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ON RESONANCES AND THE FORMATION OF GAPS IN THE SPECTRUM
OF QUASI-PERIODIC SCHRODINGER EQUATIONS

MICHAEL GOLDSTEIN AND WILHELM SCHLAG

ABSTRACT. We consider one-dimensional difference Schrodinger equations

[H(z,w)¢] () = —p(n — 1) — p(n+ 1) + V(@ + nw)p(n) = Bg(n) ,
n € Z, z,w € [0,1] with real-analytic potential function V(z). If L(E,wp) > O for all E € (E’,E") and
some Diophantine wo, then the integrated density of states is absolutely continuous for almost every w close
to wo, see [GolSch?]. In this work we apply the methods and results of [GalSch?] to establish the formation
of a dense set of gaps in |J sp H(z,w) N (E’,E"”). Our approach is based on multi-scale arguments, and is

therefore both constructi\jce as well as quantitative. We show how resonances between eigenfunctions of one
scale lead to ”pre-gaps” at a larger scale. Then we show how these pre-gaps cannot be filled more than a
finite (and uniformly bounded) number of times. To accomplish this, we relate a pre-gap to pairs of complex
zeros of the Dirichlet determinants off the unite circle using the techniques of [GolSch2]. Of basic importance
to our entire construction are the finite-volume description of Anderson localization as well as the separation
of Dirichlet eigenvalues in a finite volume which were obtained in [(GolSch2]. Another essential ingredient is
the elimination of triple resonances from Chan [Chal, a special case of which is reproduced here.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The main goal of this work is to establish a multiscale description of the structure of the spectrum of
quasi-periodic Schrédinger equations

(1.1) [H(z,w)p] (n) = —p(n — 1) — @(n + 1) + AV (z + nw)p(n) = Ep(n)
in the regime of exponentially localized eigenfunctions. We assume that V(x) is a 1-periodic, real-analytic

function, and that w € [0, 1]. Let Hn(x,w) be the restriction of H(z,w) to the finite interval [1, N] with zero

boundary conditions. Consider the union Sy = |Jsp Hy(z,w), where sp Hy(z,w) stands for the spectrum
xr

of Hy(z,w). The set Sy is closed, so
Sy = [E(N),E(N)] \LkJ(E(N, k), E(N.k)),

where E(N) = I}Sﬁn E,E(N) = max E, and (E(N, k), E(N,k)) are the maximal intervals of [E(N), E(N)] \
N
Sn. More specifically, the goals of this work are as follows:
(a) To relate the intervals (E(N, k), E(N,k)) and (E(N',k"), E(N', k")) for “consecutive scales” N >
N/
(b) To “label” the interval (E(N, k), E(N, k)) in accordance with its relation to intervals (E(m, £), E(m, ()
of the previous scales. -
(c) To describe the mechanism responsible for the formation of intervals (E(N, k), E(N,k)) inside the
set Sy/, N’ < N, independently of any (E(N’, k'), E(N',k')).
Our interest in these properties is largely motivated by possible applications to inverse spectral problems
for the quasi-periodic Schrodinger equation and the Toda lattice with quasi-periodic initial data [Tod]. To
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establish these facts we use most of the methods developed in the recent work [GolSch2]. For the convenience
of the reader, we recall — and expand upon — some of the material of that paper in Sections PHal
By a result of Rellich (see Reed, Simon [ReeSimd] page 4), the eigenvalues

B (@) < BV (0) < < BV ()
of Hy(x,w) are real analytic functions of « € [0, 1]. Although the graphs of the functions EJ(-N) (x) can be very
complicated, the following was proved in [GolSch?]: There exist intervals (Eg\,k, Ex,k), k=1,2,...,kn,
with max (E}(,k - E;Vk) < exp(— (1og N)A), ky <exp ((log N)B), with constants 1 < B < A, such that
if EJ(-N) (x) ¢ Eny = LkJ (Ejvyk,EK,yk), for some j and z, then

BIEJ(.N)(x)‘ > exp(—N?). Here 0 < § < 1is

an arbitrary but fixed small parameter. In other words, the portions of the graphs of E;(z) have controlled
slopes off a small set £x. The reader should note that by our estimates limsupy_, ., €n is a set of Hausdorff
dimension zero. o

The segments of the graph where EJ(-N)(x) € I and I = (E, F) is an interval disjoint from £y, are called I—
segments. It is convenient to denote the I-segments as {E]w)(x),g,i}, where E](N) (z) = E, E§N) (z) = E.
The I-segments are important for our purposes, because they allow us to locate the resonances and to

describe the graphs of the functions EJ(-N) (z) for N > N in the region where the resonance occurs. A
possible definition of a resonance is as follows: With A > 1 fixed,

(1.2) T= Ej(fv) (z,w) — Ej(iv) (z+ mw,w)‘ <m™4

for some x € T, 1 < j1, jo < N and m > N.

FIGURE 1. I-segments

The significance of such resonances was explained in the work by Sinai [Sin] on quasi-periodic Anderson
localization in the regime of large |A| and V' = cos (or cosine-like), see (ILT)). Sinai developed a KAM-type
scheme to analyze the functions EJ(-N)(x) and the corresponding eigenvectors. The critical points of EJ(-N)(x)

with N > N were proved to be closely related to resonances as in ([[C2). It is very important for the analysis
of the resonances ([L2) in [Sin] that given x € T and j; there exist at most one j; and m < N so that
([C32) holds. For that reason the function V(x) in [Sin] is assumed to have two monotonicity intervals with

non-degenerate critical points. That allows one to reduce the analysis of E;N)(x) to an eigenvalue problem
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for a 2 x 2 matrix function of the form

_ |Eilm—z0)  e(x)
(1.3) A(z) = e(z) BEy(x —m)|

where E1(0) = E5(0), 0, E1 < 0, 8, E2 > 0 locally around zero, and e(x) is small together with its derivatives.
It is easy to check that the eigenvalues E*(z), E~(x) of A(x) plotted against x are as in Figure 2, at least
locally around xy.

FIGURE 2. Formation of the resonant eigenvalues

We would like to emphasize that some of the conclusions which we reach in this paper are similar in
spirit to those of Sinai [Sin]. This is particularly true in regards to the main result involving gaps and the
aforementioned pictures describing the splitting of eigenvalues. At the same time, we stress that we use
entirely nonperturbative methods (i.e., we are only assuming positive Lyapunov exponent rather than large
|A|) and we work with more general potentials than cosine. In this respect we would like to mention the recent
breakthrough by Puig [Pui], who established the Cantor structure of the spectrum for the almost Mathieu
case (cosine potential) and Diophantine w. Earlier, Choi, Elliott, and Yui [ChoEII'Yui] had obtained gaps
for the case of Liouville rotation numbers w. The remaining cases of irrational rotation numbers (i.e., those
with behavior intermediate to Diophantine and Liouville) was settled by Avila and Jitomirskaya [Avi.lif]
(but this again only applies to the cosine).

The main objective in this work is to locate those segments of the graphs of some E,(c]lv) (2), E](Civ) (x) which
look like E*(z) and E~(x) in Figure 2. Ultimately, such regions give rise to gaps in the spectrum. Before
we state the main result of this work let us recall the central notions involved in it.

It is convenient to replace V(z) in () by V(e(xz)) (with e(z) = €*™®), where V(z) is an analytic
function in the annulus A,, = {z € C:1—pg <|2| <1+ po} which assumes only real values for |z| = 1.
The monodromy matrices are as follows

M, b] z,w, F) H ze(kw), E)

(1.4)

1 0

a,b € Z, a < b, E € C. For My nj(z,w, E) we reserve the notation My(z,w,E). For almost all z =
e(x +1y) € A, the limit

(1.5) Jim - N"Hog || My (2, w, B)|

A(z,w,E) = {V(z) -E _1}

exists; if w is irrational, then the limit does not depend on z a.s. and it is denoted by L(y,w, F). The most
important case is y = 0, and we reserve the notation L(w, E) for the Lyapunov exponents L(0,w, E). We
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always assume that the frequency w satisfies the same Diophantine condition as in [GolSch2], namely

(1.6) [lnw|| > o)™ foralln >1

and some a > 1. We denote the class of w satisfying (CH) by Tc,q-

Theorem 1.1. Assume that L(E,wq) > o > 0 for some wy € T¢ o and any E € (E',E") and fix 6 > 0 small.
There exist p® = p(O (X, V,wo,70,6) > 0 such that for almost all w € (wo — p© wo + p(o)) the following
assertion holds: Let N®, t=0,1,... be an arbitrary sequence of integers such that N(© > No(\, V,w,70,0)
and

(1.7) N1 (log N(t))K

K = K\, V,w,70,9), and let S = |J sp Hyw (v,w). Then for each t = 0,1,... the set (E',E")\ S®
zcT
contains a collection of intervals (Ej(s, t), B (s, t)), i=12...,5(st), s=1,2,...,t, such that

(1) exp (— (N(S))é) < Ej(s,t) — E;(s,t) < exp (— (N(Sfl))é) for all j,s,

(2) (E;(s,1),Ej(s,t)) C SE=DN\ S for each 1 < s <t,

(3) for each interval (E,E) C (E',E") with E — E > exp (—(N(S))é/z), there exists j such that
(E;(s+1,t),E;(s+ 1,t)) C (E, E),

(4) (Ej(s,t),Fj(s,t)) C(E',E")\Usp H(z,w).

The strategy behind the derivation of Theorem [l is as follows: We show that segments E(z), Es(z)
as in the matrix (I3) do exist. Then we use the estimates for the separation of the Dirichlet eigenvalues
and the zeros of the Dirichlet determinants established in [GolSch2] to prove that this resonance defined by
E1, E5 leads to two new eigenvalues E*(z), E~ (x) of the “next scale” which look exactly as in Figure 2. We
call the interval

E™ in £
(na (o) iy 510
a pre-gap at scale N. The interval J here is the common domain of E; and E5. At this point we face the

following difficulty: showing that for typical w there is no room for so-called triple resonances. The resonance
defined by (L2 is called a double resonance if

(1.8) Ej(fv) (x,w) — Ej(iv) (x+ m’w,w)‘ >m/ 4

for any pair (j3,m’) # (j2,m), with m’ < N, where N < exp(N‘s,) is the “next scale”. Otherwise, it is
called a triple (or higher) resonance. As we have already mentioned, this issue is very important in Sinai’s
perturbative method. In fact, by the choice of a cosine-like potential and for large |A| this type of resonance
is excluded in [Sinl.

For general potentials, it was shown in recent work by Jackson Chan [Chal that if ’(%EJ(-N) ’ + }&EIEJ(-N)} >
co > 0, then triple resonances do not occur for most w. In Section Bl we bring a complete proof of a special
case (namely, if EJ(-N)(,T) have controlled slopes) of the result by Chan.

Once again, since the graphs of the functions E§N) () are rather complicated, it is not clear how the
pre-gaps develop into gaps at higher scales. Complex zeros of the Dirichlet determinants are very effective
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for the description of this mechanism. The latter are the characteristic determinants of Hy (z,w). So, using
complexified notations, these determinants are as follows:

fn(z,w, E) =det (Hy(z,w) — E)

NV (ze(w)) — E -1 o - - 0
-1 AV (ze(2w))—E -1 0 .- 0
(1.9) B
-1
0 0 -1 AV (ze(Nw)) — E
where
(1.10) Jap(z,w, E) = fb_a+1(ze(aw),w,E) :
At the same time, these functions are closely related to the monodromies (C]). Namely,
fN(ZawaE) _le(Ze(w)awaE)]
1.11 M E) = .
(1 sewd) = | O TR e

By means of this relation, large deviation estimates and an avalanche principle expansion for log ’ In(z,w, E)}
were developed in [GolSch2]. In Section B we give the statements of these results as well as some corollaries.
These corollaries, combined with some version of the Jensen formula (see (e) in Section B) enable one to
locate and count the zeros of fn(-,w, E) in the annulus A,, and its subdomains. In particular, this technique
allows one to claim that if

E e (max E~(z)+ exp(—Nl/Q),min Ef(x) - exp(—Nl/Q)) ,

where (max E~(z), min E*(z)) is a pre-gap at scale N, then f+(-,w, E) has two complex zeros (, = e(x; +
—5

iye), with exp(—N°) > |ys| > exp(—N ), £ = 1,2. This is due to the double resonance and the stability
of the number of zeros of f(-,w, E) under small perturbations of E. The most effective form of the last
property consists of the Weierstrass preparation theorem for fx (-, w, E'), which is described in (f) of Section Pl
To complete the description of the formation of a gap from a pre-gap we use the translations of the segments
{Ej(lN)(x), T, 5:} under the shifts © — x + kw. Using the localization property of eigenfunctions on a finite
interval (see Section B, we show that if a double resonance ([LZ) occurs then the same is true for a sequence
of segments which are “almost” identical with the shifts Ej, (z + kw), Ej,(z + kw), 1 < k < N(1 —0(1)).
That gives rise to a sequence of complex zeros (j ¢ = e(:w + kw + iyg) of fn(-,w, E). So, the numbers

My(B) = N {z 1 1= pw < |2] < 1+ pw, (2w, E) = 0}

PN = exp(—N‘s) decrease at least by 2 — o(1) when we go from scale N to scale N, provided E is in the
pre-gap. After a finite number of rescalings one can locate a gap and complete the proof of Theorem [11

2. A REVIEW OF THE BASIC TOOLS

In this section we give a sketch of the main ingredients of the method developed in [GolSch?]. We of
course do not reproduce all the material from that paper in full detail, and refer the reader for most proofs
to [GolSch?]. Nevertheless, the statements in this section are essential for the analysis of the spectrum in

Sections B3

We start our discussion with the classical Cartan estimate for analytic functions.

