e = e0 . The second property of highly-deterministic timed tree automata simply states that there is at
most one transition rule that can be executed in each location s 2 S . Given a timed tree automaton
A = (; S; S0 ; ; C; F ), we say that a timed tree automaton A0 = (; S 0 ; S00 ; 0 ; C; F 0 ) is contained in
A if S 0  S , S00  S0 , 0  , and F 0  F . Clearly, T (A0 )  T (A) holds. We recall that a regular
tree contains a nite number of subtrees. Given a timed tree automaton A = (; S; S0 ; ; C; F ), and
a regular run r of R(A) on a regular tree t 2 T (R(A)), we de ne a shrink of r and t as the labelled
directed nite graph G = (V; E; lab) such that there is a mapping  : dom(t) ?! V such that:
 for any u; u0 2 dom(r), (u) = (u0) implies that deg(u) = deg(u0 ), and for each i = 1; : : : ; deg(u),
(ui) = (u0i);
 E = f((u); (ui); i) j u 2 dom(r) and i  deg(u)g, and (v; v0 ; i) 2 E is an edge from v to v0 labelled
by i;
 for v 2 V , lab(v) = (r(u); t(u)) for any u such that v = (u).
From the de nition of regular tree, such a graph G always exists. Thus, the following theorem holds.
Theorem 1 Given a timed tree automaton A, T (A) is not empty if and only if there exists a highlydeterministic timed tree automaton contained in A.
Proof. We consider rst the forward direction. By hypothesis T (A) is not empty, then Untime(T (A))
is also not empty. Thus there exist an accepting regular run r of R(A) and a corresponding regular tree
t 2 Untime(T (A)) [Rab72]. Let G = (V; E; lab) be a shrink of r and t, where " corresponds to v0 and
lab(v0 ) = (r("); t(")). We de ne Adet as the timed tree automaton (; Sdet ; fs00 g; det ; C; Sdet ) where:
 hs00; [0 ]i = r(") with 0(x) = 0 for any x 2 C ;
 Sdet = fs j 9v 2 V such that lab(v) = (hs; i; )g;
 a transition rule (s; ; s1 ; : : : ; sk ; 1 ; : : : ; k ; ) 2  belongs to det if and only if the sequence
(v; v1 ; 1); : : : ; (v; vh ; h) 2 E of all the edges from v is such that (1) h = k, (2) lab(v) = (hs; i; ),
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and lab(vi ) = (hsi ; i i; i ) for i = 1; : : : ; k, and (3) there exists a d > 0 such that ( + d) satis es
 and i = [i ! 0]( + d) for i = 1; : : : ; k.
Directly from the above de nition we have that Untime(T (Adet )) = ftg, and for each s 2 Sdet there
is only a transition rule that can be executed from s. Thus Adet is a highly-deterministic timed tree
automaton. Moreover, Adet is contained in A, and thus we have proved that if T (A) is not empty
then there exists a highly-deterministic timed tree automaton contained in A. The converse direction
is a direct consequence of the facts that any highly-deterministic timed tree automaton A0 accepts a
non-empty language and T (A0 )  T (A) since A0 is contained in A.
Later in the paper we will use the following property. Given a highly-deterministic timed tree
automaton A, there is a highly-deterministic timed automaton A0 such that T (A) = T (A0 ) and for
any transition rule (s; ; s1 ; : : : ; sk ; 1 ; : : : ; k ; ) of A0 we have that si 6= sj for i 6= j . We call such an
automaton a graph-representable timed tree automaton, since it corresponds to a labelled directed graph
such that for any ordered pair of locations (s; s0 ) there is exactly an edge connecting s to s0 in the graph.
This does not hold in general for a highly-deterministic timed tree automaton. We can easily obtain
A0 from A by simply adding multiple copies of the A locations that break the graph-representability
property.

