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Abstra t
Given a weighted undire ted graph G(V; E ) and a subset R of V , a Steiner tree is a subtree
of G that ontains ea h vertex in R. In this paper, we present an online algorithm for nding a
Steiner tree that simultaneously approximates the shortest path tree and the minimum weight
Steiner tree, when the verti es in the set R are revealed in an online fashion. This problem
arises naturally while trying to onstru t sour e-based multi ast trees of low ost and good
delay. The ost of the tree we onstru t is within an O(log jRj) fa tor of the optimal ost, and
the path length from the root to any terminal is at most O(1) times the shortest path length.
The algorithm needs to perform at most one reroute for ea h node in the tree. Our algorithm
extends the results of Khuller et al.and Awerbu h et al., who looked at the oine problem [9, 2℄.
We ondu t extensive simulations to ompare the performan e of our algorithm (in terms of ost
and delay) with that of two popular multi ast routing strategies: shortest path trees and the
online greedy Steiner tree algorithm.
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Introdu tion

Online multi ast routing is a problem of growing importan e with the advent of multimedia appli ations. Appli ation sensitive multi ast routing is riti al to the su ess of these appli ations.
For multi ast appli ations where end to end delay is of overriding importan e but the bandwidth
requirement is small (su h as sto k ti kers), shortest path routing strategies perform well. A shortest path routing strategy onne ts the sour e of the multi ast to ea h re eiver using the shortest
uni ast route from the sour e to the re eiver (or the other way round) in the underlying IP/ATM
network. DVMRP [16℄, CBT [3℄, and PIM [5℄ are all examples of deployed routing proto ols that
use shortest path trees. In shortest path strategies, any sharing of routes by di erent re eivers is
in idental; the routing s heme itself makes no e ort to share routes.
For appli ations whi h require large amounts of bandwidth, but are not delay sensitive, it is
important to minimize the total ost (weight) of the multi ast tree. The greedy online algorithm
for nding small weight Steiner trees proposed by Imase and Waxman [8℄ has the best possible
ompetitive ratio of O(log k), where k is the number of multi ast re eivers. In the worst ase, the
tree produ ed by shortest path strategies an be upto a fa tor k worse than the tree produ ed by
the greedy algorithm. Even when all multi ast re eivers are hosen randomly from
p a very large grid,
the shortest path algorithm produ es trees whi h are expe ted to be a fa tor k worse than those
produ ed by the greedy algorithm (Theorem 2.2). This demonstrates that shortest path routing
strategies will not s ale well for bandwidth intensive appli ations. This laim is also supported by
extensive simulations by Doar and Leslie [6℄ and Waxman [18℄.
In this paper we fo us on appli ations whi h are both bandwidth intensive and delay sensitive.
Our goal is therefore to simultaneously approximate the shortest path tree and the minimum ost
Steiner tree.
Formally, the problem we study is the following. We are given a weighted undire ted graph
G = (V; E ) with a ost fun tion : E ! <, and a sour e node s. Re eivers R = fv ; v ; : : : ; vk g
arrive in an online fashion. OurPgoal is to maintain a tree T onne ting s to all the re eivers that
have arrived so far. Let (T ) = e2T (e) be the total ost of T . Let dG (s; v) be the shortest path
distan e from s to v with respe t to the ost fun tion , and let dT (s; v) be the path length from s
to v in T . Also, for a re eiver v, let Stret hT (v) = dT (s; v)=dG (s; v): Now, de ne
Stret hT = max
Stret hT (v)
v2R
1

2

and let

CostRatioT = (T )= (T  );
where T  is the minimum weight Steiner tree on the verti es in R [ fsg. An algorithm for this
problem is (p; q)- ompetitive if Stret hT  p and CostRatioT  q for the tree T produ ed by the
algorithm. Our goal is to obtain an algorithm that simultaneously guarantees small values of p and
q.
Khuller
looked at the oine version of this problem (the re eiver set R is known in advan e), and gave an (O(1); O(1))-approximation [9℄, extending the work of Awerbu h
[2℄. Our
problem an also be looked upon as a variation of the online shallow-light Steiner tree problem. In
the shallow-light Steiner tree problem, there is a ost (e) and distan e d(e) asso iated with ea h
et al.