(a) Cartan Estimate
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Definition 2.1. Let H > 1. For an arbitrary subset B C D(zp,1) C C we say that B € Cari(H, K) if
Jo

B C U D(z,r;) with jo < K, and
j=1

(2.1) dorp<e .

d
If d is a positive integer greater than one and B C [] D(zi0,1) C C?% then we define inductively that
i=1

B € Carqg(H,K) if for any 1 < j < d there exists B; C D(z;0,1) C C,B; € Cari(H,K) so that BY) ¢
Carqg—1(H, K) for any z € C\ B;, here BY = {(z1,...,24) € B: z; = z}.

Remark 2.2. (a) This definition is consistent with the notation of Theorem 4 in Levin’s book [Lev|, p. 79.
(b) It is important in the definition of Carqy(H,K) for d > 1 that we control both the measure and the
complezity of each slice ng), 1<5<d.

The following lemma is a straightforward consequence of this definition.
Lemma 2.3.

d
(1) Let B; € Carq(H,K), B; C [ D(zj0,1), j=1,2,...,T. Then B=J B; € Carg(H —logT, TK).
Jj=1 J

d d
(2) Let B € Cary(H,K), BC ] D(zjﬁ, 1). Then there exists B’ € Carq_1(H,K), B’ C [] ’D(zj,o, 1),
j=1 j=2
such that By,,... w,) € Cari(H, K), for any (wa,...,wg) € B'.

.....

Next, we generalize the usual Cartan estimate to several variables.

d
Lemma 2.4. Let ¢(z1,...,24) be an analytic function defined in a polydisk P = [] D(zj0,1), zj0 € C.
j=1
Let M > suplog|p(z)|, m < log|e(zo)|, 2o = (21,0,---,240). Given H > 1 there exists a set B C P,
z€P

B € Cary (}fl/d,K), K =Cy4H(M —m), such that
(2.2) log|¢(2)| > M — C4H(M —m)

for any z € H;l:l D(z,0,1/6)\ B.

Proof. The proof goes by induction over d. For d = 1 the assertion is Cartan’s estimate for analytic functions.
Indeed, Theorem 4 on page 79 in [Lev] applied to f(z) = e"™p(z) yields that

log|p(2)| >m—CH(M —m) =M — (CH +1)(M —m)

holds outside of a collection of disks {D(ay, )}, with Zszl rr < exp(—H). Increasing the constant C
leads to (2). Moreover, K/5 cannot exceed the number of zeros of the function ¢(z) in the disk D(z1,0, 1),
which is in turn estimated by Jensen’s formula, see next section, as < M — m. Although this bound on
K is not explicitly stated in Theorem 4 in [Lev], it can be deduced from the proofs of Theorems 3 and 4
in [Lev]. Indeed, one can assume that each of the disks D(ag,ri) contains a zero of ¢, and it is shown in
the proof of Theorem 3 in [Lev] that no point is contained in more than five of these disks. Hence we have
proved the d = 1 case with a bad set B € Cari(H, C(M — m)), which is slightly better than stated above
(the H dependence of K appears if d > 1 and we will ignore some slight improvements that are possible to
the statement of the lemma due to this issue).

In the general case take 1 < j < d and consider ¥(z) = ¢ (21,0, .-, 2j-1,0, %, Zj+1,05 - - - , Zd,0). Due to the
d =1 case there exists BY) € Car; (H'Y/4,Cy(M —m)), such that

log|y(2)| > M — C1HY*(M — m)
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for any z € D (zj,1/6) \ BY). Take arbitrary z;1 € D (zj0,1/6) \ BY) and consider the function

X(Zl,ZQ,...,Zj,172j+1,...,2d) = 90(217---7Zj71;2j1;2j+1;---;2d)
in the polydisk [] D(z0,1). Then
i#]
suplog‘x(zlv"'7ijlazj+17"'azd)‘ < Ma

log’x(zm, ey 1,00 2415 21,0 - - - 7Zd,0)‘ > M — CHl/d(M —m).
Thus x satisfies the conditions of the lemma with the same M and with m replaced with
M — CHYY(M —m).
We now apply the inductive assumption for d — 1 and with H replaced with H “T" to finish the proof. [

Later we will need the following general assertion which is a combination of the Cartan-type estimate of
the previous lemma and Jensen’s formula on the zeros of analytic functions, see (e) of the present section.

Lemma 2.5. Fiz some w, = (w10, wa,0,--.,wa0) € C and suppose that f(w) is an analytic function

d
in P = [I D(wjo,1). Assume that M > sup,ecplog|f(w)|, and let m < log|f(w,)| for some w, =
=1 -

(w11, w21, ,Ww41) € ﬁD(wj,O,l/Q). Given H > 1 there exists By C P = ﬁD(wj,0,3/4), By €
Carqg_y (HY,K), K :]é;l(M —m) such that for any w' = (wa,...,wg) € P\ B'ngiie following holds: if
log | f(w1,w')] < M — C4H(M —m) for some w1 € D(wy,1/2),

then there exists Wy with | — w1] S e guch that f(1,w") =0.
Proof. Due to Lemma B4l there exists By C P, By € Carg (Hl/d, K), K = C4H(M —m) such that for any
w e ﬁ D(wj0,3/4) \ By one has

Jj=1

(2.3) log | f(w)| > M — CqH(M —m) .

d
By Lemma I3 part (2), there exists By C [] D(wjo,1), By € Carg_1(H#,K) such that (BH)w, €
Jj=2 -
Cary(H7,K) for any w' = (ws, ..., wq) € B)y. Here (B), stands for the w'-section of B. Assume
log | f(w1,w")| < M — CqH(M —m)

for some w; € D(wy,0,1/2), and w' € P'\ By. Since (Bu),, € Cary (H7, K) there exists < exp(—H/?)
such that

{z: |z—7111|=7°}ﬁ(BH)£, =0.
Then in view of ([Z3),

log | f(z,w')| > M — CqH(M —m)
for any |z —w;| = r. It follows from Jensen’s formula, see (e) in the present section, that f(-,w’) has at least
one zero in the disk D(wy, ), as claimed. |

(b) Large deviation theorem for the monodromies and their entries

Let M, (z,w, E) be the monodromies defined as in ((LAl). The entries of M,,(z,w, E) are the determinants
Juta,n—p)(z,w, E), a,b € {0,1}, see (CH), (CIO). Let L(y,w, E) be the Lyapunov exponents defined as in
(3.
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Theorem 2.6. Assume that v = L(y,w, E) > 0 for some y € (—yo,y0), w € T¢o, E € C. Then there exists
No = No(\, V,w, ) such that for any N > Ny, H > (logN)A one has

(24)  mes {w: Jlog||My (e(z + iy), w, B)|| = NL(y,w, E)| > H} < Cexp (~H /(1o N)") |

(2.5) mes {z : |log |fn(e(z +iy),w, E)| = NL(y,w, E)| > H} < Cexp (—H/(logN)A) 7
where A,C > 1 are constants.

The estimate () for the monodromies follows from (H). However, the proof of the second half of
Theorem EH is more involved. There is a way to pass from 4) to ([H), see Sections 2, 3 in [GolSch?.

Remark 2.7. The estimates of Theorem [Z4 imply the following via Fubini: Assume that L(y,w,E) >
v > 0 for some y € (—yo,%), w € Teq, and any E € D, where D C C is some subset. There exists
No = No(A\,V,w,7) such that for any N > No, H > (log N)4 there ewsts a subset BN .ywa C T with
mes (By.w) S exp(—H/2(log N)4) and

(2.6) mes{E e D : |log|My(e(z+1iy),w, E)|| - NL(y,w, E)| > H} < C exp(—H/2(log N)*) mes (D)
(2.7) mes {E € D : |log|fn(e(z +iy),w, B)| — NL(y,w, E)| > H} < Cexp(—H/2(log N)*) mes (D)

for any x € T\ By y,w,m. We will refer to these estimates as large deviation theorem in the E-variable.

(¢) The avalanche principle expansion for the Dirichlet determinants
Let fn(z,w, E) be the determinants defined as in ([CH), and let L(w, E) be the Lyapunov exponent.
Theorem 2.8. Assume that v = L(w, E) > 0 for some w € T¢ o, E € C. There exists No = No(\, V,w,7),

p0 = p(O)()\7I/'7w77) > 0 such that for any N > No(\,V,w,~) and any integers 1, ..., 4y, (log N)A <l <
e¢N, Y l; = N the following expansion is valid:
J

n—1 n—1
(2.8) log | fn (e(x + iy),w, E)| = Z log || Aj+1(2) A;(2)|| - Z log || 4;(2)|| + O (exp(—£1/2)>
Jj=1 j=2

ko
for any z = e(x + iy) € Apy \ BNw,E, where By o g = kUID (Ck,exp(—£1/2)) , £ =min; {;, kg S N,

1 0 1 0
An(z) = My, (ze(smw),w, E), m=2,...,n—1, A1 (2) = My, (z,w, E) {0 O] ,An(z) = [O 0] My, (ze(snw),w, E),
Sm = Z fj.

j<m
A detailed derivation of this theorem can be found in Sections 2 and 3 of [GolSch2).

(d) Uniform upper estimates on the norms of monodromy matrices

The proof of the uniform upper estimate is based on an application of the avalanche principle expansion in
combination with the following useful general property of averages of subharmonic functions.

Lemma 2.9. Let 1 > p > 0 and suppose u is subharmonic on A, such that SUp.c4, u(z) <1 and
Jpule(x))de > 0. Then for any ri,r2 so that 1 — 5 <ry,ro <145 one has

[(u(rie()) = (u(rae()| < Cp lr1 = 72,
here (v()) = [, v(€)de.

For the proof see Lemma 4.1 in [GolSch?]. This assertion immediately implies the following corollary
regarding the continuity of Ly in y.
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Corollary 2.10. Let Ly(y,w, E) and L(y,w, E) be defined as above. Then with some constant p > 0 that
is determined by the potential,

ILn(y1,w, E) = L (y2, w0, E)| < Clys —ya|  for all [y, [y2] <p
uniformly in N. In particular, the same bound holds for L instead of Ly so that
i%fL(w,E) >v>0

implies that

. g
inf L(y,w,FE)> —.
B lyl<y < ) 2

The following result improves on the uniform upper bound on the monodromy matrices from [BonGoll
and [GoISchT]. The (log N)4 error here (rather than N, say, as in [BouGol] and [GolSchil) is crucial for the
study of the distribution of the zeros of the determinants and eigenvalues, see Proposition 4.3 in [GolSch2].

Proposition 2.11. Assume L(w,E) >0, w € T¢o. Then for all large integers N,
suplog | My (2,w, E)|| < NLy(w, E) + C(log N)* |
zcT

for some constants C' and A.
We now list some straightforward applications of this upper bound. See Section 4 of [GolSch?|.
Corollary 2.12. Fiz wy € T, o and Eq € C, |y| < po. Assume that L(y,w1, E1) > 0. Then
sup {|| M (e(z + iy),w, E) || : |E — E1| + |w — w1| < exp (—(log N)“) ,z € T}
< exp (NLN(y,wl, Ey)+ (logN)A)
for all |y| < po-

Corollary 2.13. Fiz wy € T, and E1 € C, |y| < po. Assume that L(y,w1,E1) > 0. Let 9 denote any of
the partial derivatives O, 0,,0r or 0,. Then

sup{HaMN (e(x+iy),w,E) || : |E = E1| + Jw —w1| < o—(log N
S exp (NLn(y, w1, E1) + (log N)?)

)C’

,xe'ﬂ‘}

for all ly| < po.
Proof. Clearly, for all x,y,w, E,

AV —-FE

N
OMn (e(:z:+iy),w,E):ZMN,n (e(x—!—nw—kiy),w,E)a{ 1
n=1

_01] M,,—1 (e(x +iy),w, E) .

Since |E — By |+ |w —w; | < e~ (o8 N)® | the statement now follows from Corollary T2 and Corollary IO O

Corollary 2.14. Under the assumptions of the previous corollary,
[My (e(z +iy),w, E) — My (e(z1 + iy1), w1, £1)||
S(E - B+ |w—wi| + |z — 21| + [y — y1]) - exp (NLy (y1, w1, E1) + (log N)?)

)A

provided |E — E1| + |w — wi| + |z — 21| < e~ 18N |y | < po/2, |y — y1| < N~'. In particular

|fN(e(3: + iy),w,E)|

- S(E-FEi|+|w—wi|+|z—21|+ |y — 11
P (e(as +ig1). w1, 1)) (1 |+ | | +1 |+ | )

log

(2.9)
exp (NL(y1, w1, E1) + (log N)A)

| [ (e(z1 +iy1), w1, B1) |

3

provided the right-hand side of Z9) is less than 1/2.
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Corollary 2.15. Using the notation of the previous corollary one has

e My (e +iy) o EY| | s
(2.10) log | My (e(z1 +iy1), w1, Er) || <exp (~(log N)")

o ’fN (e(x—|—iy),w,E)’ exp (—(lo A
(2.11) o8 7 e i) o BV | S p (—(log N)*)

for any |E — Er| + |w — wi| + |z — 21| + |y — 1| < exp (—(log N)*4), e(z1 +iy1) € Apyja \ Buy, 5y, where
mes Bwl,El < exp (_(log N)A/2)7 Compl(Bwl,El) S N.

Proposition 2.16. Let w € T ,. Then for any xo € T, Ey € R one has

(2.12) #{E€R : fy(e(zo),w,E) =0, |E— Eo| <exp(—(logN)*)} < (log N)*
(2.13) #{z€C: fn(z,w,E) =0, [z —e(z0)| < N '} < (log N)™
for all sufficiently large N.

Another application of the uniform upper bounds is the following analogue of Wegner’s estimate from the
random case. We provide the proof here just to demonstrate how the previous corollaries can be applied.

Lemma 2.17. Suppose w € T.,. Then for any N > 1, E € R, H > (log N)* one has
(2.14) mes {z € T : dist (sp Hy(z,w), E) < exp(—H)} < exp (—H/(log N)A) .

Moreover, the set on the left-hand side is contained in the union of < N intervals each of which does not

exceed the bound stated in ([ZId) in length.