3 Timed Computation Tree Logic
In this section we recall the real-time branching-time temporal logics Tctl [ACD93] and Stctl [LN97].
Let AP be a set of atomic propositions, the syntax of Tctl-formulae is given by the following
grammar:
' := p j :' j ' ^ ' j 9['Uc '] j 8['Uc ']
where p 2 AP , 2 f<; ; >; g, and c is a rational number. Notice that the Tctl-syntax given in
[ACD93] allows the use of equality in the timing constraints. Here we restrict the syntax to obtain the
decidability of the nite satis ability which is, in general, undecidable.
Before giving the semantics of Tctl, we introduce some common notation. The constant False is
equivalent to ' ^ :', the constant True is equivalent to : False, 3c' and 2c ' are equivalent to
True Uc' and :3c:', respectively. In the rest of the paper with AP we denote the set of atomic
propositions of the considered Tctl-formulae. If it is not di erently stated, with  we refer to a
relational operator in f<; ; >; g, and with c to a rational number. We de ne a dense path through
a set of nodes S as a function  : <+ ?! S . With I we denote the restriction of  to an interval I
and with [0;b)  0 the dense path de ned as ([0;b)  0 )(d) = (d), if d < b, and ([0;b)  0 )(d) = 0 (d),
otherwise. The semantics of Tctl is given with respect to a dense tree. A -valued dense tree M is a
triple (S; ; f ) where:
 S is a set of nodes;
  : S ?!  is a labelling function;
 f is a function assigning to each s 2 S a set of dense paths through S , starting at s, and satisfying
the tree constraint: 8 2 f (s) and 8t 2 <+ , [0;t)  f ((t))  f (s).
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Given a 2AP -valued dense tree M = (S; ; f ), a state s, and a formula ', ' is satis ed at s in M if
and only if M; s j= ', where the relation j= is de ned as follows:
 for 2 AP , M; s j= if and only if 2 (s);
 M; s j= : if and only if not(M; s j= );
 M; s j= 1 ^ 2 if and only if M; s j= 1 and M; s j= 2 ;
 M; s j= 9[ 1Uc 2 ] if and only if 9 2 f (s) and 9d  c such that M; (d) j= 2 and for each d0
such that 0  d0 < d, M; (d0 ) j= 1 ;
 M; s j= 8[ 1Uc 2 ] if and only if 8 2 f (s), 9d  c such that M; (d) j= 2 and M; (d0 ) j= 1 for
each d0 such that 0  d0 < d.
We say that M is a Tctl-model of ' if and only if M; s j= ' for some s 2 S . Moreover, a Tctl-formula
' is said to be satis able if and only if there exists a Tctl-model of '.
Let ' be a Tctl-formula. We de ne the closure of ', denoted by cl('), as the set of all the
subformulae of ' and the extended closure, denoted by ecl('), as the set cl(') [ f:p j p 2 cl(')g.
Moreover, we de ne S'  2ecl(') as the collection of sets s with the following properties:
 2 s =) : 62 s;
 1 ^ 2 2 s =) 1 2 s and 2 2 s;
 [ 1 Uc 2] 2 s, 2 f8; 9g =) 1 2 s or ( 2 2 s and (0  c));
 s is maximal, that is for each 2 ecl('): either 2 s or : 2 s.
Note that S' contains the maximal sets of formulae in ecl(') which are consistent, in the sense that
given an s 2 S' and a dense tree (S; ; f ), the ful lment at a given r 2 S of a formula in s does not
prevent all the other formulae in s from being satis ed at r. From now on we only consider Tctlformulae, thus we will refer to them simply as formulae since no confusion can arise. In the rest of this
section we recall two semantic restrictions to Tctl that have been considered in literature.

3.1 Finite satis ability
A rst restriction of Tctl-semantics consists of considering only dense trees de ned by runs of a timed
graph [ACD93]. A timed graph is a tuple G = (V; ; s0 ; E; C; ;  ), where:
 V is a nite set of vertices;
  : V ?! 2AP is a labelling function;
 s0 is the start vertex;
 E 2 V  V is the set of edges;
 C is a nite set of clocks;
  : E ?! 2C maps each edge to a set of clocks to reset;
  : E ?! (C ) maps each edge to a clock constraint.
A timed graph is a timed transition system, where vertices correspond to locations and edges to
transitions. A state is given by the current location and the array of all clock values. When a clock
constraint is satis ed by the clock valuation of the current state, the corresponding transition can be
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taken. A transition e forces the system to move, instantaneously, to a new state which is described
by the target location of e, and the clock values obtained by resetting the clocks in the reset set of
e. Any computation of the system maps reals to states. This concept is captured by the notion of
run. Given a state (s;  ) of a timed graph G, an (s;  )-run of G is an in nite sequence of triples
(s1 ; 1 ; 1 ); (s2 ; 2 ; 2 ); : : : where:
 s1 = s, 1 =  , and 1 = 0;
 for i > 1 si 2 S , i 2 <+, and i is a clock valuation;
 ei = (si ; si+1) 2 E , i+1 = [(ei ) ! 0](i + i+1), (i + i+1) satis es the enabling condition (ei),
and the series of reals i is divergent (progress condition).
An (s;  )-run can be also seen as a real-valued mapping (d) de ned as (d) = (si ; i + d ? i) for d 2 <+
such that i  d < i+1 ( is also said to be a dense path of G). Notice that a dense path  gives for
each time a truth assignment of the atomic propositions. Moreover, the truth values stay unchanged
in intervals of type [ i ; i+1 ). The dense tree M de ned by a timed graph G is a tuple (S  <n; 0 ; f )
where 0 (s;  ) = (s) and f (s;  ) is the set of all the paths corresponding to (s;  )-runs of G. For a
formula ', we say that G j= ' if and only if M; (s0 ; 0 ) j= ' where 0 (x) = 0 for any clock x 2 C . Thus
a formula ' is nitely satis able if and only if there exists a timed graph G such that G j= '.