et al.
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edge e. Given a set of re eivers R (whi h appear online), a sour e s, and a distan e bound , the
goal is to nd a tree T onne ting all verti es in R [ fsg, whi h is heapest in terms of ost metri
(lightness) and where the distan e dT (s; v) in terms of metri d is bounded by . Our problem is
easier sin e the metri s and d are the same. The shallow-light Steiner tree problem was studied
by [11, 4℄ in an oine setting. They gave an algorithm whi h violates  by at most a onstant fa tor, approximates the ost by a poly-logarithmi fa tor, and whi h runs in quasi-polynomial time.
In the online setting, various heuristi s have been proposed [10, 14, 7℄, but ea h of these heuristi s
su ers from either a super-polynomial running time, or poor bounds on osts and distan es.
Our main result is the
(Delay Sensitive Greedy) Algorithm, whi h is (O(1); O(log k))ompetitive, where k = jRj. We need to do a small amount of rerouting { ea h node in R gets
rerouted at most on e (A node is said to be rerouted when its parent pointer in the multi ast tree
hanges). The weight of the tree onstru ted by the DSG algorithm is within O(1) of the weight
of the greedy online Steiner tree. Sin e the greedy Steiner tree has the best possible ompetitive
ratio in terms of weight of the tree upto onstant fa tors [8℄, we are within onstant fa tor of the
optimum in terms of both the weight and stret h. The running time of DSG is O(jRj), over and
above the running time of the greedy algorithm, assuming that all pairs shortest paths between
the sour e and the re eivers have been pre omputed. The algorithm also has low ommuni ation
overhead and is easy to implement in a distributed setting. Our algorithm is modeled after the
elegant algorithm in [9℄ whi h we adapt to an online setting. Like their algorithm, our algorithm
provides a ontinuous tradeo between the weight of the tree and the stret h { we an obtain trees
with smaller weight by relaxing the stret h, and vi e-versa. We believe that our algorithm is simple
enough to lend itself, like the greedy algorithm, to eÆ ient implementations.
We simulate our DSG algorithm for Waxman networks [18℄ and grid networks. Our simulation
results (Se tion 4) show that our algorithm's performan e is omparable to the greedy algorithm
in terms of the overall ost of the tree, and omparable to the shortest path algorithm in terms of
the end to end delay. Also, the a tual results observed in simulations are signi antly better than
the worst ase approximation guarantees we prove in this paper. Further, most nodes in R never
get rerouted.
DSG
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Ba kground: The Greedy Algorithm

The greedy algorithm [8, 1℄ for onstru ting small weight Steiner trees online does the following.
Suppose we have already onstru ted a tree T . Let s be the sour e of the multi ast tree and R be
the set of already onne ted re eivers. When a new node v requests to join the set R, the algorithm
nds the node in T that is the losest to v, and atta hes v to T via this node.
Assume that jRj = k. Let TG denote the tree onstru ted by the greedy algorithm, T  denote
the shortest (optimal) tree, and TS denote a shortest path tree. For any tree T , let C (T ) denote
its total ost. Imase and Waxman [8℄ proved the following theorem.
Theorem 2.1. [8℄ C (TG )  dlog k e C (T  )
than

dlog ke .

.

Further, no algorithm

an guarantee a fa tor better

2

In ontrast, it is possible for C (TS ) to be as large as (k 1)C (T  ) in the worst ase. The
above result should make a lear ase for the superiority of the greedy algorithm for minimizing the
2

total ost of the multi ast tree. However, one might obje t that the pathologi al networks whi h
result in the large di eren e in the performan e of the greedy algorithm and the shortest path
approa h do not o ur in pra ti e. To address this on ern, we study the greedy and the shortest
path algorithms in the following simple model. We assume that we have a ompletely onne ted
network, and the re eivers and the sour e for the multi ast are drawn randomly from within a unit
square, and the distan e between nodes is the Eu lidean distan e.
 (pk )
TG
Theorem
2.2.
T
p
( k)
TS (k)
The distan e between two randomly hosen pointspon a grid is (1); using linearityp of expe tations we immediately obtain TS = (k). T  = ( k) is impli it in [17℄; TG = ( k) follows
from [17℄ and [15℄. Thus even when the multi ast nodes are hosen probabilisti ally from a simple
network (ie. the grid), the performan
p e di eren e between the greedy algorithm and a shortest
path approa h is of the order of k.
The expe ted