Proof. By Cramer’s rule
_ Von(e@),w, B)| [fimia,m(e(@).w E)|
‘fN(e(x),w,EH

(G = B) (b))

By Proposition XTI
log ‘f[l,k] (e(x),w, E)| + log ‘f[erLN] (e(:v),w, E)‘ < NL(w,E) + (logN)A1
for any « € T. Therefore,
, exp (NL(w, E) + (log N)*)
|fN(e(x),w,E)‘

| (Hy(z,w)—E)' || <N

for any = € T. Since
dist (sp (HN(x,w),E))*l _ || (Hy(z,w) — E)*l H ;

the lemma follows from Theorem 26 O

We conclude this subsection with an important application of Lemma and Proposition EZTT] to the
Dirichlet determinants fuy.

Corollary 2.18. Suppose w € T, . Given Ey € C and H > (log N)#, there exists
BN,gow(H) CC, By pyw(H) € Cari (VH, HN?)
such that for any x € T\ BN, gy,w(H), and large N the following holds: If
log ’fN (e(z),w, Ey) ‘ < NL(w,Ey) — Hlog N)*, |Ey — E1| < exp(—(log N)©),

then fy (e(x),w,E) = 0 for some |E — E1| < exp(—VH). Similarly, given xo € T and |yo| < N~', let
20 = e(wo +iyo). Then for any H > (log N)4, there eists

(2.15) ENow(H) CC,  Enw(H) € Cary (\/E H exp((log N)A))
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such that for any E € D(0,2 4 [A[|[V]loo) \ EN.20.0(H), the following assertion holds: If
log ‘fN(zl,w,E)‘ < NL(w,E)—H logN)A, |20 — 21| < exp(—(log N)©),
then fn(z,w,E) =0 for some |z — 21| < exp(—VH).

Proof. Set rg = exp(—(log N)¢) with some large constant C. Fix any zo with |zg| = 1 and consider the
analytic function

f(z,BE) = fn(20 + (2 = 20)N ™, Eo + (E — Eo)ro,w)
on the polydisk P = D(z,1) x D(Ep,1). Then, by Proposition EZTTL

suplog|f(z, E)| < NL(Ey,w) + (logN)zc =M
P

and by the large deviation theorem,
log | f(z1, Eo)| > NL(Ep,w) — (log N)** =m
for some |zp — 21| < 1/100, say. By Lemma EZH there exists
B.o.5ow(H) CC,  Buyp,w(H) € Cary(VH, H(log N)*°)
so that for any z € D(z¢,1/2) \ B.,,E,,0(H) the following holds: If
log | f(z, E1)| < NL(Eo,w) — H(log N)*¢

for some |y — Ey| < 1/2, then there is E with |Ey — E| < exp(—+v/H) such that f(z, E) = 0. Now let zy run
over a N~ 2-net on |z| = 1 and define By g, ., (H) to be the union of the sets zo+ N 1B, g,.o(H). The first
half of the lemma now follows by taking A sufficiently large and by absorbing some powers of log N into H
if needed. The second half of the lemma dealing with zeros in the z variable can be shown analogously. O

Remark 2.19. We can draw the following conclusion from the preceding corollary: Let w € T., be fized,
and define

SN#—U (H) = U gN,e(zo),w (H)

where the union runs over an N~ '-net of points xo € T. Then, for any x € T, if
log|fn(z,w,E)| < NL(w,E) — H(log N)*, E € D(0,2+ [\||V|ls0) \ Enw(H)
then fn(z,w,E) =0 for some |z — e(z)| < exp(—vH). Moreover, ZIH) holds for En.,(H).

(e) A corollary of the Jensen formula

The Jensen formula states that for any function f analytic on a neighborhood of D(zg, R), see [Lev],

1
(2.16) | o817+ Re(0))]d6  log £ zo)| = 3 log
0 ¢:f(¢)=0

provided f(zgp) # 0. In the previous section, we showed how to combine this fact with the large deviation
theorem and the uniform upper bounds to bound the number of zeros of fy which fall into small disks, in
both the z and E variables. In what follows, we will refine this approach further. For this purpose, it will
be convenient to average over zp in (ZI0). Henceforth, we shall use the notation

(2.17) ve(z0,7) = #{z € D(20,7) : f(z) =0}
(2.18) T (u,20,71,72) = ][ dz dy ][ d€dn [u(¢) — u(2)].

’D(Zo,’l’j) D(Z1T2)

[
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Lemma 2.20. Let f(z) be analytic in D(zo, Ro). Then for any 0 <1y <1y < Ry — 12

2

-
vi(zo,m1 —1r2) < 4r_§j(10g |f], 20,71, 72) < vg(z0,7m1 +72)
2

Proof. Jensen’s formula yields

2 7 r

D(z0,r1) 0 =0,€D(z,7)

< Z (wir%) l%/dr(r / log(|zi<|)dxdy>]

£(¢)=0,€D(20,r1+72)

V)

0 D(C,r)
Ly oy +72)
= —(=3)vs(zg,m1 + 7
4 ’I"% f\<0,71 2)s
which proves the upper estimate for J(log|f|, z0,71,72). The proof of the lower estimates is similar. O

Corollary 2.21. Let f be analytic in D(zo, Ro), 0 < 19 < 11 < Rg — ro. Assume that f has no zeros in the
annulus A= {r1 —ra < |z — 20| <ry +r2}. Then

2

,
ve(zo,m) =4 T—é J (log|f|, z0,71,72) .
2

Corollary 2.22. Let f(z),9(z) be analytic in D(zg, Ry). Assume that for some 0 < ro <11 < Ro — 72

2
.
|j(10g|f|,20,7'1,7'2) - j(10g|g|,20,'f'1,’f'2)| < 4_’,?2
1
Then
vi(zo,m1 —12) < vg(20,71 + 12), vg(z0,m1 — 1r2) < (20,71 + 72).

We shall also need a simple generalization of these estimates to averages over general domains. More
precisely, set

(2.19) vi(D)=#{z€D: f(z) =0}
J(u,D,re) = ][dac dy ][ dédn [u(¢) — u(z)].
D D(z,r2)

Given a domain D and r > 0, set D(r) = {z : dist(z, D) < r}. Let f(z) be analytic in D(R). Then for any
O<rao<ri<R-—rmry

(2.20) 05(D(rs = 12)) < 2257 (08 1. D). ) < (Dl + 72)

Let Agr, g, :={2€C : Ry <|z| < Ra2}.
Lemma 2.23.

Nﬁlj(log ’fN(7w7E)

,AR1,327T2> =
(2.21) 2§ F)-ir? /RR2 pdp/: . /01 " [LN@([% ry),w, E) —LN(g(p>’W,E):|

where §(p,r,y) = log|p +re(y)|, £(p) = logp.
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Proof. Due to the definition of 7 (u, D, r3) one has
N_lj(log |fN(a w, E)|a AR1,R25T2)

4 Ro> o 1 1
N [ [ raed [ do [ ay[loglin(oe(o) + retw). o, B)| ~log| s (pe(a). o, )|
| ARy, R, |75 Ry 0 0 0
L A Ro T2 1 1
=N~ 72/ pdp/ rdr / dx/ dy[log|fN(|p+re(y)|e(:C),w,E)| —10g|fN(pe(:C),w,E)|}
| ARy, R, |3 Ry 0 0 0

o ry s [ pan [ rar [ ay[Eteorn o) - Lute(o), )

as claimed. 1 ]
Set

(2.22) My (w,E,R1,Ry) = x# {2 € Ap, R, : IN(2z,w,E) =0} .

Lemma 2.24. Assume v = L(w, E) > 0 and fix some small 0 < 0 < 1. There exist Ny = No(A, V,w,v,0),
P = pO (X, V,w,v) > 0 such that for any n > Ny, N > exp(y1n?), 1 —p(@ < Ry < Ry < 1+ p© one has

My (w, E, Ry + 79, Ry — 13) < My (w, E, Ry — 2, Ry 4 12) +n~ /4
(2.23)
My(w, E,Ry + 719, Ra —12) < Mpy(w,E, Ry — 73, Ra +12) + n-1/4

where 9 = n71/4(R2 — Ry) and provided ro > exp(—y4n?).
Proof. Recall that due to avalanche principle expansion one has
log | M (e(z + nw + iy),w, E)|| || M (e(z +iy),w, E)|| B
HMgn(e(:C +iy),w, E)H
LR 1 TS A TT
HMgg(e(:v + (n — Ow + iy) H
for any |y| < po/2, z € T\ By, mes B, < exp (—y1 n'/?) where ¢ = [n'/?], v, = L(w, E)/2*.
That implies in particular
Ln(vav E) - L2n(ya W, E) =

log

(2.24)

E(Lg(y,w, E) — Loy(y,w, E)) + O(exp ( - 72n1/2)>

Let £(p) =logp, E(p,r,y) =loglp+re(y)], R1 < p < Re, 0 <7 <19, 0 <y <1, asin LemmalZZ3 Then,
by Lemma 29

(225) |Lj€ (§(p7T7y),W,E) _Ljé (g(p)awaE” < CRl_lr j = 172
Recall that for any N > exp(y; n?) one has

|Ln(y,w, E) — 2Lop(y,w, E) + Ly (y,w, E)| < exp (—v2n7) ,
see [GolSchil]. Hence, due to (220) and Lemma Z23

4| AR, R,
MN(vaaRl +T27R2 _T2) < %j<1og}fN('awaE)}aARlsza"b)
2
o 4‘|AR1;R2| -1
(226) = T Jln [IOg ’f?n(7w7E)’ - log‘fn(,w,E) ]7-’4R1,R27T2
2

(2.27) + O((Rz — Ry)ry? GXP(—%TLU))
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Next, we rewrite the Jensen average in (226) using Lemma Z23]
j<n1[10g ‘f?n('awa E)’ - IOg ’fn('uwu E)Hu AR17R27r2>
1 1
(2.28) =27 > log ’fgn(-,w, E)‘ - log ‘fn(-,w, E)’,AR17R2,7'2

(2.29) + j(n‘l log \fn(-,w,E)\,ARl,Rzarz>

Inserting (Z2Z9) into ZH) leads to the main term on the right-hand side of ZZ3)). It is bounded above by
M, (w, E, Ry —ra, Ro + 12) in view of (220). It remains to bound the error term [Z28). We introduce the
short-hand notation

S[Ln(§(p.7,y),w, E) = Lu(£(p),w, B)]
= (Rgfﬁ /: pdp /Om rdr /01 dy [Ln(&(p.7,y),w, E) = Ln(§(p),w, E)]
Hence, the Jensen-average in ([ZZ8) equals, see (224,
S[Lan (&(p,7,y),w, E) — Ln(&(p,7,y), w, E)] = S[Lan (£(p), w, E) — Ln(£(p),w, E)]
= TS[La(E(pr ), B) — Lo(E(pr ), )] — <SlLa(€(p), 0, B) — Le(€(p), 0, B)]
+ O(exp (- mlﬂ))
By the Lipschitz bound [Z2H), we can further estimate the absolute value here by
< |2 STLat (6.1 9), . B) — Las (€)oo, B)]| + | = STLe (€00 7.9), 0, B) — Le((p), 0, B)|
+0(exp (—2n'/?))
S0 2+ 0((exp (—92n'/?))

So the total error is the sum of this term times m plus the error in ZZ1). In view of our assumptions
2

on r9 the lemma is proved. O

(f) The Weierstrass preparation theorem for Dirichlet determinants

Recall the Weierstrass preparation theorem for an analytic function f(z,ws,...,ws) defined in a polydisk

d
(2.30) P = D(z0, Ro) x [ [ D(wj 0, Ro), 20, w0 €C

j=1

1
Z>Ry>0.
g = 1o~

Theorem 2.25. Assume that f(-, w1, ..., wq) has no zeros on some circle {z : |z — zo| = po}, 0 < po < Ry /2,
d

for any w = (w1,...,wq) € P1 = [[ D(wjo,71) where 0 < r1 < Ry. Then there ezist a polynomial
j=1

P(z,w) = 2F +ap_1(w)zF 14 - +ag(w) with a;(w) analytic in Py and an analytic function g(z,w), (z,w) €
D(z0,p0) X P1 so that the following properties hold:

(a) f(z,w) = P(z,w)g(z,w) for any (z,w) € D(z0,p0) X P1.

(b) g(z,w) #0 for any (z,w) € D(z0,p) x P1

(¢) For any w € P1, P(-,w) has no zeros in C\ D(zo, po)-
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Proof. By the classical Weierstrass argument,

. 1 9. f(z,w)
bp(w) = ;Cj (w) = o ]{ 2P fidz

(z,w)
|z—2z0|=po

are analytic in w € P;. Here (;(w) are the zeros of f(-,w) in D(zp, po). Since the coefficients a;(w) are
linear combinations of the b,, they are analytic in w. Analyticity of g follows by standard arguments. O

Since there is an estimate for the local number of the zeros of the Dirichlet determinant and also the local
number of the Dirichlet eigenvalues, one can apply Theorem Z2ZH to fn(z,w, E). We need to do this in both
the z and the E variables. See Section 6 of [GolSch2] for more details.

Proposition 2.26. Given 2o € A, /2, Eo € C, and wo € T 4, there exist a polynomial
Pn(z,w,E) =2+ ap_1(w, E)2" "1 4+ - 4+ ag(E,w)
with aj(w, E) analytic in D(Eg,r1) x D(wo,r1), r1 < exp (—(log N)A1) and an analytic function
gn(z,w, E), (z,w,E) € P =D(z0,79) X D(Ep,r1) x D(wp,71)
with 1o < N~1 such that:

(a) fN(vavE) = PN(Z,W,E)QN(Z,LU,E)

(b) gn(z,w, E) #0 for any (z,w,E) € P

(¢c) For any (w, E) € D(wo,r1) x D(Ey,r1), the polynomial Py (-,w, E) has no zeros in C\ D(zp,70)
(d) k= deg Pn(-,w, E) < (log N)*.