3.2 Restricting the semantics to timed trees
In this section we recall the temporal logic Stctl which is obtained restricting the Tctl-semantics to
dense trees obtained from 2AP  2AP -valued !-trees. An Stctl-structure is a timed 2AP  2AP -valued
!-tree (t;  ) with  (") = 0. Given an Stctl-structure (t;  ) we denote by topen and tsing the functions
de ned as (topen (v); tsing (v)) = t(v) for each v 2 dom(t). An open and a singular interval along the
paths in (t;  ) correspond to each node v: topen(v) and tsing (v) are the sets of the atomic propositions
which are true in these two intervals. Given a path  = v0 ; v1 ; v2 ; : : : in an Stctl-structure (t;  ), a
dense path in (t;  ) corresponding to  and shifted by d is a function d : <+ ?! 2AP such that for any
natural number i:
(
0
d (d0 ) = ttsing ((vvi ) ) ifif d +<d d=+ dv 0 <
v +1 :
open i+1
v
Thus any dense path in (t;  ) corresponds to a sequence of alternatively open and singular intervals
where the truth values stay unchanged. Clearly, an STCTL-structure has a dense time semantics on
paths and a discrete branching-time structure. In particular, an Stctl-structure (t;  ) de nes the
dense tree M t; = (S; ; f ) where (1) S = f(vi; d) j v 2 dom(t) and 0 < d   (vi)g [ f("; 0)g, (2)
("; 0) = tsing ("), (vi; d) = topen(vi) if d <  (vi), and (vi; d) = tsing (vi) otherwise, and (3) f ("; 0) is
the set of all dense paths 0 of (t;  ) and f (vi; d) is the set of all the dense paths  +d of (t;  ). For
a formula ', we say that (t;  ) j= ', i.e. (t;  ) is an Stctl-model of ', if and only if M t; ; ("; 0) j= '.
Thus a formula ' is Stctl-satis able if and only there exists an Stctl-model of '.
In [LN97] the problem of Stctl-satis ability is reduced to the emptiness problem of timed tree
automata. In particular, given a formula ' it is possible to construct a timed tree automaton accepting
Stctl-models of ' if and only if ' is Stctl-satis able. The corresponding construction leads to the
following results.
i

i

i

v
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Remark 2 Given a formula ', if ' is Stctl-satis able then there exists an Stctl-model (t;  ) of '
such that:
 for each v 2 dom(t), deg(v)  2 maxs2S' jf9 j 9 2 sgj + 1, and
 there exists a mapping  : dom(t) ?! S'  S' such that M t; ; (v; d) j= for each 2 (v; d),
where M ; = (S; ; f ).
Moreover, there exists a timed !-tree automaton A' with O(2j'j ) states and timing constraints of
total size O(j'j) such that (t;  ) is an Stctl-model of ' satisfying the above properties if and only if
(t;  ) 2 T (A' ).
By the above Remarks 1 and 2 the satis ability problem in Stctl is decidable in exponential time.