. The expe ted
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Delay Sensitive Greedy) Algorithm

The DSG (
Des ription

We are given an undire ted network G and with weights d(e) on ea h edge e, and a pair (s; R)
of sour e and re eivers (this set grows in an online fashion). The tree T onstru ted by the DSG
algorithm should have Stret hT = O(1), and the weight of the tree should be within an O(1) fa tor
of the weight of the greedy online tree.
Let T be the tree onstru ted so far for re eiver set R. We root the tree T at s, and assume
all edges in T are dire ted towards the root. Let be the maximum permissible value of the ratio
dT (s; v)=dG (s; v) over all v 2 R. Let be any number between 1 and (ie. 1 < < ). The
algorithm a epts and as parameters.
For any node v in tree T , let parent(v) denote the parent of v in T .
The basi idea behind the DSG algorithm is quite simple. When a request to join R arrives,
the requesting node v is rst onne ted to the node in T whi h is the losest to v (this is just the
greedy algorithm). As soon as it happens that dT (s; v) > dG (s; v) for the newly added re eiver v,
we reroute v so that it obeys the onstraint dT (s; v)  dG (s; v). Sin e < , the above onstraint
is more stri t than the one we are required to satisfy. Along with v some other nodes on the path,
along T , from v to s may also get rerouted; these rerouted nodes also satisfy the more stringent
onstraint. No node gets rerouted more than on e; most nodes never get rerouted (see Fig. 5).
We now present the DSG algorithm in detail. Sin e this is an online algorithm, we only need
to spe ify what happens when a new re eiver v requests to join the existing tree T . For any node
t 2 T , parent(t) is the next node in the path along T from t to the sour e. We say that a node got
rerouted when its parent hanges. The algorithm works in four steps:
(1)

Join: Let u be the node in T losest to the new re eiver v. Augment the existing tree T by

adding the shortest path from v to u. Noti e that this is the same as the greedy algorithm.
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Figure 1: Exe ution of the Algorithm on a four node graph. The numbers in parentheses next to any node
v indi ate the urrent values of dT (s; v) and dG (s; v) respe tively.

Che k: Che k whether dT (s; v)   dG (s; v). If so, exit. If not, goto Step (3).
(3) Cut: Starting from v , traverse parent pointers in T and lo ate the rst node v 0 su h that
dT (s; v0 )   dG (s; v0 ). \Cut" the path just downstream of v0 . Let P be the path from v0 to
(2)

v, ex

luding v0. Dire t path P from v to v0.
(4) Relax: This is the main step where the DSG algorithm deviates from the greedy strategy.
Let w be the hild of v0 on path P . Traverse path P starting at w and ending at v. For
every node t on P en ountered during the traversal, perform the following operation. If
dT (s; t) >  dG (s; t), add the shortest path from s to t to the tree T , and delete the edge
onne ting t to parent(t) from T . This step is alled the
.
Rerouting Step

The algorithm works even if ea h bran hing point in the multi ast tree is a re eiver. Therefore
it an be run at the appli ation layer or over a set of enabled routers, mu h like the MBone [13℄.
3.2

An Example

The DSG algorithm is best illustrated by means of this simple example (see Fig. 1). Let G be the
4 node graph shown in Fig. 1(a). We hoose = 1:6 and = 2, and let s = A.
We onsider the sequen e of addition of node B , followed by C , and nally D. When node B is
added (Fig. 1(b)), it is onne ted to A, and so, parent(B ) = A, and
4

dT (A; B )

= 5. When node C is added (Fig. 1( )), it is onne ted in the greedy fashion to its
losest neighbor in T , in this ase, B . Therefore parent(C ) = B and dT (A; C ) = 7. Sin e dT (A; C )
is less than times dG(A; C ), no rerouting takes pla e. When node D is added (Fig. 1(d)), it is
rst onne ted greedily to its losest node, C , setting parent(D) = C and dT (A; D) = 9. However
dT (A; D) >  dG (A; D), so we need to reroute it.
We start from D and follow parent pointers nding the rst node v0 satisfying the ondition
dT (A; v0 )   dG (A; v0 ). Note that C violates the requirement, while B does not; hen e with
referen e to the notation used in the des ription of the algorithm in steps 3 and 4, v0 = B , w = C ,
v = D, and our path P onsists of the nodes C and D. We reroute w = C in Fig. 1(e) using the
shortest path from C to A. This makes parent(C ) = A, and dT (A; C ) = 4. This auses dT (A; D)
to be set to 6 in sub-step (2) of step (4) of the algorithm. Sin e D now satis es the ondition, it
is not rerouted. The nal tree is shown in Fig. 1(e).
3.3