The preparation theorem relative to E is easier since we need it only in the neighborhood of the unit circle,
i.e., in the neighborhood of points e(xg) with £y € T. In this case, one can use the fact that Hy (e(zg),w) is
self-adjoint.

Proposition 2.27. Giwven xo € T, Ey € C, and wy € T, q, there exist a polynomial
Pn(z,w,E) = E*F + ap_1(2,w)E* "1 + . + ag(2,w)

)
with aj(z,w) analytic in D(z9,r1) X D(wo,r1), 20 = e(x0), r1 =< exp (—(log N)41) and an analytic function
gn(z,w, E), (z,w, E) € P =D(z9,71) X D(wo,71) X D(Fo,71) such that

(a) fn(z,w,E) = Pn(z,w,E)gn(z,w, E)

(b) gn(z,w, E) #0 for any (z,w,E) € P

(c) For any (z,w) € D(z0,71)XD(wo,71), Pn(2,-,w) has no zeros in C\D(Ey, ro), ro < exp (—(log N)*°)
(d) k = deg Py(z,-,w) < (log N)A2

Proof. Recall that due to Proposition EZTH one has
#{EeC: fn(z0,wo, E) =0, |E— Eo| <exp(—(logN)*)} < (log N)*2
Find ry < exp (—(log N)**) such that fn(zo,wo,-) has no zeros in the annulus
{ro(1 =2N"2) < |E — Eo| < ro(1 +2N"?)}.
Since Hy (2o, wp) is self adjoint, fn(z,w,-) has no zeros in the annulus
{ro(1=N7"%) <|E - Eo| <ro(1+N?)},

provided |z — zo| < 1 = roN ™%, |w — wo| < 71. The proposition now follows from Theorem O

(g) Eliminating close zeros using resultants
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Let f(2) = 2" +ar_12*" 1+ - +ag, g(2) = 2™ + bpm—12™ "1 + - + by be polynomials, a;, b;j € C. Let ¢,
1<i<kandn;, 1<j<m be the zeros of f(z) and g(z), respectively. The resultant of f and g is defined
as follows:

Res(f,9) = [ (¢ —n))
4,J

The discriminant of the polynomial f is defined as

dise f = [[(¢ = ¢) -

1#]
One has also
disc f = (=1)""=D/2Res(f, f') .

The resultant Res(f, g) can be found explicitly in terms of the coefficients, see [Lanl], page 200:

m k
1 0 . 1 0 o0
Af—1 1 bm—l 1
g—2 Qg—1 --- br—2 bm—_1
(2.31) Res(f,g)=| --.. )
Qg ai
0 ap

In particular, one has the following property:

Lemma 2.28. Let f(z;w) = 2F + ap_1(w)2* "1 + -+ + ap(w), g(z;w) = 2™ + b1 (w)2™ L + - + bo(w)
be polynomials whose coefficients a;(w), bj(w) are analytic functions defined in a domain G C C?. Then
Res(f(-,w),g(-,w)) is analytic in G.

Our goal here is to separate the zeros of two analytic functions using the resultants by means of shifts
in the argument, see Section 7 of [GolSch?], in particular Lemma 7.4. This can be reduced to the same
question for polynomials due to the Weierstrass preparation theorem. Here is a simple observation regarding
the resultant of a polynomial and a shifted version of another polynomial.

Lemma 2.29. Let f(2) = zF+ap_12F" 14+ +ag, 9(2) = 2™ +bp_12™ "L+ +bg be polynomials. Then
(2.32) Res (f(- +w),9()) = (=w)" + com1w" ™" + - 4 o
where n = km, and cg,c1 -+ are some coefficients.

Proof. Let ¢j, 1 < j <k (resp. 1;,1 < ¢ < m) be the zeros of f(-) (resp. g(-)). The zeros of f(- + w) are
¢ —w, 1< j <k Hence

Res (f(- +w),9()) = H(Cj —w =)

and (Z32) follows. O

Due to the basic definition of the resultant, one has

X(n,w) = H 1Gia(w) = ¢2(n,w))|

where (;1(w), j2(n,w) are the zeros of Pi(-,w) and P(- + n,w), respectively. Therefore, if |Ci71(w) —
Gi2(w)| < exp(—kH), then |x(n,w)| < exp(—kH). That allows one to separate the zeros (;1(w) from
the zeros ¢ 2(w) provided w falls outside of a set whose measure and complexity is controlled by Cartan’s
estimate.
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Due to the Weierstrass preparation theorem this method can be applied to the Dirichlet determinants
fo,(,w, E) and fy,(-e(tw),w, E). We now state a result in this direction, see Section 8 of [GolSch?]. We shall
use the following notation

Z(f,2)={z€Q: f(z) =0}
where 2 C C and

Z(f,#0,m0) = Z(f,D(20,70))
Proposition 2.30. Assume that vo = L(wo, Fo) > 0 for some wg € Teq, Eo € R. There exist Ny =
No(Xo, V,w0,70), pO = pO(X\, V,wo,v0) such that for any £, > €y > Ny the following holds: Given t >
exp ((logﬂl)A), H > 1, there exists a set Qg o, +. 50 C T, with

mes (e, t5,,1) < C(\, V,wo,70)e”VE

compl (Q, 0,,1,1) < C(A, V,wo,70)t*H
such that for any w € (Teq \ ey g, 0,8) N (wo — pO wo + p(o)) there exists a set Ep, ¢, .t,H,w With

mes (Eg, to,t,Hyw) < C(\, V,wo,yo)te VT

compl (&g, 05,0, H.w) < C(A, V,wo,%)t2H2
such that for any E € (EO — p(o), Ey + p(o)) \ &y .05 . Hw ONE has
dist (Z(fgl(-,w,E),Ap(o)),Z(fgz(-e(tw),w,E),Apm))) > e~ Hogt)”
Here Ayoy ={z2€C: 11— PO < |z] <14 p(o)}, and A, B are large constants.

For the proof see Section 8 of [GolSch2).

(h) Harnack’s inequality, Jensen’s formula for the logarithm of the norms of monodromy
matrices, and counting zeros of Dirichlet determinants

The logarithm of the norm of an analytic matrix-function is a subharmonic function. Harnack’s estimate in
this context is not as sharp as for the logarithm of the modulus of an analytic function. The same comment
applies to Jensen’s averages.

We now describe how these technical issues were addressed in [GolSch?] for the monodromy matrices.
The reader should not be distracted by technicalities, but rather notice how the norms of the matrices mimic
the behavior of the entries. For the latter the crucial piece of information is the number of zeros in various
disks. The results of this section can be found in Sections 12, and 13 of [GolSch2].

Proposition 2.31. (i) Suppose that one of the Dirichlet determinants
f[l,N]('u w, E)7 f[l,Nfl]('a w, E)u f[2,N]('7 w, E)u f[2,N71]('7 w, E)
has no zeros in D(zo,71), exp(—VN) < r1 < exp(—(log N)). Then

My (2w, B)|

(2.33) [log 1My (20,0, B)|

—log ‘1 +ap(z — Zo)” <|z- z0|27"2_2
for any z € D(z9,72), r2 = 11 exp(—(log N)2¢), and with |ao| S 73"
(ii) Assume that the following conditions are valid
(a) each of the determinants fio n—y(-,w, E), a =1,2; b= 0,1 has at least one zero in D((o, po),
where e=VN < py < exp(—(log N)B0)
(b) no determinant fi,x—4)(-,w, E) has a zero in D(Go, p1) \ D(Co, po), p1 = exp((log N)")po,
By > By + A.
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Let kg = mibrlZ(f[a7N_b](~,w, E), (o, p0). Then for any
a,

ZaC € D(COup/l) \D(C07P2)7 P/1 = exp(—(logN)B2)p1, P2 = exp((logN)B2)p0, Bl > B? >1

et | My (6w, B)| <~ Gl
y W, — 50 C
1ogN— — ko log ’ < exp(—(log N
PG B 08 ool | = P (008 N))
Next, we discuss Jensen averages.
Proposition 2.32. (i) Assume that one of the Dirichlet determinants fiq n_p(-,w, E), a = 1,2, b =

0,1 has no zeros in D(zp,11), exp(—VN) < ry < exp(—(log N)1). Then

2
(234) 4%‘7 (1Og ||MN(7 W, E)H y 205 P15 pQ) < p%TI2 exp((log N)B)
2

for any rq exp(—\/ﬁ) <p1 <nr exp(—(logN)A), P2 = cpy
(i1) Assume that for some (y the following conditions are valid
(a) each of the determinants fio vy (-, w, E), a =1,2; b = 0,1 has at least one zero in D((o, po),
exp(—V'N) < po < exp(—(log N)B).
(b) no determinant fion—p)(-,w, E) has a zero in D(Co, p1) \ P(Cospo), p1 = exp((log N)B)po,
By > Bs.
Let ko = Izlill)n #Z(fra,n—p)(-sw, E), o, po). Then for any

z1 € D(Co, 1) \ D(Co, p2), Py = exp(—(log N)?)p1, p2 < exp((log N)"2) po,
B1 > Bs, one has

2
4T—§J (log | My (- w, E)||, 21,71, 72) — ko‘ < exp(—(logN)C)
2
where |z1 — Co|(1 +2¢) <11 < py, ro =cr1, and 0 < ¢ K 1 is some constant.

Remark 2.33. The estimates of Propositions and ZZF1 are established in [GolSch2] not just for the
mondromies My (z,w, E) but for general analytic matriz functions which obey a certain abstract form of the
large deviation theorem, see condition (I) in Sections 12,18 of that paper. Due to Remark[Z_] the matriz func-
tion E +— My(e(x),w, E) obeys estimates ([8), provided x & By .1, mes (By.w.m) < exp(—H/2(log N)4)
for any H > (log N)A. That allows one to establish estimates for log | My (e(x),w,)|| which are analogous
to those of Propositions 2231 and 234 provided x & By o 1.

Now we describe how to combine the last proposition with the avalanche principle expansion to count
precisely the number of the zeros of Dirichlet determinants. The following definition is very important in
this regard.

Definition 2.34. Let ¢ > 1 be some integer, and s € Z. We say that s is adjusted to a disk D(zo,70) at
scale £ if for all k </
Z(fk(-e((s+m)w),w,E),zo,r0) =0 V|m| <Ct.

Consider the avalanche principle expansion of log | In(z,w, E)}

n—1 n—1
(2.35) log |fN(z,w,E)| = Z log HAmH(Z)Am(Z)H — Z log HAm(Z)H +0 (exp(—él/Q)) ,
m=1 m=2

for any z € A, /2 \ Bnw g, mes By o g < exp(—€1/2), where Ay, (2) = My, (ze(smw),w, E 4 in), m =
2,...,n—1, A1(2) = My, (z,w, E) Ll) 8], An(z) = [(1) 8] Mgn(ze(snw),w,E), by < 0, m = 1,2,...,n,

" =N, 0= (logN)A, sy, = 4.
m=1 J

j<m
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This expansion allows us to control the number of zeros of the large scale object (in this case fy) by
means of the number of zeros (or rather, the Jensen averages) of the small-scale objects (here w;, see below)
and vice versa.

Lemma 2.35. Assume that {5, };0:1 is adjusted to D(zo,r0) at scale L. Set mo =0, mj,+1 =n, and

Then

T2 Jo B
(2.36) 4T—;‘j (log ’fN(-,w, E)|, 2o, ’f‘1,7‘2) — Z T (w;(+), 20,71, 7‘2)‘ < Nexp((logf)c) rfro 2
2 =0

for any eVt <y < exp(—£%)rg, and ro = cry. Here 0 < § < 1 is arbitrary but fived. In particular,

2 2
(2.37) 4% J (log ’fN(-,w, E)|, 2o, rl,rg) > 4% E J(wj(-), 20, rl,rg) - Nexp((logé)c) rfr0_2
2 2

JjET
for any J C [0, jol-
Corollary 2.36. Using the notations of Lemma 2233 assume in addition that
Z (fr(-e(sjw),w, E),D(z0,2r1) \ D(20,71/2)) =
Z (fi, (-e(sm,w),w, E),D(20,2r1) \ D(20,71/2)) =0, t; = Sm;p1 — Sm,
foralls;, 5=1,2,..., and k < (. Then
Jo
Vin(w,E) (ZO’ Tl) = Z Vft ('e(sm w),w E) (207 Tl)
j=0 7 T
In particular, if every 1 < s < N s adjusted to D(z0,70) at scale £, then vy (., gy(20,71) = 0.

Proof. Applying the avalanche principle expansion one obtains

mj41—1 mj41—1
log | ft, (ze(sm,w),w, E) |= Z log || Apms1(2)Am (2)| — Z 10g||Am(2)||+O(exp(_g1/2)),
m=mj+1 m=m;+2
as well as
mjt1—1 mjt1—1
wiE)= Y ToglAna(An)l ~ Y. TogllAn()] +0(exp(~£72)
m=m;+1 m=m;+2

for any z € A,y /2 \ BN w, g, Wwhere A,,(z),m = 1,2,--- ,n and By, g are the same as in 33, flm(z) =

~ 1 0] - 1 0
Ap(z),mj+1<m<mjrr, Ap,41(2) = An(2) {O O} A, (2) = [0 O] A (2).

Subtracting these expansion and evaluating the Jensen averages with the use of Proposition E232 one obtains

2
4:—%‘J (log | ft; (-e(smjw),w, E)‘,Zo,Tl,Tg) — J(wj(-), 20, 7'177'2)‘ < exp((logf)c) r%ro_Q
2

for 7=0,1,---,70. Hence,

2

4%’j(log|fn(-,w,E)

,Zo,Tl,TQ) - log’ H ft e(sm;w),w E)’ 20,71, T2 ’ < 2Nexp((1og€) )7"17"0 2
2
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due to the additivity of the Jensen’s averages J (-, z0,71,72). We can adjust the parameters in such a way
that the right-hand side here is much less than one. Hence, by Corollary EZZT]

an(~,w,E)(207r1 —12) < vg(20,m1 +12), V(20,71 —12) < V(o B) (20,71 +72),

where
Jo
g(z) = H i, (ze(5m,w), w, E)
3=0

Replacing r; by (r1 & r2), one obtains similarly
Vin(ow B)(20,71) S vg(20,7m1 + 212), vg(20,71 — 212) < Vfy(ow,B) (20, 71)
Due to the assumption of the lemma
vg(20,71 + 2r2) = v4(20,m1 — 212)
and the assertion follows. O
One can establish similar results in regards to counting the zeros of fy(e(x),w, E) in the E-variable.

