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is providing a Bayesian interpretation of the problem,
in terms of MAP estimation. The running time of our
algorithm is optimal, in the sense that it runs as qui kly
as simply mat hing ea h part separately, without a ounting for the relationships between parts. In pra ti e the algorithm is also fast, nding the globally best
mat h of a pi torial stru ture to an image in just a few
se onds.
Pi torial stru tures provide a powerful framework
for qualitative des riptions of obje ts and s enes, making them suitable for many generi image re ognition
problems. In [8℄ and in [7℄, pi torial stru tures were
used to form generi models of a human fa e. Simple
generi appearan e models were used for parts su h
as the eyes, mouth, et ., and the onne tions between
parts ensured that the geometri arrangement of the
parts was fa e-like. In [16℄, pi torial stru tures were
used to model generi s ene on epts su h as a waterfall, a snowy montain, or a sunset. For example, a
waterfall was modeled as a bright white region (water)
in the middle of darker regions (ro ks). The method
that we present in this paper an be used to eÆ ently
solve a broad range of generi re ognition problems,
in luding those investigated in [8, 7, 16℄, as well as the
re ognition of arti ulated obje ts.
Following [8℄, a deformable on guration is represented by pairwise relationships between the lo ations
of the parts. Certain pairs of parts are onne ted by
virtual \springs" that pull one part to be in a given
relative lo ation with respe t to the other. These
\springs" an enfor e di erent kinds of relationships
between the lo ations of the parts. For example, in the
person model in Se tion 6.1, the body parts of a person
are onne ted together by exible revolute joints. This
allows the limbs to move while remaining onne ted.
In the ar model in Se tion 6.2, the wheels of a ar are
onne ted to the body using a exible prismati joint.
This allows the wheels to move along the bottom of the
ar but not in any other dire tion.
The mat hing problem as posed in [8℄ involves min-

Abstra t

A pi torial stru ture is a olle tion of parts arranged in
a deformable on guration. Ea h part is represented
using a simple appearan e model and the deformable
on guration is represented by spring-like onne tions
between pairs of parts. While pi torial stru tures were
introdu ed a number of years ago, they have not been
broadly applied to mat hing and re ognition problems.
This has been due in part to the omputational diÆ ulty
of mat hing pi torial stru tures to images. In this paper we present an eÆ ient algorithm for nding the
best global mat h of a pi torial stru ture to an image.
The running time of the algorithm is optimal and it
it takes only a few se onds to mat h a model with ve
to ten parts. With this improved algorithm, pi torial
stru tures provide a pra ti al and powerful framework
for qualitative des riptions of obje ts and s enes, and
are suitable for many generi image re ognition problems. We illustrate the approa h using simple models
of a person and a ar.

1. Introdu tion

In this paper we onsider the problem of mat hing
pi torial stru tures to images, as introdu ed by Fishler and Els hlager [8℄ nearly 30 years ago. A pi torial stru ture is a olle tion of parts arranged in a
deformable on guration. The deformable on guration is represented by spring-like onne tions between
the parts. The mat hing problem is that of nding
the best pla ement of the parts in an image, where the
quality of a pla ement depends both on how well ea h
part mat hes the image and on how well the pla ements
agree with the deformable on guration.
The main ontribution of our work is the development of an eÆ ient mat hing algorithm for a natural
lass of pi torial stru tures. A se ondary ontribution
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imizing a ertain energy fun tion whi h takes into a ount both the \spring" for es between parts and the
mat h quality for ea h part. Minimizing this energy is
a hard problem in general. We develop a new solution
to this minimization problem for a natural lass of pi torial stru tures. This method requires that the set of
relationships between parts form a tree stru ture, and
that the relationships between ea h pair of parts be of
a parti ular form. The restri tion to a tree stru ture
allows us to use standard dynami programming te hniques, and the restri tion in the form of the pairwise
relationship between parts allows us to use a novel generalization of distan e transforms. Combining the two
te hniques we obtain an algorithm that runs as fast as
simply mat hing ea h part separately, without onsidering the relationships between the parts.
Restri ting the relationships between parts to a tree
stru ture is natural be ause the onne tions between
parts of many animate obje ts form a tree orresponding to the skeletal stru ture. Many other kinds of obje ts an be represented as a star-graph, where there is
one entral part that all the other parts are onne ted
to. For instan e, in modeling a ar the wheels and windows an all be positioned relative to the body. The
restri tion that we impose on the form of the pairwise
relationships between parts similarly allows a broad
range of obje ts to be modeled, su h as those with exible revolute joints as we use in modeling a person and
exible prismati joints as we use in modeling a ar.
We present examples illustrating that the algorithm
enables eÆ ient sear h of an image for the globally best
mat h of relatively generi obje ts, su h as a \darkhaired fair-skinned person wearing a blue shirt and
bla k pants" or a \red ar".