Competitive Analysis

We now prove that the tree produ ed by the DSG algorithm is within a onstant fa tor of the
weight of the greedy tree, while all path lengths get dilated by at most a onstant fa tor. We de ne
a reroute as the hange in the parent pointer of an existing node in the tree.
Theorem 3.1.

No node in the tree

T

generated by DSG gets rerouted more than on e.

Note that when a node v gets rerouted, the following two onditions always hold:
1. Just before rerouting, dT (s; v) > dG(s; v). This is be ause the reroute is always along the
shortest path to the sour e.
2. After rerouting, dT (s; v) = dG (s; v), and this value remains the same as long as v is in T .
This implies that on e a node gets rerouted, ondition 1 is no longer satis ed for it, and so, it
annot get rerouted again.
In pra ti e, most nodes never get rerouted (see Fig. 5).
Proof.

Theorem 3.2.

The

ost of the tree produ ed by DSG is at most

(1
(

1)(

+2 )
times the
)

ost of the

tree generated by the greedy algorithm.

Our analysis is similar to that used by Khuller
[9℄ for showing the existen e of shallow
spanning trees in any graph.
If the relax step does not reroute, the DSG algorithm adds exa tly the path that would be
added by the greedy algorithm. If this step a tually results in a relaxation, we will show that the
new paths added in that step are at most a onstant fa tor multiple of the old path. This will
prove the result.
Consider the path P that was relaxed in one parti ular relax step of the algorithm. Let us
fo us our attention on this step. For the purpose of analysis, let us in lude v0 in the path. Let
v ; v ; : : : ; vk be the sequen e of nodes along P for whi h we were for ed to add shortest paths to
Proof.

1

et al.

2

5

s.

Note that v = w. Further note that the following inequalities are easily dedu ible from the
algorithm:
1. dT (s; v0 ) + dG (v0 ; v ) > dG (s; v ).
2. dG (s; vi ) + LP (vi ; vi ) > dG (s; vi ) for i = 2; 3; : : : ; k, where LP (vi ; vi) is the distan e
between nodes vi and vi along path P .
The value of dT (s; v0 ) in the above inequalities is that at the beginning of the relax step.
Adding the inequalities enumerated above, we get
dT (s; v0 ) + LP (v0 ; v ) + ki LP (vi ; vi ) > ( 1)ki dG (s; vi )
(1)
1

1

1

1

1

1

1

1

1

=2

=1

Let Lnew denote the total length of the new paths added during the relaxation phase. Note
that all the new paths are shortest paths, and their total length is learly at most ki dG (s; vi).
Using this fa t, equation 1 an easily be simpli ed to:
LP (v0 ; v) + dT (s; v0 ) > ( 1)Lnew
(2)
=1

Note that sin e the greedy algorithm adds unrelaxed paths, the path it has added for inserting
the verti es w through v on the path P is pre isely the length of the path P in luding the edge
(w; v0 ). Therefore, this phase of the greedy algorithm adds weight LP (v0 ; v). The DSG algorithm
will add paths of length at most Lnew + L(v0 ; v) in the same phase. Sin e no vertex on P will ever
get relaxed again, if we bound Lnew in terms of L(v0 ; v), the same bound holds of the weight of the
tree the DSG algorithm onstru ts in terms of the weight of the greedy online tree.
Observe that the following inequalities hold for the verti es v and v0:
1. dT (s; v0 ) < dG (s; v0 ),
2. dG (s; v) < dT (s; v0 ) + LP (v0 ; v), and
3. dG (s; v0 ) < dG (s; v) + LP (v; v0 ), by triangle inequality.
From these, we dedu e:
(1 + )  LP (v0 ; v):
(3)
dT (s; v0 ) <
From equations 2 and 3, it follows that
Lnew <