4 Decidability of nite satis ability
In this section we prove the main result of this paper. We show that the nite satis ability of formulae
is decidable. This result is obtained by proving that a formula is nitely satis able if and only if is
satis able over a particular class of Stctl-structures, the left-closed right-opened Stctl-structures.
Then we show that the satis ability of formulae on these structures is decidable via a reduction to
the emptiness problem of timed tree automata. Finally, we prove that the set of formulae which are
Stctl-satis able strictly contains the set of nitely-satis able formulae.
Let LFin be the language of formulae that are nitely-satis able. We start providing a characterization of LFin based on a subclass of Stctl-structures. Let (t;  ) be an Stctl-structure, (t;  ) is
said to be a left-closed right-opened Stctl-structure if tsing (v) = topen(vi) for any v 2 dom(t) and
i 2 f1; : : : ; kg. Before to show that the set of formulae which are nitely-satis able is exactly the
set of formulae which are satis able over left-closed right-opened Stctl-structures, we prove that the
existence of a left-closed right-opened Stctl-model of a formula is decidable. The decision procedure
we give is obtained, as for the Stctl-satis ability, via a reduction to the emptiness problem of timed
tree automata.
Lemma 1 Given a formula ', there exists a timed tree automaton A such that (1) T (A) is not empty
if and only if there is a left-closed right-opened Stctl-model of ', and (2) for each (t;  ) 2 T (A)
there exists a function  : dom(t) ?! S'  S' such that M t; ; (v; d) j= for each 2 (v; d), where
M ; = (S; ; f ). Moreover, the existence of a left-closed right-opened Stctl-model of ' can be checked
in exponential time.
Proof. Let A' be a timed tree automaton accepting Stctl-structures of ' if and only if ' is
Stctl-satis able. Let A0 be a timed tree automaton accepting all the left-closed right-opened Stctlstructures (this automaton should just to check that tsing (v) = topen(vi) for any v 2 dom(t) and
i = 1; : : : ; deg(v)). By Remarks 2 and 1, we have that there is an automaton accepting T (A0 ) \ T (A' )
with O(2j'j) states and timing constraints of total size O(j'j). Clearly, any timed tree in T (A0 ) \ T (A' )
is a left-closed right-opened Stctl-model of '. Now, let (t;  ) be a left-closed right-opened Stctlmodel of '. By chopping out all the paths in (t;  ) that are not necessary to the ful lment of ',
we obtain a left-closed right-opened Stctl-model (t0 ;  0 ) of ' such that for each node u 2 dom(t0 ),
deg(u)  2 maxs2S' j f9 j 9 2 sg j +1. Thus by Remark 2 and since any left-closed right-opened
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Stctl-model of ' is also an Stctl-model of ', we have that (t0 ;  0) 2 T (A' ). Moreover, each leftclosed right-opened Stctl-structure is in T (A0 ), and thus T (A0 ) \ T (A' ) =
6 ;. Hence the automaton
0
accepting T (A ) \ T (A' ) satis es property (1). We observe also that any (t;  ) 2 T (A0 ) \ T (A' ) satis es

property (2) since all timed trees accepted by A' satisfy this property. Finally, to check that ' has a
left-closed right-opened Stctl-model is equivalent to check the emptiness of T (A0 ) \ T (A' ), and by
Remark 1 this can be done in exponential time.
The next two lemmata show that the nitely-satis able formulae are exactly the formulae which are
satis able over left-closed right-opened Stctl-structures.
Lemma 2 Given a formula ', if ' is nitely satis able then ' is satis able on a left-closed right-opened
Stctl-structure.
Proof. Let G be a timed graph such that G j= '. For each subformula = 9 0 of ' such that G j= ,
we denote by  a dense path in G such that is satis ed on the path  . Let  be the set of all these
paths. If  is empty, then we add an arbitrary dense path of G. Now, consider the dense tree obtained
deleting all the paths from G but the paths in . Since there are only a nite number of these paths,
this tree can be mapped into an Stctl-structure (t;  ) such that: (1) for each dense path  in (t;  )
there exists a unique 0 2  such that  = 0 , and (2) for each 0 2  there exists a unique dense path
 in (t;  ) such that 0 = . It is easy to verify that (t;  ) j= ' and (t;  ) is a left-closed right-opened
Stctl-structure.

Lemma 3 Given a formula ', if ' has a left-closed right-opened Stctl-model then ' is nitely satisable.