fun tion to the one presented here. In their work instead of having onne tions between pairs of parts, all
parts are onstrained with respe t to a entral oordinate system, this makes it impossible to represent obje ts with more than one arti ulation point. Moreover,
they only give heuristi algorithms that don't ne essarily nd the global optimal solution. Our approa h an
nd the globally optimal mat h for this kind of model
by lo ating ea h part relative to a virtual part that a ts
as the entral oordinate system.
There are many approa hes to re ognizing models
represented by parts and onne tions or onstraints
between the parts, su h as [11℄,[2℄,[12℄,[6℄ and [15℄.
While these te hniques address a similar problem to
the mat hing of pi torial stru tures, one key di eren e
is that they all make hard (yes or no) de isions as to
whether a given lo ation in the image an ontain a
given part. These methods then seek a set of su h dete ted parts that are arranged in a valid on guration.
Moreover, all su h valid on gurations are treated as
being equally good. The use of binary de isions is not
well suited to simple qualitative parts models su h as
the ones used in this paper and in other appli ations
of mat hing pi torial stru tures [8, 16, 7℄. With simple generi part models, it is better to determine how
well ea h part mat hes at ea h lo ation, rather than
only nding a eptable lo ations for the parts. The
work in [17℄ is similar to ours, in that it represents arti ulated obje ts using a tree of dependen ies between
parts. Again, however, all valid on gurations of the
parts are treated as equally good. Furthermore, the
algorithm presented in [17℄ is for lo al minimization
only, as opposed to a global mat h that sear hes over
all possible pla ements of the model as is done here.

As noted in the introdu tion, we use the same framework as Fis hler and Els hlager [8℄, posing the mat hing problem as energy minimization. They also proposed a dynami programming approa h as we do here.
There are two key di eren es in our work. First, we fous spe i ally on the ase of tree-stru tured obje ts,
be ause they are an interesting lass that an be eÆiently re ognized. Se ond, we develop a method that
is linear rather than quadrati in the number of possible pla ements for ea h part. This di eren e is important be ause the quadrati time method is simply not
of pra ti al use for most ases.
In the introdu tion we dis ussed the work of [16℄ and
[7℄, both of whom use pi torial stru tures. In [16℄, only
oarse pi torial stru tures are used and no algorithm
is presented. The work in [7℄ uses a similar energy

We are on erned with representing pi torial stru tures
using the s heme rst proposed in [8℄. A pi toral stru ture is represented as a olle tion of parts, with onne tions between ertain pairs. A natural way to express
su h a model is in terms of a graph G = (V; E ) where
the verti es V = fv1 ; : : : ; vn g orrespond to the parts
and there is an edge (vi ; vj ) 2 E for ea h pair of onne ted parts vi and vj .
An instan e of a part in an image is spe i ed by a
lo ation l. For the examples in this paper, l spe i es
position, rotation, and s ale parameters for simple two
dimensional parts. For ea h part vi , a mat h ost fun tion mi (I; l) measures how well the part mat hes the
image I when pla ed at lo ation l. The examples in
this paper use fairly simple template mat hing for this
ost fun tion. Other possibilities would be to use more