Definition 2.37. Let £ > 1 be some integer, and s € Z. We say that s is adjusted to a polydisk D(e(zo),1q) X
D(Eo,ro) at scale £ if for all k < ¢

Z(frle(z + (s + m)w),w, ), Eo,m0) =0V [m| < CY
for any z € D(z0,1y). Here zo = e(xg), o € T, Ey € R.

Consider the avalanche principle expansion [Z30) for arbitrary E € D(Fy,r9). Then, there exists By, C
T with mes (By,,) < exp(—+v/?/2) such that for any z = e(z) € D(z0,70) \ By there exists En . with
mes (En.2..) < exp(—v/¥/2) such that the expansion 3F) is valid for any E € D(Eg,70) \ ENzw. Due
to Remark one can evaluate the Jensen averages in ([Z3H) with respect to E as in Lemma and
Corollary 30, provided z = e(z) € D(z0,70) \ By is fixed. That leads to the following result:

Lemma 2.38. Assume that {sm, };0:1 are adjusted to D(e(xg),ry) X D(Fo,r0) at scale £. Assume also that
Z (fi, (e(z 4+ mg,w),w,-), D(Eo,2r1) \ D(Eo,71/2)) =0, t; = S,y — Sm,
for any e(z) € D(e(xo),,), where e V4 < r) < exp (=€°) ro. Then
Jo
(2.38) VfN (e(m))w)_) (EQ, T‘l) = JEO Vflfmj (e(m-i—sm].w),w,-) (EQ, Tl)

for any e(z) € D(e(xo),1y) \ Bnw, mes By, < exp(—v{/2). Moreover, if ry < cri, then E3R) for an
e(x) € D(e(zo),1y)-
In particular, if every 1 < s < N is adjusted to D(e(xg),rq) X D(Eo,r0) at scale £, then

VfN (e(z),w,-) (Eo,?"l) =0

for any e(x) € D(e(zo),r) \ Bnw as above.

3. LOCALIZED EIGENFUNCTIONS OF THE PROBLEM ON A FINITE INTERVAL

In this section we apply the results of the previous sections to the study of the eigenfunctions of the
Hamiltonian restricted to intervals on the integer lattice. More precisely, we shall obtain a finite-volume
version of Anderson localization (albeit, at the expense of removing a small set of energies). This section
corresponds to Section 9 of [GolSch2).
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Lemma 3.1. Let w € T, 4. Suppose L(w, Ey) > 0,

(3.1) log | fn (20, w, Eo)| > NL(w, Eg) — K/2
for some 2o = e(wg), 10 €T, Eg €ER, N > 1, K > (log N)A. Then

(3:2) G131 (0,0, B) G )| < exp (=3 (k = j) + K
(3.3) 111,31 (20, w, E)|| < exp(K)

where Gy N(20,w, Eo) = (H(20,w) — Eo) " is the Green function, v = L(w, Eo), 1 < j < k < N.

Proof. By Cramer’s rule and the uniform upper bound of Proposition 2211l as well as the rate of convergence

estimate (224,
}Q[LN](zO,w,E)(j, k)| = }fj,l(zo,w,Eoﬂ . |fN,k(zoe(kw),w,E0)}~
(3.4) ‘fN(Zo,W,Eo)‘_l < ‘fN(Zo,%Eo)’_l
exp (NL(w, Eo) — (k — j)L(w, Eg) + (log N)©)
Therefore, (B2) follows from condition ([BI). Estimate [B3) follows from (B32). O
Any solution of the equation
(3.5) —(n+1)—¢vn—1)+vn)(n)=Edp(n), nez,
obeys the relation
(3.6) Y(m) = Grap(E)(m,a — 1)¢(a — 1) + Gig ) (E)(m, b+ 1)p(b+ 1), m € [a,b].

where G, 4 (E) = (H[a,b] - E)71 is the Green function, Hi,) is the linear operator defined by ) for
n € [a,b] with zero boundary conditions. In particular, if ¢ is a solution of equation ), which satisfies a
zero boundary condition at the left (right) edge, i.e.,

PYla—1)=0 (resp. ¥(b+1)=0),
then
Y(m) = Gap)(m, b+ 1)(b+ 1)
(resp. 7/1(7”) = g[a,b] (m7 a — 1)1/)(0‘ - 1) )
If, for instance, in addition |G(m,b+ 1)| < 1, then [¢(m)| < [ (b+ 1)|.

The following lemma states that after removal of certain rotation numbers w and energies E, but uniformly
in x € T, only one choice of n € [1, N] can lead to a determinant f;(z + nw,w, E) with ¢ =< (logn)® which
is not large. This relies on the elimination results, see (g) in Section 2, and is of crucial importance for all
our work.

Lemma 3.2. Given N, there exists Qn C T with

mes () < exp (—(log N)“?),  compl(Qy) < exp ((log N)“"),
C1 < Cy such that for all w € T. o \ Qn there is En,, C R, mes(En,,) < e_(logN)C2, compl(En,w) <
e(log N1
(3.7) log | fe(e(z + nw),w, E)| > (L(w, E) — Vi
for all £ < (log N)¢ and all 1 < n < N, or there exists n1 = ni(x,w, E) € [1, N] such that {54) holds for
alln € [1,N]\ [n1 — L,ny + L], L < exp ((loglog N)#), but not for n =ny. However, in this case
(3.8) | fin(e(@),w, E)| > exp (nL(w, E) — (log N))
for each 1 <n<nj;—L and
(3.9) | fin.n(e(2),w, E)| > exp (N = n)L(w, E) — (log N)Y)

, with the following property: For any x € T and any w € Te o \ Qn, E € R\ En, either
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for eachny + L <n < N.

Proof. Define Qx = |J Q¢, 4,1,z where the union runs over {1,/ < (logN)¢, N >t > exp ((loglog N)*)
with fixed H = (log N)¢/1%0, Here Q, 4,5 is as in Proposition EZ30 Similarly, for any w € T, , \ Qx set
Enw = U Erw(H) U €0 ot

(log N)¢<k<N
where the second union is the same as before, and where & ,(H) are as in Remark ETd The measure and

complexity estimates follow from Corollary TR Now suppose ([B) does not hold. Then
log ‘fgl (e(x +nw),w, E)‘ <l L(w,E)—+t

1
for some 1 < ny; < N and ¢; < (log N)¢. By Corollary EZI there exists z; with |21 — e(z +njw)| < et
and

fo,(z1,w, E) =0 .
If
log ‘fg2 (e(a: + now), w, E)‘ <tloL(w,E) — \/E
for some £ < (log N)¢ and |n2 — n1| > exp ((loglog N)*), then for some 2, and t = ny — ny
fo, (zee(tw),w, E) =0
with |21 — zp| < e~ (o8 M) which contradicts our choice of (w, E), see Proposition Thus B) holds
for all £ < (logN)® and 1 <n < N, |n — n1| > exp ((loglog N)#), as claimed. This allows one to apply the
avalanche principle at scale £ < (log N)° to fj1 »(e(z),w, E) with (log N)¢ < n < ny — L. It yields that

log ‘f[lm] (e(x),w,E)| >nl(w,FE)—C = >0.

n
(log N)
Note that by Corollary T4, if B) holds at z, then also for all z € D(e(z),e~¢). Thus,
for those z by the avalanche principle. Now suppose
log | fi.n) (e(2),w, E)| < nL(w, E) — (log N)”
for some large constant B. By our choice of E,
f[l,n](zuqu) =0

for some |z — e(z)| < exp (—(log N)B/2). This contradicts I0) provided B is sufficiently large. Hence,
B3) holds and B3) follows from a similar argument. O

Remark 3.3. It follows from Corollary that [B) is stable under perturbations of E by an amount
< e~ Y. More precisely, if @) holds for E, then

log | fe(e(z + nw),w, E')| > (L(E',w) — 2V{

for any E' with |E' — E| < e~““. Inspection of the previous proof now shows that (EX) and BH) are also
stable under such perturbations.

The previous lemma yields the following finite volume version of Anderson localization.

Proposition 3.4. For any x,w € T, let {EJ(-N) (:E,w)}N . and {¢§N) (z,w, )}N ) denote the eigenvalues
and normalized eigenvectors of Hp nj(z,w), Tespectivelyj.i Let Qn and En ., be Jc?s in the previous lemma.
Ifw e T.o \ QN and for some j, E§N) (x,w) ¢ ENw, then there exists a point VJ(N) (z,w) € [1,N] (which
we call the center of localization) so that for any exp ((loglog N)4) < Q < N and with Ag = [1,N] N
|:VJ(»N)(IE, w)—Q, I/](N) (z,w) + Q) one has
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(i) dist (E](N) (z,w), spec (Ha, (x,w))) < e~ (g N)®
(ii) > |1/1§N) (z,w; k:)‘2 < e~ @4 where v > 0 is a lower bound for the Lyapunov exponents.

ke[1,N]\Aq
Proof. Fix N, w € T, \ Qn and EJ( )(3: w) ¢ Enw. Let ny = ]( )( w) be such that
(N
’@[Jj anl‘_lgfixng ( win)| .

Fix some ¢ < (log N)¢ and suppose that, with F = EJ( )(az,w), and Ag :=[1,N]N[ny —£,ny + 4],
(3.11) log | fa,(z,w, E)| > |Ao|L(w, E) — V'
By Lemma B2

}GAO(x,w,E)(k,jﬂ < exp (—%}k —j} + C\/Z)

for all k,j € Ag. But this contradicts the maximality of ‘1/}§N) (z,w;n1)| due to BH). Hence [BI) above
fails, and we conclude from Lemma that

log | fa, (z,w, E)| > [A1]|L(w, E) — Vi
for every Ay = [k — £,k + £ N [1, N] provided |k — nq| > exp ((loglog N)#). Since (BT fails, we conclude

that fa,(z0,w, E) = 0 for some zp with |zg — e(x)] < e~ et By self-adjointness of Hp,(x,w, E') we obtain

dist (E, spec (Hp, (z,w))) < et

as claimed (the same arguments applies to the larger intervals Ag around ng). From ([B3) of the previous
lemma with n =n; — Q/2 (if n1 — Q/2 < 1, then proceed to the next case) one concludes that

(3.12) |G[17m,%Q] (z,w, E)(k,m)| < exp (—v|k —m|+ (log N)9)
forall 1 <k,m<mn; — %Q. In particular,

WJ(-N)(x,w;k)’ < e 3lm—3Q-H
for all 1 < k < n; — Q. Finally, the same reasoning applies to

G[n1+%Q,N] (CL‘, W, E)
via ([B3) of the previous lemma, and (ii) follows. O

The following corollary deals with the stability of the localization statement of Proposition Bl with respect
to the energy. As in previous stability results of this type in this paper, the most important issue is the
relatively large size of the perturbation, i.e., exp(—(log N)?) instead of e =%, say.

(V) N ™o Y : : »
Corollary 3.5. Let Qn, Enw, 1B (7,w) ;and Y (T, w3 ) , be as in the previous proposition.
j=1 j

Then for any w € Te o \ Qn, any x € T, EJ(-N)(x,w) ¢ Enw let V;N)(x,w) be as in the previous proposition.
For such w, E;N)(x,w), if |E — E§N) (z,w)] < e~ 08N with B sufficiently large, then

uj(.N)(z,w)fQ
(3.13) Z |f[1n( wE)| <e CWQZ |f[1n wE)‘

n=1 nehq

where Ag = [ (V) (z,w) — Q, V<N)(3:,w) + Q} N [1, N]. Similarly,

J
al 2 2
(314) Z ‘f[n,N](IawaE)‘ < e—C’YQ Z |f[n,N](IawaE)‘

n=r™ () +Q neha
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Finally, under the same assumptions one has

(3.15)
’f[l,'n,] (e(z),w, E) = fi1n] (e(x),w, EJ(-N) (:E,w))‘ < exp ((log N)C) ‘E - EJ(-N) (x,w)‘ ’f[l,'n,] (e(z),w, EJ(-N) (:E,w))’

provided 1 <n < VJ(»N)(CL',LU) — Q, and similarly for fin n-

Proof. For each j there exists a constant p;(x,w) so that
o (@ win) = s, @) ) (203 B (2, 0) )
for all 1 <n < N (with the convention that fi; ) = 1). A similar formula holds for
Jint+1.3] (e(x),w,E](N)(x,w)) .
As in the previous proof, one obtains estimate (B12) with £ = E;N)(x, w). Thus, for 1 <n < V§N) (z,w)—Q
‘f[l,n] (e(x)7w7E(.N)($,w)) ‘ < e—cvlu;-N)(:E,w)—n\ f[l S 0] (e(x),w,EJ(.N)(iv,w))
it

j
which implies (BI3)) for £ = EJ(-N)(x, w), and ([FI4) follows by a similar argument for this E. Corollary ZZT4l
implies that

)

’f[l,n] (e(x),w, E) - f[l,n] (6(-@),(.«), E](N) (Iaw)) ’
N
f[l,n] (e(x),w,EJ(. )(;p,w)) ‘
foralll1 <n< V;N)(x,w) — @, and (BIH) follows for all |E — E;N)(x,w)‘ < exp(—(log N)?). O

< exp ((log N)°) ‘E - EJ(-N) (:v,w)‘

4. MINIMAL DISTANCE BETWEEN THE DIRICHLET EIGENVALUES ON A FINITE INTERVAL

In this section it will be convenient for us to work with the operators H|_y ) (x,w) instead of Hpy (x,w).