Therefore,

(1 + )  LP (v0 ; v):
( 1)( )

(4)

+ 2 )  LP (v0 ; v):
(5)
( 1)( )
As observed above, the weight of the tree the DSG algorithm produ es is at most LPLnew
v0 ;v + 1
times the weight of the greedy online tree. This proves the theorem.
Lnew + LP (v0 ; v) <

(1

(

6

)

p

p2

The fa tor in the above theorem is minimized when is hosen to be p p . In our
simulations, this fa tor is mu h smaller than that predi ted in Theorem 3.2.
Theorem 3.3.
T
v 2 R dT (s; v) < dG (s; v)
The proof follows trivially from the observation that we reroute v if it does not satisfy the
ondition stated in the theorem.
Theorems 3.2 and 3.3 allow us to trade o the ost of the tree with the stret h in a ontrolled
fashion, by hanging parameters and . From the simulations we an see that for realisti
networks, the guarantees for the ost are mu h better than these worst ase predi ted values. The
tradeo between end to end delay and overall ost is learly dis ernible from our simulation results.
+1+

2+

Let

be the tree generated by DSG. For all

,

+1

.

Proof.



Theorem 3.4.

Let the greedy algorithm take total time

multi ast tree.

Then, the DSG algorithm takes total time

to add all nodes of the graph to the

O(n +  )

to perform the same task

assuming that all pairs shortest paths between the sour e and all re eivers have been pre omputed.
Here,

n is the number of nodes in the graph.

The proof of theorem 3.4 is simple; ea h parent pointer in the tree gets visited at most on e.
If we allow only the re eivers to be the bran h points in the tree, the additional time hanges to
O(jT j +  ).
4

Simulation Studies

We have simulated the DSG algorithm on two lasses of graphs, the Waxman networks and the
re tangular grid graphs.
4.1

Waxman Networks

In this model [18℄ we hoose n nodes uniformly at random from a square Cartesian grid on the
plane. For every pair of nodes (u; v), we add an edge in G between them using the probability
fun tion:
d(u; v)
ke
Pe (u; v) =
jGj  exp( ÆL )
where d(u; v) is the Eu lidean distan e between u and v, L is the diagonal of the grid, and Æ are
parameters in the range (0; 1℄, e is the mean degree of ea h node, jGj = n is the number of nodes
in the graph, and k is a onstant. The ost of an edge is simply its Eu lidean length.
In our ase, the values of the parameters are: = 0:2, Æ = 0:25, e = 4, n = 1000 and k = 25.
In other words, we will be onsidering 1000 node graphs with mean degree 4. The fa tors Æ and
are hosen to make the graph resemble geographi al maps of major nodes on the Internet [6℄.
The simulation results are summarized in gures 2,3, 4 and 5. The urves orresponding to
the DSG algorithm are labeled by the pair ( ; ) that we use as parameters in the exe ution (see
se tion 3.1). We run the DSG algorithm on ten random graphs ea h for three distin t pairs of
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Figure 2: Comparison of Average Stret hes for Wax- Figure 3:

Comparison of Maximum Stret hes for
Waxman Networks with 1000 nodes. The numbers in
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man Networks with 1000 nodes. The numbers in
parentheses are the values of and used by DSG.

Fraction of Multicast Nodes Rerouted for Waxman Networks
0.3

Comparison of Weights to the KMB Algorithm for Waxman Networks
1.4
Greedy
(1.5,2.0)
(1.2,1.6)
(1.1,1.3)
Shortest Path

1.3

(1.5,2.0)
(1.2,1.6)
(1.1,1.3)

0.25
Fraction of Nodes Rerouted

Ratio of Weight to that of KMB Algorithm

1.35

1.25
1.2
1.15
1.1
1.05

0.2

0.15

0.1

0.05

1
0.95

0
10

0.9
10

20

30

40
50
60
70
Number of Multicast Nodes

80

90

100

20

30

40
50
60
70
Number of Multicast Nodes

80

90

100

Figure 5: Fra tion of the Multi ast Nodes whi h are
Figure 4: Comparison of Weights for Waxman Net- rerouted
by the DSG algorithm for Waxman Networks

works with 1000 nodes. The numbers in parentheses
are the values of and used by DSG.

with 1000 nodes. The numbers in parentheses are the
values of and used by DSG.