3. The Re ognition Framework
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omplex apperan e models (e.g., [18℄) or edge based
te hniques (e.g., [13℄).
The onne tions between parts indi ate relationships between their lo ations. For ea h onne tion
(vi ; vj ) there is a deformation ost fun tion dij (li ; lj )
measuring how well the lo ations li of vi and lj of vj
agree with the obje t model. For instan e, in the person model in Se tion 6.1 the onne tions enfor e that
the body parts of a person be arranged in a human-like
on guration.
A on guration L = (l1 ; : : : ; ln ) spe i es a lo ation
for ea h of the parts vi 2 V with respe t to the image.
The goal is to nd the best su h on guration, as measured by the mat h ost for the individual parts and
by the pairwise ost for the onne ted pairs of parts.
Following [8℄, we express this best mat h as,
1
0
X
X
dij (li ; lj ) +
mi (I; li )A
L = arg min 
L

2E

(vi ;vj )

an naturally be represented using tree stru tures. By
restri ting the graphs to trees, a similar kind of dynami programming an be applied to trees as is done
for hains, making the minimization problem polynomial rather than exponential time. The pre ise te hnique is des ribed in Se tion 4. However, this O(m2 n)
algorithm is not pra ti al, be ause the number of possible lo ations for ea h part, m, is generally quite large.
When sear hing for the best possible mat h of a pi torial stru ture to an image, there is no natural way to
limit this lo ation spa e. Even if the lo ation parameters are oarsely sampled { say with 50 values ea h
for x-translation, y-translation, rotation and s ale {
m is already over six million. Thus a straightforward
appli ation of dynami programming on trees is not
pra ti al.
We investigate a restri tion of the pairwise ost fun tion, dij , that yields a minimization algorithm whi h
runs in O(mn) rather than O(m2 n) time. This makes
it quite pra ti al to nd the globally optimal mat h of
a pi torial stru ture to an image, up to the dis retization of the possible lo ations. Intuitively the pairwise
ost fun tion measures the degree to whi h the model
is deformed, in reasing as onne ted parts are moved
away from their ideal relative lo ations. We restri t dij
to the following form,
dij (li ; lj ) = kTij (li ) Tji (lj )k
(2)
where k  k is some norm (re all that a norm obeys
the properties of identity, symmetry and triangle inequality), and Tij ; Tji are invertible fun tions. We further require that it be possible to dis retize Tji (lj ) in
a grid. Intuitively, the deformation ost is restri ted
to be a distan e between reparameterized lo ation ve tors. The fun tions Tij and Tji together apture the
ideal relative on guration of the parts vi and vj . That
is, if li and lj spe ify ideal lo ations of vi and vj with respe t to one another, then Tij (li ) = Tji (lj ). The norm
then measures the degree of deviation from this ideal
relative on guration. In Se tion 6.1 we show how dij
an behave like a exible revolute joint between two
parts and in Se tion 6.2 we show how it an behave
like a exible prismati joint.