Abusing our notation somewhat, we use the symbols E§N), w;N) to denote the eigenvalues and normalized
eigenfunctions of H|_y nj(z,w), rather than the eigenvalues and normalized eigenfunctions of Hp ni(z,w),
as in the previous section. A similar comment applies to Qn, En -

The following proposition states that the eigenvalues {EJ(-N) (z,w)
N

}?]:Vfr ! are separated from each other by

at least e~ NV’ provided w ¢ Qu and provided we delete those eigenvalues that fall into a bad set En, of
energies. We remind the reader that

mes (En,w) S exp(—(log N)*2),  compl(En,.) S exp((log N)™),
where Ay > Aj, and the same for Qp, see Lemma B2 This section corresponds to Section 11 of [GolSch2].
Proposition 4.1. For any w € T, \ Qn and all © one has for all j,k and any small 6 > 0
(4.1) ‘EJ(-N) (z,w) — E](CN) (z,w)| > e N
provided EJ(-N) (z,w) ¢ Enw and N > Ny(0).
Proof. Fix x € T, E§N) (z,w) ¢ Enw. Let Q < exp ((loglog N)“). By Proposition B there exists

Ag = [u(-N) (z,w) — Q, u(-N)(x,w) + Q} N[—N,N]

so that

S fewa(el@),w BSY (2,0))]
’n,e[*N,N]\AQ
(4.2)

N
< e—2Qv Z ‘f[fNﬁn](e(x),w;E§N)(£C,w))‘2
n=—N
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Here we used that with some p = const
o @,win) = - fiown (o), B (@,0))
for —N < n < N. We use the convention that
Jien-N-1 =0, fn-n=1

One can assume uj(-N) (z,w) > 0 by symmetry. Using Corollary ZTd and [BIH), we conclude that

v (z,0)-Q

Z | v mi(e(@),w, E) = finn(e(x), w, EJ(-N)(x,w)) |2
(43) n=—N

< 9B~ B (,w) et T |y o), 0, B )
neAq

Let nqy = V(N) — @ — 1. Furthermore,

H f[ Nt <x>,w,E>) - (f[N,nH](e<w>,w,E§N><:c7w>)>H
fenn(e(x),w, E) f[,N,n](e(:c),w,EJ(-N)(;v,w))

f[*N,nHrl] (G(I), W, E))

— ||M[n1+1,n] (6(3:),w,E)< o ey, )

fiew it (e(@), w, E§N))) H
Frem (e(@),w, BS™M)

< Cn=m) QI p _ E(-N)(x,w e(log N)¢ fi—nn (e ;v),w,E(-N)(x,w) 2
J [ s ] 7
nGAQ

— Mpy,41,m) (e(x),w, E§N) (x,w)) <

1
2

Now suppose there is E](CN) (x,w) with |E,(€N) (e(x),w)— E§N) (z,w)| < e’ for some small § > 0. Then E&3),
EZ) imply that
V](.N)(m,w)-i—Q

Z ‘f[*N,n] (6(1‘), W, EJ(N) (‘T7 w)) - f[fN,n] (6(,@), w, El(cN) (LL', w)) ’2
(45) n=—N

1 5 N 9
<e BV N fnm (e(@), w0, B (@,0) [
nGAQ
provided N > exp((log log N)%). Let us estimate the contributions of |:VJ(N)(:E7 w) + @, N} to the sum terms

in the left-hand side of [{EI).
For both FF = EJ(-N) and E,(CN) one has

N Q
f[—N,n] (e(x),w, E) = G[VJ(.N)(m,w)-i-%,N] (e(:z:),w, E) (na V; )(wi) + E)f[_NWJ(-N)(%w)‘F%_ ](e(x),w, E)
due to the zero boundary condition at N + 1, i.e.,

Ji=N,N] (e(x),w,EJ(-N) (x,w)) = fl=N,N] (e(:b),w,E,(cN)(x,w)) =0.

Therefore,
N

(4.6) Y ), v, TN | feva(e@),w, B)|

n:V](N)-i-Q keAq
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again for both E = EJ(-N)(x,w) and F = E](CN) (z,w). Finally, in view of [@H) and (EHl),

N

Z |f[—N,n] (6(1?), w, E](N) (‘Tv w)) - f[—N,n] (E(I), W, E]E}N) (‘Tv w)) }2

n=—N

W) <2 5 Uiwa(ew o BV )

nelq
Z fonm(e W’EI(CN)(%W)HQ}
€Aqg

N N

By orthogonality of {f[,Nﬁn} (e(x),w, EJ(-N) (:E,w))} o and {f[,N)n] (e(;v), w, E,(CN)(x, w))} e obtain

a contradiction from ). O

Remark 4.2. Later in this paper we will need to refer also to the proof of this proposition and not just to
its statement. More precisely, we shall encounter two normalized eigenfunctions ¥ of the Dirichlet problem

Hi_n N (20, w)® = B*y*

where YF are exponentially decaying outside of some "window” A = [N', N"] C [-N, N] of size |A| < N°.
Furthermore, we know (and need) that fi(ze(sw),w,E) # 0 for any z € D(e(xo),70), E € D(Ep,ro) with
ro = exp(—(log)?) and |Ey — E*| < r¢/2, k < £, s € [l, N']U[N", N] where C¢ < N' < N" < N — C¥,
N" — N’ < N¢. Under these assumptions, it follows from the proof of the previous proposition that

ET—E|>e ™

provided that § > ¢ and N 1is sufficiently large.

Note that here we do not need to remove energies. Indeed, the removal of the energies is only needed
to ensure the existence of the window of localization, whereas in this remark we are dealing with func-
tions ¥ that already have this structure. Also, note that in the proof of Proposition 3 the window has
size exp((loglog N)¢). However, this only entered into the proof via the estimate exp((loglog N)¢) < Ne.
Furthermore, we remark that under the conditions on fi stated in the previous paragraph the proof of Propo-
sition [74) assures that ¥+ decay exponentially outside of the window A. In fact, one has the bound

|7v/}i('r07 TL)| < exp (_’Y dlSt(TI,, A)/2)
for alln € [-N, N].

By the well-known Rellich theorem, the eigenvalues EJ(-N)(x, w) of the Dirichlet problem on [—N, N] are
analytic functions of z and can therefore be extended analytically to a complex neighborhood of T. Moreover,
by simplicity of the eigenvalues of the Dirichlet problem, the graphs of these functions of z do not cross.
Proposition BTl makes this non-crossing quantitative, up to certain sections of the graphs where we loose
control. These are the portions of the graph that intersect horizontal strips corresponding to those energies
in €n . The quantitative control provided by ) allows us to give lower bounds on the radii of the disks

to which the functions EJ(-N) (x,w) extend analytically.

Corollary 4.3. Let Qn, En,w be as above. Take arbitrary xo € T. Assume fn(xo,wo, Eo) = 0 for some
wo € Teo \ Qv and Ey & Enw,- Then there exist ro,m1, 11 =€ -N° , ro = cry, such that (with wy fized)

(4.8) In(z,w0, E) = (E = bo(2)) x(2, E)

for all z € D(xg,70), E € D(Ey,r1). Moreover, by(z) is analytic on D(xg,r0), X(z, E) is analytic and
nonzero on D(xg,r0) X D(Ep,r1), bo(xo) = Ep.
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Proof. By Proposition 11, fn (o, wo, E) # 0if E € D(Ey, 1), E # Ey. Since Hy(xo,wp) is self adjoint and
| Hn (2, w0) — Hy (z0,w0)|| < |2 — 2ol

it follows that fn(z,wo, E) # 0 for any |2 — x| < 71, r1/2 < |E— Eg| < 3r1. The representation (@) is now
obtained by the same arguments that lead to the Weierstrass preparation theorem, see Theorem Z2ZH [

As an application of Proposition B4l combined with Proposition BZl we now illustrate how to relate the
localized eigenfunctions of consecutive scales. Indeed, by Proposition B4l any eigenfunction w;N)(x, w,-) is

exponentially localized around some interval A of size N’ < exp((loglog N)4) provided EJ(-N) (x,w) is outside
of some set En . Due to this fact and the separation of eigenvalues, the restriction of @[JJ(-N) (z,w,) to A

closely resembles some eigenfunction wj(»/N,)(x’ ,w,+). In particular, it is exponentially localized around some
interval A’ of size N = exp((loglog N')%).

Lemma 4.4. Using the notations of Proposition 1] assume that w € Tcqo \ (Qn UQn), where N/ =
exp ((loglog N)€), Cy > C, and with Q = exp ((loglog N)©). If

EM(2,w) ¢ Enw,  dist (E;N)(x,w),é’N/M) > exp (_(N’)W) ,
then there exists v € Z, |v — U](N) (z,w)] < Q and
EJ(,N )(a: +vw,w) € (E](N) (r,w) —exp(—y N'), E](N) (z,w) + exp(—mN')) ,
where v1 = ¢, v = inf L(E,w). Moreover, the corresponding normalized eigenfunctions
M (@ w, k), BN @+ vww, k- v)
satisfy
’ 2
(4.9) S V@ k) - v @t vw,w k- v)
k€[lv—N’,v+N']

< exp(—nN') .

Proof. Assume first —N + N’ < V;N)(x,w) < N — N’. Then with v = V;N)(x,w) one has:
(4.10) | (Hpnrs (@, 0) = B (@,0)) 0§ (@,0,1)| < exp(-a0V'/4)

2
(4.11) - ¥ ’¢§N>(x,w, k)’ < exp(—yN'/4)

k€[lv—N’,v+N']

due to Proposition EETl Hence, there exists

EJ(/N N2+ vw,w) € (E;N)(x,w) —exp(—mN'), E;N)(x,w) + exp(—*le’)) :

Moreover, due to assumptions on EJ(-N)(x, w), one has E(N,)

(@ +vw,w) ¢ En . Hence,

(4.12) E](,Jv/)(;v +vw,w) — E,(CN/)(x + vw, w)‘ > exp (—(N’)5)

for any k # j’. Then [@IU)-EIA) combined imply ) (expand in the orthonormal basis {z/;,iN/)}k). If
(V) (V) 4w (N) _

v (z,w) < =N+ N’ (resp v; '(z,w) > N — N'), then @I0)-EID) are valid with v}’ (z,w) = =N + N’

(respectively, with I/](N) (x,w) =N —N'). O

Next, we iterate the construction of the previous lemma to obtain the following.
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Corollary 4.5. Given integers m™ m® ... m® such that
(4.13) logm®tY) < exp ((logm(s))é) , s=1,2,...,t—1

there exist subsets Q) C T, s =1,2,...,
Az A
el ). <))

1 < A1 < Ag, such that for any w € Te o \ U 06 there exist subsets &f,s) C R with

A A
mes (55)5)) < exp <_ (logm(s)) 3) 7 compl (55,8)) < exp ((logm(s)) 4)

with Ay < As such that for any x € T and any E € sp (H,

m

o (z, w))\U&f,S), the corresponding eigenfunction
S

Y(n), 1 <n <m® of H,,u(x,w) has the following property: there exists an integer v (z,w) € [1,m(t)}
such that

Yo )P Sen(— Q)

In—v® (z,0)|>Q
where Q = exp ((log log m(l))A) and v' = ¢y > 0.
Proof. The proof goes by induction over t = 1,2,.... For t = 1, the assertion is valid due to Proposition B4l
~ t—1 _
So, assume that it is valid for H,,¢1 (Z,w) for any £ ¢ (J &Y % € T. Let E,1 be as in the statement.

s=1

By the previous lemma there exist an interval A = [a,a+ ]V], N = mt—D 1<a<N- N and a normalized
eigenfunction v such that Hi, oo (z, w)zz = E1, |E—E| < exp (—vﬁ), J(n) —w(n)‘ < exp(—wﬁ), n € A.

Applying now the inductive assumption to H,,¢-1 (z 4+ aw,w) one obtains the assertion. O

The arguments used in Lemma EE4 based on combination of Propositions B4 and Bl enable one to define
the “translations” of the eigenfunctions z/JJ(-N) (., .) under the shift z — z 4+ w.

Lemma 4.6. Using the notations of Proposition[_1] assume that (i) dist (E;N)(x, w), SN,W) > 2 exp(—N(5)) ,

-N + N2 < V;N)(x,w) < N — N2 where VJ(-N)(:E,(U) is the same as in Proposition [fd Then for

any k such that —N + N/?/2 < UJ(-N)(:E,W) +k < N — NY2/2 there exists a unique Ej(iv)(x + kw,w) €
sp Hi_n n)(z + kw,w) such that

(4.14) EM (@,0) — BN (@ + kw, w)‘ < exp(—7aNY2) |

(4.15) 81E§N)(x,w) - &DEJ(»iV)(x + kw,w)‘ < exp(—ﬂygNl/Q) ,

(4.16) EM (@ + kw,w) ¢ Enw

(4.17) uj(év)(x + kw,w) — (VJ(N) (z,w) + k)‘ < NY2/4

(4.18) ~N+NY2/4 <M (@ + kw,w) < N - NV?/4,

(4.19) Z Wﬂ(iv) (x + kw,m) — wJ(-N)(x, m+ lﬂ)}2 < exp(—73N1/2)

|m+k7u§N)(z,w)\§N1/2/4

where v, = 271y,
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Proof. Note that

sy HEwaathew) (05 @, + 8)) (m) = iy w) (08 (@,0.)) (m+ k)
' _ g (N)

provided —N <m+k < N and —N < m < N. Recall also that ’@[JJ(-N) (z,w, :l:N)‘ < exp(—73N1/2), since

~N+ N2 < VJ(N)({E,LU) < N — N'/2 Hence

(4.21) H (H[,N)N](x + kw,w) — EJ(_N)(x,w)> ¢§N) (T, w,- + k)H < exp(—MNl/?) .