8

Comparison of Average Stretch for Grid Networks
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( ; ) values (shown in the gures), and take the average for ea h pair. The sour e is hosen from
the pool of nodes at random. We add randomly hosen nodes to the multi ast tree in in rements
of 10, till we have added 100 nodes, whi h is 10% the size of the network. Readings are taken after
every addition of 10 nodes.
In gures 2 and 3, we ompare the average and maximum stret hes that the DSG algorithm
produ es versus that produ ed by the greedy algorithm. In gure 4, we ompare the weights of the
trees generated by the DSG algorithm to those generated by the greedy algorithm and the shortest
path algorithm. The y-axis gives the ratio of the weight to the weight of the tree generated by a
ommonly used heuristi known as the KMB Algorithm [12℄. Finally, in Fig. 5, we plot the fra tion
of the nodes whi h are rerouted by the DSG algorithm.
The simulation results learly support the laims made in previous se tions. The weight of the
shortest path trees is at least 20% away from the optimum, while the weight of the trees produ ed
by the DSG algorithm and the greedy algorithm are very lose to optimal. The DSG algorithm
has bounded maximum stret h, but the average stret h is very lose to one. This ompares well
with the stret h of the shortest path tree. The greedy algorithm, however, does very poorly in this
regard. Observe also that there is a tradeo between the weight of the tree our algorithm produ es,
and its stret h. By tweaking the values of and , we an redu e the stret h at the expense of
in reasing weight, or vi e versa. The DSG algorithm guarantees that no node is rerouted more than
on e. But, the results learly show that the fra tion of nodes a tually rerouted is mu h smaller
(below 20%). This fra tion an be redu ed by in reasing the values of and .
4.2

Grid Graphs

Here, we onsider a re tangular grid of size n  n. All points on the grid are nodes in the graph,
and the only edges are horizontal or verti al edges between adja ent grid points. All edges have
the same length.
We run the DSG algorithm on 200  200 grids. The sour e is hosen at random. We add
9
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Figure 8:

Comparison of Weights of the Trees for
200  200 Grid Networks. The numbers in parentheses
are the values of and used by DSG.
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Figure 9:

Fra tion of the Multi ast Nodes whi h are
rerouted by the DSG algorithm for 200  200 Grid
Networks. The numbers in parentheses are the values
of and used by DSG.

nodes hosen at random in in rements of 40, till we rea h 400 nodes, whi h is 1% the total number
of nodes. The paths we add between any two nodes are made to losely resemble straight linesegments, , for onne ting any node to any other node, we use a uniform step-like path. For
this purpose, we use the standard
from omputer graphi s.
These networks losely resemble the simple ompletely onne ted network model des ribed in
se tion 2. The paths we use for joining nodes to ea h other are nearly straight lines. The length
of the lines is measured in the l norm (sin e the distan e between two nodes is the
), instead of the usual Eu lidean norm. But, this does not hange the analysis given in
se tion 2. Our results are summarized in gures 6, 7, 8, and 9. It is lear that the greedy algorithm
produ es trees with mu h worse stret hes, and the shortest path algorithm produ es trees with
mu h worse weights than the orresponding trees for Waxman Networks. This onforms with the
analysis
p presented in se tion 2, where it was shown that the weight of the shortest path tree ould
be ( k) times the greedy solution, where k is the number of nodes in the multi ast. These results
reinfor e the fa t that even for simple networks, the greedy and shortest path algorithms ould
perform very badly in terms of the delays and total ost respe tively.
i.e.

Bresenham's Algorithm

Manhattan

1

Distan e

5

Con lusions

We present an online algorithm that produ es Steiner trees with small weight as well as stret h.
Our te hnique extends the greedy onstru tion of [8℄ and that of Khuller
[9℄. The algorithm
has a small running time and ommuni ation overhead, and guarantees a total ost of the tree
within O(log jRj) times the optimal, and per-re eiver stret h of O(1). We need to perform some
amount of rerouting whenever a node gets added or deleted from the system. Ea h re eiver gets
rerouted at most on e, and in our simulations most re eivers never get rerouted. Extending the
DSG algorithm for the ase when we have two di erent metri s on the edges remains an interesting
open problem.
et al.
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