2

vi V

(1)
The form of this minimization problem is quite general,
and it appears in a number of problems in omputer
vision, su h as MAP estimation of Markov Random
Fields (MRFs) and optimization of dynami ontour
models (snakes). While the form of the minimization
problem is shared with these other problems, the stru ture of the graph and spa e of possible on gurations
di er substantially. This hanges the omputational
nature of the problem.
In its most general form the minimization in (1)
takes exponential time, O(mn ) where m is the number of dis rete values for ea h li and n is the number of verti es in the graph. However when the graph
G = (V; E ) has a restri ted form, the problem an be
solved more eÆ iently. For instan e, with rst-order
snakes the graph is simply a hain, whi h enables a dynami programming solution that takes O(m2 n) time
([1℄). Moreover, with snakes the minimization is done
over a small number of lo ations for ea h vertex (e.g.,
the urrent lo ation plus the 8 neighbors on the image grid). This minimization is then iterated until the
hange in energy is small. The key to an eÆ ient solution is that the number of lo ations, m, be small, as
the dynami programming solution is quadrati in m.
Another sour e of eÆ ient algorithms has been in restri ting dij to a parti ular form. This approa h has
been parti ularly fruitful in some re ent work on MRFs
([5, 14℄). In our algorithm, we use onstraints on both
the stru ture of the graph and the form of dij .
For the mat hing problem that we onsider here, the
graph stru ture an in prin iple be arbitrary. However, as dis ussed in the introdu tion, many obje ts

4. EÆ ient Minimization

In this se tion we show how to use dynami programming to nd the on guration L = (l1; : : : ; ln ), minimizing equation (1) when the graph G is a tree. This is
an instan e of a known lass of dynami programming
te hniques and is a generalization of the te hnique for
hains that is used in solving snakes problems (e.g.,
[1℄). The omputation involves n 1 fun tions, ea h
3

of whi h spe i es the best lo ation of one part with
respe t to the possible lo ations of another part.
Given a tree G = (V; E ), let vr 2 V be an arbitrarily
hosen root vertex. From this root, ea h vertex vi 2 V
has a depth di whi h is the number of edges between
it and vr (and the depth of vr is 0). The hildren, Ci
of vertex vi are those neighboring verti es, if any, of
depth di +1. Every vertex vi other than the root has a
unique parent, whi h is the neighboring vertex of depth
di 1.
First we note that for any vertex vj with no hildren
(i.e., any leaf of the tree), the best lo ation lj of that
vertex an be omputed as a fun tion of the lo ation
of just its parent, vi . The only edge in ident on vj
is (vi ; vj ) and thus the only ontribution of lj to the
energy in (1) is dij (li ; lj )+ mj (I; lj ). Hen e the quality
of the best lo ation of vj given lo ation li of vi is
Bj (li ) = min (dij (li ; lj ) + mj (I; lj ))
(3)
l

with depth d 1 ompute Bj (li ), where again vi is
the parent of vj . Clearly B (lj ) has been omputed for
every hild v of vj , be ause the hildren are of depth
d. Thus Bj (li ) an be omputed as in (4). Continue
in this manner, de reasing the depth until rea hing the
root at depth zero. Besides omputing ea h Bj we also
ompute Bj0 , whi h indi ates the best lo ation of vj as
a fun tion of its parent parent lo ation (obtained by
repla ing the min in Bj with arg min). At this point
we ompute the optimal lo ation lr of the root. The
optimal lo ation L of all the parts an now be omputed by tra ing from the root to ea h leaf. That is,
we know the optimal lo ation of vj given the lo ation
of its parent, and the optimal lo ation of ea h parent
is now known starting from the root. The overall running time of this algorithm is O(nM ), where M is the
time required to ompute ea h Bj (li ) and Bj0 (li ). We
now show how to ompute Bj (li ) and Bj0 (li ) in O(m),
yielding an O(mn) algorithm overall.

vj

j

5. Generalized Distan e Transforms

and the best lo ation of vj as a fun tion of li an be
obtained by repla ing the min in the equation above
with arg min.
For any vertex vj other than the root, assume that
the fun tion B (lj ) is known for ea h hild v 2 Cj .
That is, the quality of the best lo ation of ea h hild
is known with respe t to the lo ation of vj . Then the
quality of the best lo ation of vj given the lo ation of
its parent vi is
0
1
X
Bj (li ) = min dij (li ; lj ) + mj (I; lj ) +
B (lj )A
l
j

v

2C

Traditional distan e transforms are de ned for sets of
points on a grid. Given a point set B  G , the distan e
transform spe i es for ea h lo ation in the grid, the
distan e to the losest point in the set,