Therefore, there exists E;Iiv)(x—i—kw, w) € (E](N) (z,w) — exp(—ysN1/?), E;N)(x, w) + exp(_75N1/2)). More-
over, due to our assumptions on E(.N) (xz,w), one has Ej(iv) (x + kw,w) ¢ En . Hence,

(4.22) ‘E(N T+ kw,w) — EJ(,N) (z + kw,w)} > exp (— (log N)A)

for any j' # jg. Then EZ2)-EZI) combined imply EId). Relations ETH), ETD) follow from ETE).
The estimate @I9) follows from [EZI) and @ZA) via the spectral theorem for Hermitian matrices. Finally,

ETD) follows from the well-known formula

N
8IE§N)(x,w) = Z V'(z + tw)
{=—N

2
o (@0, 0)

and the preceding estimates. O

5. MOBILITY OF EIGENVALUES AND THE SEPARATION OF ZEROS OF fN IN 2z

In this section, we will use the separation of the eigenvalues from Section Hl to obtain lower bounds on the
derivatives of the Rellich functions off some small bad set of phases. In particular, this will use Corollary EE3.

Lemma 5.1. Let ¢(z) be analytic in some disk D(0,7), r > 0. Then

(5.1) mes {w:w = ¢(2), 2 € D0,r), |¢(2)] <n} <ar’n?

Proof. Set A ={z=x+1iy € D(0,r):|¢'(2)] <n}. By the general change of variables formula, see Theo-
rem 3.2.3 in [Eed],

/ }az::;‘dxdy:/w#{(%y) €A:p(x+iy) =u-+iv}dudv > mes p(A)

where p(x + iy) = u(z,y) + iv(z,y). On the other hand,

(u,v)
‘ (z,y
since ¢ is analytic. ]

o))

. 2
= |’ (z + 1y)|

o))

The following lemma will allow us to transform the separation of the eigenvalues into a lower bound on
the derivative of the Rellich functions. The logic behind Lemma is as follows: Let by be as in (i). By
Lemma BTl the measure of those w which satisfy w = bo(z) with bj(z) small, is small. However, we also
require a bound on the complexity of this set of w which is only logarithmic in ¢ and r;. This is where
property (ii) comes into play, and the complexity will be proportional to a power of the degree k as well as
to log[(ror1) ']

Lemma 5.2. Let f(z,w) be an analytic function defined in D(0,1) x D(0,1). Assume that one has the
following representations:
(1) f(z,w) = (w—"Dbo(2))x(z,w), for any z € D(0,79), w € D(0,71), where bo(z) is analytic in D(0,79),
sup |bo(2)| < 1, x(z,w) is analytic and non-vanishing on D(0,79) x D(0,71), where 0 < ro,r1 < %



30 MICHAEL GOLDSTEIN AND WILHELM SCHLAG

(i) f(z,w) = P(z,w)8(z,w), for any z € D(0,r9), w € D(0,71) where
P(z,w) = 2F + cp_1(w)2""1 + -+ co(w)

¢j(w) are analytic in D(0, 1), and 0(z,w) is analytic and non-vanishing on D(0,r9) x D(0,r1), and

all the zeros of P(z,w) belong to D(0,1/2).
Then given H > k?1og[(ror1) ] one can find a set Sy C D(wg,r1) with the property that

mes (Sg) < riexp (—cH/k*log|(ror1)™']), and compl(Sy) S k*log[(rory) "]
such that for any w € D(0,r1/2)\ Sg and z € D(0,719) for which w = byo(z) one has
|bh(2)] > e FH27Fp

Moreover, for those w the distance between any two zeros of P(-,w) exceeds e 1.

Proof. Assume that k > 2 and set ¢(w) = disc P(-,w). If k = 1, then skip to (). Then ¢(w) is analytic
in D(0,r1). Assume that |¢(w)| < T for some 7 > 0, w € D(0,r1). Recall that due to the basic property of
the discriminant for any w

(5.2) d(w) = [T G(w) = Gw))
i
where (;(w), i = 1,2,...,k are the zeros of P(-,w). Then |¢;(w) — ¢;(w)| < 72/* =1 for some i # j. Set
G = G(w), ¢ = ¢j(w). Assume first (; # (;. Then
F(Gw) =0 f(Gw) =0, 0<|G— ¢l <MD,
Due to (i) one has w = by(¢;) = bo(¢;). Hence,

1 _ _ _
(53) BO(G)] < 516 — Gl max B(2)] S 1G = Glrg < g 2r2/K0

If §; = ¢; then P((;, w) =0, 8, P(¢;,w) = 0. Then f(§,w) =0, 8, f((;,w) = 0 due to the representation (ii).
Then w — by ({;) =0, b'(¢;) = 0 due to the representation (i). Thus ([&3]) holds at any event. Combining that
bound with the estimate ([BJI) one obtains

(5.4) mes {w € D(0,71) : [(w)| < 7} < rg2r2/FE=D,
On the other hand, due to (&2) one obtains
sup {|¢Y(w)| : w € D(0,r1)} < 1.
Take 7 < (ror1)**~1/2. Then one obtains from (&4 that
[p(w)] =7
for some |w| < Z-. By Cartan’s estimate there exists a set 7y C D (0, %) with
mes Ty < riexp (—cH/k*log[(ror1) "))
and of complexity < k?log[(ror1)~!] such that
(5.5) log[¢(w)| > —H
for any w € D(0, 3) \ 7.
In particular, () implies that

(5.6) Gi(w) = ()] > e
for any w € D(0,%) \ Ty, i # j. Take arbitrary wo such that dist(wo, 7)) > 2™, wo = bo(20) for some
z0 € D(0,rp). Then

|P(z,w)| > (2¢")7F for all |z — 2| =e H/2
by the separation of the zeros ([fl). By our assumption on the zeros of P(z,w),

sup sup  |0uP(z,w)| < rfl.
2€D(0,r0) wED(0,71)
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Thus,

(Plew)] > 2275 [z — s = /2, o —up| < 2R M.
Then due to the Weierstrass preparation theorem, see Theorem 225
(5.7) P(z,w) = (2 — C(w)) Az, w)

for any 2 € D(z0,7)), w € D(wo, 7)), where 7, = e H /2, 1} < e #*127Fr; and ((w) is an analytic function
in D(wo, 1), A(z,w) is analytic and non-vanishing on D(zg, () x D(wo, 7). Comparing the representation
(i) and (B) one obtains

—-b =0 iff
(5.8) w = bo(2) !
z—C(w) =0
for any z € D(zo,ry), w € D(wo, r}). It follows from (BF) that
b)) = |¢' ()| 2 i 2 e 2,
as claimed. O
Now choose arbitrary wg € Te o \ Qn, Eo € (—C(V),C(V)) \gN,wo, where
gN,wg = {E s dist(E, ENw,) < exp(—N‘s/Q)} ,
Qn, EN,w, are the same as in Proposition LTl Then for any z € T one has

min{ |BY (@,w0) = B (2, w0)| + BSY (@, w0), B (2, w0) €
(5.9) 5/2 5/2 L §
(Eo — exp(—=N?%/?), By 4 exp(—N°%/ )) i F# j} > exp(—N°)

Here E§N) (x,w) stand for the eigenvalues of Hy(z,w) as usual.
Now assume that there is g € T such that EJ([J)V) (z0,wo) € (Eo —exp(—N®/?), Ey + exp(—N%/?)) for
some jo. Then, as in Lemma B2
In(z,wo, E) = (E —bo(2)) x(2, E)

where (z,E) € P = D(zg,79) X D(E](év) (z0,w0),70), o = exp(—N°) with §; > §, and the analytic functions
bo(2), x(z,E) satisfy the properties stated in Lemma On the other hand, due to the Weierstrass
preparation theorem in the z-variable, see Proposition 2226

(510) fN(ZaWaE):PN(ZaWaE)gN(ZaWaE)

(z,w, E) € Py = D(zg,711) X D(wo,m1) X D(Ey,71), 71 < exp(—(log N)¢), where Py, gn satisfy conditions
(a)—(d) of Proposition 228 Thus, all conditions needed to apply Lemma B2 are valid for fx(z,wo, E). So,
using the notations of the previous two paragraphs we obtain the following

Corollary 5.3. There exist constants 61 < d2 < 1 with the following properties: Set Ey = E](év) (o, wo)

where wg € Ty .\ Qn and xg € T. There exists a subset gEV,wo,Io,jo C C, with
mes (5J/V7w0>10>j0) < exp(—N62), Compl(g]/\fywowmjo) <N
such that for any E € D(E1,71) \ N w0 zo.jo @A 2 € D(x0,71), T1 = exp(—N?%), for which E = by(z,wo)

one has

10:b0(2)| > exp(—N?2) |
Moreover, for any E € D(Ex, Tl)\gJ/V,wo,zO.,jo the distance between any two zeros of the polynomial Py (-, wo, E)
which fall into the disk D(xg, 1) exceeds exp(—N?2%2).

As usual, we can go from an exceptional set in the energies to one in the phases x by means of the
Wegner-type bound of Lemma T4
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Corollary 5.4. Let us use the notations of the previous corollary. Let wg € Tq .\ Qn and o € T. Then
there exists a subset B?VM C (xg—ri,mo +11)

mes (B§V,wo) < exp(—N°2), compl( §V,wo) < N?
such that for any x € (xog — 11,20 +171) \ij)w[) one has
(5.11) |0pbo(z,w)| Z e N

Proof. Let E € D(E1,r1). Suppose « € (xg — r1, 20 +r1). Then E = bo(z) iff By € sp (Hy(z,wp)). Due to
Lemma EZT1 there exists B;v)w() C (g — r1, 20 + r1) with the stated measure and complexity bounds such
that for any x € (xg — 1,20 +71) \ B;V,wo one has

sp (HN(337W0)) N 5J/V,wo,roﬁj0 =0

Here £y 0 4.5, 18 the same as in Corollary B3 O
With wg € T. o\ Qn fixed as above, we take the union of the sets £y wo.0.jo 11 T0, Jo With 2o € T running

over an appropriate net, to conclude the following assertions

Corollary 5.5. There exists a set £, C R with mes (£}, ) < exp(=N?"), compl &, < exp(N)
such that for each function E;(x,wo) and any x one has

|05 Ej(z,wo)| > exp(—N?2)
provided Ej(z,wo) & EY -
Corollary 5.6. There exists a set £, C R with
mes (€ ) < exp(—NQ‘sl), compl(Ey ) < exp(N51),
such that for any E € (—=C(V),C(V)) \ €}, and any |n| < exp(—N?) one has

the distance between any two zeros of fn(-,wo, E + in) exceeds exp(—N?2)
where §; <K 09 < 1.

To simplify the notations we will suppress the double prime in 5]’\’,)‘0 when referring to Corollary 23

6. SEGMENTS OF RELLICH’S PARAMETRIZATION OF THE DIRICHLET EIGENVALUES AND THEIR
TRANSLATIONS

We now start our discussion of gap formation. The material from here on does not appear in [GolSch?].

Given N, let Qn and €y, stand for the sets defined in Corollary B Fix some w € T. ,\Qn. Let I = [E, E]

be arbitrary interval C R\ En,. Let EJ(-N) (), j=1,2,...,2N + 1 be the Dirichlet eigenvalues on [—N, N]
parameterized by z € T; here we suppressed w from the notations just for convenience. Due to Corollary B2
the following assertion is valid:

Lemma 6.1. Assume EJ(-N)(:EI) € (E,E) for some z' € T. Then there exist z, T such that:

(6.1) EM(z)=E, EM(z)=E,

(6.2) BwEJ(-N) (;v)‘ > exp(—N?) for z € (min(z, z), max(z, 7)),
(6.3) 2’ € (min(z, z), max(z, 7)),

(6.4) C\V) W E-E)<|z—z| <exp(N°)(E-E),

Here 0 < 0 < 1 is an arbitrary small but fized parameter, and N > Ny(o).

Definition 6.2. If conditions (@), (€A) of Lemma Gl hold, then we call {EJ(-N) (:E),g,g’c} an I-segment of

E§N) (z). If@mE§N) >0 (resp. (%CE](N) <0), z € (z,), (resp. 0zE; <0,z € (Z,x)), we call it positive-slope
(resp. negative-slope) segment.
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Remark 6.3. Let {E;g))(x),g(s),:f(s)}, s = 1,2, be I-segments. If zV) = 22 then j(V = j@ and

1) =73 e, these segments coincide. The same conclusion is true in regards to £V 72,

Lemma 6.4. Let {E;g)),g(s),:f(s)}, s = 1,2 be two different I-segments. Then

‘zm _ z@)‘ , ‘jm _ j@)‘ > exp (—N?)
provided 1> § > o >0, see @), and N > Ny(0,0).

Proof. Due to the definition £ € sp (H[,N)N] (g(s),w)), ie., fl-n,n (e(g(s)),w,ﬁ) =0, s = 1,2. More-
over, E ¢ &En,.. Due to Corollary B8 ‘e(g(l)) —e@@))‘ > exp (—N‘s), since z() # 23 Similarly,
|e(3‘:(1)) — e(a‘:@))| > exp (—N‘s). O

. N . -
Since EJ( )(x) are continuous and one-periodic, one has

Lemma 6.5. If {E;N)(x),g, :E} is a positive-slope (respectively, negative slope) I-segment, then there is at
least one negative-slope (respectively, positive-slope) I—segment {E;N),g',f’} of EJ(-N) (x).

We now turn to the analysis of the translations of I-segments. One can define these translations with the
use of Lemma L8l Let {EJ(-N) (x),z, :E} be an I-segment such that

I'=(E—exp(—=N°),E +exp(—N°)) CR\ En. -
Assume for instance that {EJ(-N) (x),z, :E} is a positive-slope segment and for some z € (z,Z) the eigenvalue
E§N) (Z) satisfies the conditions of Lemma EQ i.e., dist (EJ(»N)(JE),EN,W) > 2exp(—N5), —N 4+ NY2 <
uj(-N) (#,w) < N — N'/2. Assume now that
exp(—N?"S) <E-E< exp(—Nz‘S).