Proof. From Lemma 1 we have that there exists a timed tree automaton A' accepting left-closed
right-opened Stctl-models of ', if there are any. We can consider a new timed tree automaton A0'
accepting 2AP -valued !-trees obtained from the timed trees (t;  ) 2 T (A' ) by ignoring topen(v) for each
v 2 dom(t), since for left-closed right-opened Stctl-structures it holds that tsing (v) = topen(vi). Clearly,

T (A0' ) is not empty, and hence by Theorem 1, there exists a highly-deterministic timed tree automaton
contained in A0' and, as a consequence, there exists a graph-representable timed tree automaton A0 =
(2AP ; S 0 ; s0 ; 0 ; S 0 ) such that T (A0 )  T (A0' ). Let G be a timed graph (S 0 ; ; s0 ; E; C; ; ) such that
(s) = , (e) =  for any e = (s0 ; s) 2 E , ei = (s; si ) 2 E and (ei ) = i for i = 1; : : : ; k if and
only if (s; ; s1 ; : : : ; sk ; 1 ; : : : ; k ; ) 2 0 . Notice that, due to the properties of A0 , G is well de ned.
Denoted as 0 the clock valuation mapping each clock to 0, by the above construction we have that each
hs0; 0 i-run  of G is a continuous path of a timed tree (t;  ) 2 T (A0), and on the other hand, for each
(t;  ) 2 T (A0 ) any continuous path 0 in (t;  ) is also an hs0 ; 0 i-run of G. Moreover, by Lemma 1 since
T (A0 )  T (A0' ), for (t;  ) 2 T (A0) there is a timed tree (;  ) such that  : dom(t) ?! S'  S' and
M t; ; (v; d) j= for each 2 (v; d), where M ; = (S ; ; f ) is the dense tree corresponding to (;  ).
Notice that  is independent by the choice of (t;  ) 2 T (A0 ), since A0 is highly deterministic. Thus, since
A0 is graph-representable,  de nes in an obvious way a labelling function 0 of the G vertices such that
G j= for each 2 0(s0 ). Since (t;  ) j= ', it holds that M ; ; (v; d) j= ' and thus ' 2 0 (s0 ). Hence
G j= ', and ' is nitely satis able.
Directly from the last two lemmata we have the following theorem.
Theorem 2 A Tctl-formula ' is nitely satis able if and only if ' has a left-closed right-opened
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Stctl-model.

As a consequence of the results we have just proved, membership in LFin is decidable in exponential
time and can be reduced to the emptiness problem of timed tree automata.

Theorem 3 The nite satis ability of Tctl-formulae is decidable in exponential time.
Proof. By Theorem 2, we have that ' is nitely satis able in Tctl if and only if ' has a left-closed
right-opened Stctl-model. Thus by Lemma 1, the nite satis ability of Tctl-formulae is decidable in
exponential time.

We end this section by proving that the set LFin is a proper subset of LSTCTL, where LSTCTL
is the language of the Stctl-satis able formulae. By Theorem 2 and since left-closed right-opened
Stctl-structures are also Stctl-structures, we have that LFin  LSTCTL. The strict containment can
be proved by showing that there exists a Formula ' such that ' is Stctl-satis able but is not nitely
satis able.
Example 1 Consider the formula ' = 82c p ^ 82>c :p. Let (t;  ) be an Stctl-structure such that
(1) for any i  deg("), tsing (") = topen(i) = tsing (i) = p and  (i) = c, and (2) tsing (v) = topen(v) = :p
for any other v 2 dom(t). Clearly ' is an Stctl-model of ', and thus we have that ' 2 LSTCTL.
Moreover ' 62 LFin since truth assignments of a dense path in a timed graph vary on left-closed rightopened intervals.
Thus we have the following lemma.
Lemma 4 LFin is strictly contained in LSTCTL.

5 Conclusions
In this paper we have proved the decidability of the nite satis ability of the Tctl-formulae that do
not contain the equality in the timing constraints. The result is obtained by reducing this problem to
the emptiness problem for timed tree automata. The presented construction uses as intermediate step
the decidability of formulae on left-closed right-opened Stctl-structures. According to the previously
known results there were two possible causes of the undecidability of Tctl- nite satis ability: the
denseness of the underlying structure and the equality in the timing constraints. Our results prove
that the only source of undecidability when the structures are de ned by timed graphs is the presence
of the equality in the timing constraints. We have also compared Tctl to Stctl, via the language
of the formulae which are satis able in each of them. The interesting result we obtained is that the
satis ability problem in Tctl is decidable on a set of structures more general than those obtained
from timed graphs. As a consequence there exists a more general formulation of dense trees with dense
branching time that matches the language of formulae which are satis able in Stctl. Finally, we prove
our results by relating to the theory of timed tree automata, so strengthening the already well-founded
connections between the eld of logics and the eld of nite automata.
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