DB (z ) = wmin
kz
2B

v

2C

k

In order to ompute the distan e transform, it is ommonly expressed as

j

(4)
Again, the best lo ation of vj as a fun tion of li an be
obtained by repla ing the min in the equation above
with arg min. Note that this equation subsumes (3)
be ause for a leaf node the sum over its hildren is
simply empty.
Finally, for the root vr , if B (lr ) is known for ea h
hild v 2 Cr then the best lo ation of the root is
!
X

lr = arg min mr (I; lr ) +
B (lj )
l
r

w

DB (z ) = min
(kz
w 2G

w

k + 1B (w))

(5)

where 1B (w) is an indi ator fun tion for membership
in the set B , that has the value 0 when w 2 B and 1
otherwise. The algorithm presented in [3, 4℄ to ompute (5) eÆ iently, still works if we repla e the indiator fun tion by an arbitrary fun tion on the grid.
This suggests a generalization of distan e transforms
to fun tions as follows. Let the distan e transform of
a fun tion f de ned over a grid G be

r

Df (z ) = min
(kz
w 2G

That is, the minimization in (1) an be expressed
re ursively in terms of the n 1 fun tions Bj (li ) for
ea h vertex vj 2 V (other than the root).
These re ursive equations in turn spe ify an algorithm. Let d be the maximum depth node in the tree.
For ea h node vj with depth d, ompute Bj (li ), where
vi is the parent of vj . These are all leaf nodes, so learly
Bj (li ) an be omputed as in (3). Next, for ea h node

w

k + f (w))

(6)

Intuitively, for ea h grid lo ation z , this fun tion nds
a lo ation w that is lose to z and for whi h f (w) is
small. Note that di eren es between the value of Df
at two lo ations are bounded by the distan e between
the lo ations, regardless of how qui kly the fun tion f
hanges. In parti ular, if there is a lo ation where f (z )
4

has a small value, Df will have small value at z and
nearby lo ations.
Given the restri ted form of dij in equation (2),
equation (4) an be rewritten as a generalized distan e
transform,
Bj (li ) = Df (Tij (li ))
where
X
f (w) = mj (I; Tji 1 (w)) +
B (Tji 1 (w))

of omputing Bj (li ) in O(m) time. The algorithm an
be easily modi ed to keep tra k of the lo ation that
gets propagated to ea h position in the grid, whi h allow us to ompute Bj0 as we ompute Bj .

6. Obje t Models

The experiments reported in this paper use a simple
model of a person and of a ar, shown in Figures 4
and 5 respe tively. The parts of these models are just
re tangles with xed aspe t ratio, an average olor and
a olor varian e. However, nothing about the mat hing
algorithm requires su h simple part models. The parts
an be anything for whi h a mat h ost an be omputed eÆ iently at ea h possible lo ation in the image
(e.g., more ompli ated appearan e models, olor or
edge-based templates, et ).
The olor models for the parts use the opponent
olor spa e de ned in [20℄. The average olor of ea h
part was estimated from one example and the ovarian e matrix was hosen by hand ( urrently we use a
diagonal matrix instead of a full ovarian e matrix).
The lo ation of ea h part in the image is de ned by a
4-tuple, (x; y; ; s) spe ifying the position of the enter
of mass, the orientation and the height of the re tangle. The mat h osts are omputed using a onvolution
kernel omposed of a \mat h" re tangle embedded in a
larger \no mat h" re tangle, as illustrated in Figure 1.
To ompute a mat h ost for a part at any given lo ation, we rst generate a new image that measures how
mu h ea h pixel in the input image mat hes the olor
of the part, using a trun ated quadrati error fun tion.
That is, generate I 0 by:

1
(
I (x; y ) )T  1 (I (x; y ) ); o
I 0 (x; y ) = min
2
where I (x; y) is the olor of pixel (x; y) in the input image,  and  are the average olor and olor varian e
of a part, and o is an upper bound on the error. Trunating the error fun tion allows for partial o lusion
of parts. We then onvolve I 0 with the \mat h"/\no
mat h" kernel at ea h possible orientation and s ale to
generate a mat h ost for the part at every lo ation.
The onne tions between parts behave di erently for
the person and ar models. In the person model, body
parts are onne ted by exible revolute joints while in
the ar model, the wheels are onne ted to the body
by exible prismati joints. These onne tions are des ribed in detail below.

and the grid G spe i es a dis rete set of Tji (lj ) that
are onsidered during the minimization (this in turn
spe i es a dis rete set of lo ations lj ).
The algorithm in [3, 4℄ for omputing (5) runs in
O(mD) time for m lo ations on a D-dimensional grid.
As just noted, this same algorithm works for (6). In
general the dimension D is a small xed number. In
this paper the grid is the four-dimensional spa e of, xtranslation, y-translation, rotation , and s ale s. In
order to ompute (6) under the L1 norm in this fourdimensional parameter spa e, an array D[x; y; ; s℄ is
initialized to the values of the fun tion f (w). The rst
pass over this array goes from the minimum [x; y; ; s℄
lo ation (in order of in reasing x, then y, then , then
s) omputing
D[x; y; ; s℄

= min(D[x; y; ; s℄;
D[x 1; y; ; s℄ + kx ;
D[x; y 1; ; s℄ + ky ;
D[x; y;  1; s℄ + k ;
D[x; y; ; s 1℄ + ks )

This omputation is done \in pla e", hanging values
in the array as it goes. Note that the value x 1
indi ates the neighbor in the x-dimension of the array,
and so forth. The onstants kx ; ky ; k and ks a ount
for di erent s ales of the axes. The se ond pass over the
array goes from the maximum [x; y; ; s℄ lo ation (in
order of de reasing x, then y, then , then s) omputing
D[x; y; ; s℄

= min(D[x; y; ; s℄;
D[x + 1; y; ; s℄ + kx ;
D[x; y + 1; ; s℄ + ky ;
D[x; y;  + 1; s℄ + k ;
D[x; y; ; s + 1℄ + ks )

This algorithm does not onsider the fa t that  is periodi . Spe ial handling of the boundary ases and two
additional passes an be performed to handle this periodi ity. Computing the generalized distan e transform
under any Lp norm an be approximated using similar
pro edures. The resulting approximation has a xed
per entage error (see [3, 4℄). This solves the problem

6.1.

Person Model

For the person model, the deformation osts model exible revolute joints between two onne ted parts. A
5

| y’ij -

Figure 1: Convolution kernel used to compute match
cost for a rectangular part.

y’ji |
| x’ij -

x’ji |

Figure 3: Two parts of the car model. The distance between the joints is measured along the horizontal and
vertical directions with respect to their orientation.

a

and the observed relative size (using log for size ratios),
and the third and fourth terms are the horizontal and
verti al distan es between the observed joint positions
in the image (x0ij ; yij0 ) for vi and (x0ji ; yji0 ) for vj .
In our experiments we let wijs ; wijx ; wijy be large values and wij be a small value. Thus the deformation
ost stays relatively small as the parts rotate about
the joint and is large if the parts are not aligned at the
joint or have di erent relative sizes.
The deformation ost must be expressed in the form
of equation (2), as a distan e between Tij (li ) and
Tji (lj ). Given the lo ation li = (i ; si ; xi ; yi ) we dene Tij (li ) = (i0 ; s0i ; x0i ; yi0 ) where
 (
i0 = wij
ij =2)
i
0
s
si = wij (log si log sij =2)
(x0i ; yi0 )T = Wij ((xi ; yi )T + si R (xij ; yij )T )
x and
Wij is a diagonal weight matrix with entries wij
y
wij , and R is a matrix that performs a rotation of i
radians about the origin. The new position oordinates
x0i ; yi0 indi ate the position of the joint in the image
(s aled a ording to the weights). Now we note that
the L1 distan e between Tij (li ) and Tji (lj ) is equal to
the deformation ost dij (li ; lj ) just given above, yielding an expression as in (2).

b

Figure 2: Two parts of the person model, (a) in their own
coordinate system and (b) the ideal configuration of the
pair.

pair of onne ted parts is illustrated in Figure 2. The
lo ation of the joint is spe i ed by two points (xij ; yij )
and (xji ; yji ), one in the oordinate frame of ea h part,
as indi ated by ir les in Figure 2a. In an ideal on guration these points oin ide, as illustrated in Figure 2b.
The ideal relative orientation is given by ij , the angle
between the main axes (in the \height" dire tion). The
ideal relative size is given by sij , the ratio of the two
heights.
Given the observed lo ations li = (i ; si ; xi ; yi ) and
lj = (j ; sj ; xj ; yj ) of two parts, the deformation ost
measures the deviation between the ideal values and
these observed values. Ea h joint spe i es weights wij ,
s , w x , w y for the ost asso iated with deviations in
wij
ij
ij
ea h of the relative orientation, size and joint alignment. Thus we de ne the pairwise deformation ost
for the person model to be,
dij (li ; lj )

=
+
+
+


wij
s
wij
x
wij
y
wij

i

i

6.2.

j(j i ) ij j
j(log sj log si ) log sij j
jx0ij x0ji j
jyij0 yji0 j

Car Model

For the ar model, the deformation osts model exible
prismati joints between the ar wheels and the ar
body. The wheels have an ideal position with respe t
to the ar body and an move along the bottom of the
ar with a ost proportional to the distan e from their
ideal position.
Like in the person model, the lo ation of a joint is
spe i ed by two points (xij ; yij ) and (xji ; yji ), one in

where the rst term is the di eren e between the ideal
relative angle and the observed relative angle, the se ond term is the di eren e between the ideal relative size
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the oordinate frame of ea h part. In an ideal on guration these points oin ide. The ideal relative size
is given by sij , the ratio of the two heights. In the
joints used in the ar model, the parts always have the
same
orientation. Ea h joint spe i es weights wijs , wijx ,
y
wij for the ost asso iated with deviations in the relative size and joint alignment. We de ne the pairwise
deformation ost for the ar model to be,
dij (li ; lj ) = 1 j(j i )j
+ wijs j(log sj log si ) log sij j
+ wijx jx0ij x0ji j
+ wijy jyij0 yji0 j
where the rst term insures that the orientation of vi
and vj is the same, the se ond term is the di eren e
between the ideal relative size and the observed relative
size (using log for size ratios), and the third and fourth
terms are the horizontal and verti al distan es between
the joint positions in the image, measured with respe t
to the orientation of the parts y(see Figure 3).
In our experiments we let wij = 1 so the wheels of
the ar an only slide horizontally with respe t to the
orientation of the body. We let wijs be a large value,
making a strong onne tion between sizes of the parts,
and wijx be a smaller value, allowing the wheels to slide
along the bottom of the ar body without in reasing
the deformation ost too mu h.
Given the lo ation li = (i ; si ; xi ; yi ) we de ne
Tij (li ) = (i0 ; s0i ; x0i ; yi0 ) where
i0 = 1 i
s (log s
s0i = wij
log sij =2)
i
0
0
T
(xi ; yi ) = Wij (R  (xi ; yi )T + si (xij ; yij )T )
x and
Wij is a diagonal weight matrix with entries wij
y
wij , and R  is a matrix that performs a rotation of
i radians about the origin. The new position oordinates x0i ; yi0 indi ate the position of the joint in the
image with respe t to a oordinate frame that is rotated to be in the same orientation as the part. Now we
note that the L1 distan e between Tij (li ) and Tji (lj )
is equal to the deformation ost dij (li ; lj ) just given
above, yielding an expression as in (2).

Figure 4 shows re ognition results using the person
model. Note that we an re ognize the person under
a broad range of lighting ondition and varied poses,
with a simple generi model. This illustrates the ability to re ognize arti ulated obje ts. Figure 5 shows
re ognition results using the ar model. Note that we
an re ognize fairly di erent kinds of ars under a wide
variety of poses with a single model. This illustrates
the ability of our method to re ognize generi obje ts
su h as a \red ar".

8. Bayesian Formulation

In this se tion we note that the best mat h as expressed
by equation (1) an be reformulated as the maximum a
posteriori (MAP) estimate of the model on guration.
The MAP estimate is the on guration with maximum probability given the input image:
L

= arg max
Pr(LjI )
L

Bayes rule then implies
L

= arg max
Pr(I jL)Pr(L)
L

(7)

The prior, Pr(L), aptures information about the
obje t that is known before observing the image. This
prior information is given by the \spring" onne tions
between parts. The larger the deformation osts in
a on guration, the less probable this on guration
should be. We an apture this notion using:
P
1
2 d (l ;l )
(8)
Pr(L) = e
K

i

(vi ;vj ) E

ij

i

j

where dij is the deformation ost asso iated with edge
(vi ; vj ), and K is a normalization onstant. Note that
this is the typi al Gibbs distribution used in Markov
Random Field estimation problems.
The likelihood fun tion, Pr(I jL), measures the probability of observing image I given a parti ular on guration of the model. Intuitively, the likelihood should
be high when the apperan e of the parts agree with
the image data at the positions they are pla ed, and
low otherwise. Even though the parts of a model may
overlap in the image, we approximate the likelihood
by assuming it is proportional to the produ t of mat h
qualities for individual parts,
n
Y
(9)
Pr(I jL) / gi (I; li )

i

7. Implementation and Experiments

We dis retized the spa e of possible part lo ations into
50 bu kets for ea h of the x and y positions, 10 bu kets
for size and 20 bu kets for orientation. Using these
parameters our system nds the best on guration of
a model with ve to ten parts in a 320  240 pixel image
in about 10 se onds on a 450 MHz Pentium-III.

i=1

The fun tion gi (I; li ) measures the mat h quality for
part vi at lo ation li in image I . This fun tion depends
7

Figure 4: Recognition results using the person model. The top left image shows the model, which has revolute joints,
in its default configuration. The remaining three images show examples of the globally best matching configuration.

Figure 5: Recognition results using the car model. The top left image shows the model, which has prismatic joints,
in its default configuration. The remaining seven images show the globally best matching configuration.
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on the parti ular modeling s heme used for individual
parts.
The standard approa h to nding the MAP estimate
in (7) is to minimize the energy fun tion obtained by
taking the negative logarithm. Substituting (8) and (9)
into (7) we obtain,
0
1
X
X
dij (li ; lj )
L = arg min 
ln gi (I; li )A
L

2E

(vi ;vj )

2

vi V

whi h is exa tly the same as (1) if we let the mat h
osts mi be the negative logarithm of the mat h qualities gi .

9. Future Work

In this paper the quality of an obje t on guration
is based purely on the relative positions of individual
parts. It is simple to in orporate prior information
about the absolute lo ation of ea h part in the framework. This allows an integrated approa h to modelbased tra king and re ognition. The re ognition on
the rst image of a sequen e an be done using uniform prior on absolute lo ations. On subsequent images information about the previous mat h an be used
to impose a non-uniform prior on absolute lo ations.
We also have new results that allow the deformation ost dij to be the squared distan e between transformed lo ations. This better models the idea that exible joints an be \pulled" by small amounts without
great ost, while large deformations are very expensive. The algorithm by Karzanov des ribed in [19℄ an
be hanged to eÆ iently ompute a modi ed generalized distan e transform, with the norm repla ed by its
square.
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