Then, by Lemma B, (Z — z) < exp(—N?). By Section B, we can assume that V§N) (z,w) = V;N)({f,w) and
also VJ(N)(x, w) = V§N) (z) for all x € (z,%). Therefore Lemma E8 is valid for all z € (z,Z). Moreover,

(6.5)

(N) (N) 1/2
OB} () — 0. B (x + kw)‘ < exp(—ysN'/?)
for any z € (z,Z), and all k for which

(6.6) ~N+VN <v™M(z,w) +k <N - VN

Due to Lemma BT, for each such k an I-segment {EJ(-iV),gk, :Ek} is defined. That leads to the following

statement.

Lemma 6.6. let Qn and En,, be the sets defined in Corollary A Fiz some w € T.q \ Qn. Let
(N) _ . . o _ .
{Ej (~,w),g,x} be an I-segment and pick any & € (min(z,z), max(z,Z)). Assume that the following

conditions are valid:

(a) exp(—N*) < E— E < exp(—N?°)
(b) (E - exp(_N6)5E+ exp(—N‘s)) CcR \ gN,u.))
(¢) =N+ N2 <M (z,w) < N — N2,

Then for each k as in [@0) there exists a unique I-segment {E](iv)(-,w),gk, :Ek} such that

(6.7) |z, — 2 — kwl||, ||Zx — 2 — kw|| < exp (—73]\71/2) .
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Moreover,

(N) (N)
(6.8) E; () — B (v + kw)‘ ,

)(;v) — BwE](,iv) (x+ kw)‘ < exp (—74N1/2) .
for any x € (min(z, ), max(z, T)).

Proof. The uniqueness of a segment satisfying () follows from Lemma £l The only assertion which one
has to prove is (E). Assume, for instance, that {E](N),g, f} is a positive-slope I-segment. If z; < {z + kw},
then
o (N) N)
{z+kw} —z;, < 2exp(N7) (E ({x+kw}) E;, (gk))

(
= 2exp(N7) ( (z+ kw) — BN )@)>
p(N?) - exp(—7sN'2) < exp(—uNY?) |

since (%Ej(iv)(x) > exp(—N°) for z € (2, %)) due to Lemma Bl Hence, ||z — 2 — kw|| < exp(—v4N'/?) in
this case. In a similar way one can validate ) in each situation. O

7. DOUBLE RESONANCES AND THE FORMATION OF PRE-GAPS

Definition 7.1. Fiz small e,01 € (0,1) and large constants A,C. Let N > Ny(e,01,A,C) be large. One
says that (wo, Ey) € T x R! is a point of a double resonance for Hy (+) if the following conditions are valid:

There exist intervals A, = [N}, N}//], k =1,2, (logN)* < N{ < N{ < N < Ny < N — (log N)* such
that

(a) sp Hp, (x0)() (Eo — k, Eo + k) = {EO}, # {z € D(e(fbo),li) D fa (z,w, Ey) = O} =1, k=1,2, where
K= exp(—ﬂs), N = mkin ‘Ak‘7

() (log N)' < N < N1, k=1,2, (log N)" < Nj— N/ < N7,

(¢c) for any interval A = [N',N"] c [1,N], Al < (logN)Al, Ay = A/2, which does not overlap with
[N{ 4+ Ct¢,N{ — Ct] U [N5+ Ct,Ny — C{], { < (logN)A1 one has

sp Hy (zo,w) N (Eo — K, B+ &) =0
where Kk = exp (— (log N)8A1>.
We can draw the following conclusion from this definition.

Lemma 7.2. Using the notation of Definition[7]] one can arrange the avalanche principle expansion [Z30)
in such a way that the following conditions are valid:
o N{=5my, N =8my, Ny = 5my, N§ =8, for some mi < mg < msz <my
o fr(ze((s+m)w),w, E) #0 for any (z, E) € D(e(zo),ro) X D(Eo,10), s € [1,51]U][s2, s3] U[s4, N] and
any |m| < CL. In particular, spm,, 1 <k <4 are adjusted to the polydisk D(e(zo),ry) X D(Eo,70) at
scale £ where o = ck, 75 = exp(—V/1/2)
o fi,(ze(sj_1w),w,E) # 0 for any (2,E) € D(e(xo),r9) X D(Eo,70), j = 1,3,5. Furthermore,
fi; (ze(sj1w),w E) # 0 for any

(2, E) € |(D(20,2r9) \ D(20,70/2)) % {Eo}} U [D(Zoafo) x D(Eo,2ro) \ D(Eo,70/2)
J=2,4. Here so =1, t; = Sim; — Sm;_, -
® Uy (e(s;- W), Eo)(€(xo),r) = 1 for any 0 < r < 1y and uftj(e(zﬂjflw)’w’_)(Eo,7"1) =1 for any

e(z) € D(e(wo),ry). Here exp(—v1/4) < ry < exp(—(logf)*)ro
® Vfn(w Eo)(€(20),1g) = 2 and Vi (e(a),w,) (Eo, 1) = 2 for any e(x) € D(e(xo),1q).
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FIGURE 3. A double resonance and an associated eigenfunction

Proof. Clearly, one can choose {1, . .., £, in (223H) so that the first property holds. It follows from property (c)
in Definition [Tl that fi(ze((s + m)w),w, E) # 0 for any

(z,E) € D(e(xg),r9) X D(Eo,70), s € [1,81]U][s2,s3]U[s4,N]
and any |m| < Cf. Therefore, we can apply Corollary 230 and Lemma 38 to verify that
Ji; (ze(sj_1w),w, E) #0
for any (z,E) € D(e(xo),70) X D(Ep,r0) and j = 1,3,5. It follows from property (a) of Definition [l
that e(zo) is the only zero of fi,(-e(sm;w),w, Eo) in D(e(xo),ry) and that Ey is the only zero of fi,(e(zo +

Sm,;w),w,-) in D(Ey,10), j = 2,4. That proves the third and fourth properties. The final claim follows by
means of another application of Corollary EZ36 and Lemma a

In particular, we emphasize that
# ((sp HN(x,w)) N (EO — kK, Eg+ /{)) =2

for any = € (xg — p, o + p), where p < k. By Rellich’s theorem on analytic matrix functions there exist real
analytic functions E*(x) and analytic vector functions {¢*(x,n) : n € [1, N]},z € (xo — p, x0 + p) such that

Hy(z, )0 (2,n) = EX (@)t (@,n), Y [F@n)| =1

for any x € (zo — p, o + p). Note that due to (b), (c), all the conditions needed for Proposition BTl on the
separation of the eigenvalues are valid for Hy (z,w) and E = E*(z). More precisely, we are in the situation
described in Remark So, one has

Lemma 7.3. ‘E*(z) - E’(:z:)’ > 1 =exp(—NO) for any x € (zg — p, 20 + p).

One can assume for instance that

(7.1) Ef(x)>E (x)+7, x€(zo—pyz0+Dp)-
The goal is to show that as a matter of fact
(7.2) min BT (z) >maxE~(z) +0, o=71".

The main additional assumption for that is as follows:
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(d) Let Ey(x) be the only eigenvalue of Ha, () belonging to (Ey — K, Eg + k). Then
(7.3) 0 E1 > B, x € (xo— p,xo+ p)
OpxF2 < =B,  x€ (xo— p,x0+p)
8= exp(—ﬂ‘sl), 0 < § < 41, in particular,
(7.4) Ei(xog+¢&),Ex(zo—&) >Eo+ 08, €>0
Er(wo — §), E2(wo + &) < Eo— ¢, £<0
Combining (1), [(ZA) and property (c) in the definition of a double resonance one obtains
Lemma 7.4.
(7.5) |EY(z) — Er(z)| <n, |0.E*(x) — ,Ei(x)] <7
|E™ () — BEx(z)| <n, |0.E (z) — 0. F2(x)| <
for any x € (zo + p/2, 20 + p)
(7.6) |ET () — BEa(z)| <n, |0.ET(x) — 0. Fa(x)| <n
|E~=(z) — E1(z)| <n, |0.E (z) — 0, F1(x)] <
for any x € (xo — p,x0 — p/2), where n = exp(—mﬂl/z).

This lemma implies, in particular, that E*(z) assumes its minimum (maximum) at some critical point

x T (x7), where 81E|i =0.
Assume now thatm:mi
(7.7) E (z7)>Ef(at)—0.
Consider first the case
(7.8) Ef(@)>E (z7)>ET (") —0o.

Recall that E*(z) are the solutions of the equation fy (e(z), E) =0,z € (zo—p,z0+p), E € (Ey—k, Eg+k).
Let fn(e(z),E) = P(z, E)g(z, E) be the factorization of fy(e(z), E) in the neighborhood of zg = zo, Eo,
defined in Theorem ZZ8 Due to Lemma [[2

#{z € D(e(x0),p) : [n(z,w, Ey) =0} =2.

Hence,
(7.9) P(e, B) = (x — 20)? + by (E) & — 20) + bo(B)
where b;(E) are analytic in D(Ep, &), sup |b;(E)| <1, j = 0,1. Then 8, E* = 0 implies
E r=zt
— (8,P(z,E)/0pP(z,E)) =0.
‘.’L‘:.’L‘i,E:Ei(.’L‘i)
So,

2(x* — x0) + b (B (2*)) = 0.
In particular, by Cauchy’s inequalities and ([Z)
(7.10) 2t — 27| < b (BT (27)) — b (B~ (27))| Sdor < o'/2 =17 .
In its turn (ZI0) implies
Et@") —E (") <EY(aN) -~ E (27)+Clat —2 | <o+ Cr? < Cy7?
in contradiction to (I]). Assume now that

(7.11) E (z7) > Ef(a™)
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Then there exist 1 < x~ < 2 such that
E (z;)=E*(z"), j=12.
Note that due to [1l), z1 # =T, 22 # z7. But that means that the equation
P(z,E*(z%)) =0
has three different roots x1,xs, ™, in contradiction to [ZH). Thus ([Z7Q) is impossible and ([Z2) is valid.

Proposition 7.5. Let (zg, Eg) be a point of a double resonance, i.e., conditions (a) — (¢) are valid. Assume
also that the eigenvalue Ey(x) of Hp, (z,w) falling into the interval (Eg—k, Eo+k) satisfies condition (d), k =
1,2. Then there exist real analytic functions E®) (x) and analytic vector functions {w(i)(az, n):n € [1,N]},
x € (z9 — p,xo + p), p= exp(—N"), 0< 6y <6
(i) EM)(z), EC)(x) are the only eigenvalues of Hy(x) falling into the interval (Ey — k, Eo + k), and
{v®)(z,n) :n € [1,N]} are the corresponding normalized eigenvectors, |z — xzo| < p
(ii) min EM(z) > max E(7)(2) + 0, 0 = exp(—N?)
(iii) ‘w(i)(x, n)‘ < exp (—”y dist (n, [NVT, Né’]))
Corollary 7.6. Set E = min B (z), E' = max E)(z). Then for any E € (El +0/4,FE - 0/4), the

Dirichlet determinant fy (-, E) has two zeros (; = (;(E) = e(zj+iy;) € D(e(wo), o), with [y;| > C(\, V)™ to,
j=12.

Proof. By Theorem 221 for any E € D(Ey, k), polynomial P(-, E) has two zeros z; = z,;(E) = x; + iy;,
zj € D(z0, ). On the other hand, for any = € (zo — p, o + p), E € (E' + 0/4,E/ —o/4)
dist (sp Hy(x), E) = min (E(+)(;v) —E,E— E(_)(:E)) >o/4.
Since Hy () is self adjoint and || Hn (z) — Hn(z + iy)| < C(A, V)|y|, one has also
dist (sp Hy(x +iy),E) > 0/8 >0

for any = € (0 — p, 0 + p), [yl < C(\, V) '0/8, E € (E',F/). In particular, fy(e(z +iy), E) # 0 for such
z,y, E. Hence |y;| > C(\,V)"lo/8, j =1,2. |

Due to Lemma in the definition of the double resonance one can apply Proposition Bl (or more
precisely, Remark EE) to the eigenfunctions ¢* (x,n). That implies the following estimate.

Lemma 7.7. Using the notations of Proposition [T.]] one has
‘wi(x,n)| < exp (—71 dist(n, [Ny, Né’])) )
Proposition 7.8. One says that a double resonance point (xo, Eg) is regular if in addition to conditions
(a)—(d) the following condition is valid
(e) NY/2 < Nj, Nj < N — N/2,

Let (zg, Eo) be a regular double resonant point. Conditions (b), (c), (e) combined with the previous
lemma and Lemma B8 imply the following assertion.

Proposition 7.9. Let (xg, Ey) be a reqular double resonant point for Hy(-). Let E*(x) be the eigenvalues
and *(z,n), n € [1,N] be the corresponding eigenfunctions defined in Proposition [73 Then for each
integer k € (2NV/? — vy, N — 2NV/2 — 1), where vy = (N{ 4+ NJ) /2, and any x € (xo— p, w0+ p) there exist
exactly two eigenvalues Eif (x + kw) of Hy(x + kw,w) falling into the interval (Eg — k, Eo + k). Moreover,

|EE(z) — Ef(z+ kw)| < exp(—yaN'/?)
|8in (2) — 0. Eif (z + kw)| < exp(—”y5N1/2)

Now one can follow the exact same arguments as in Corollary [[@ to validate the following
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Corollary 7.10. Let (zo, Eo) be a regular double resonant point for Hyn(-). Set E = min Et(x), E' =
max E~ (), where E*(x) stand for the eigenvalues defined in Proposition [T.5 Then for any

E e (E +exp(—2N%), ' - exp(-2N?) )

the Dirichlet determinant fn(-,w, E) has a sequence of zeros (i ,; = e(Tr; + tyr;), k € (2N1/2 — v, N —
2NY2 — ), j = 1,2, where ||z — z0 — kw|| < p, C(\, V) texp(—2N°%) < yp; < exp (—(1ogN)A),
N{ <vg < N7y.

Finally, we arrive at the following main conclusion of this section.

Proposition 7.11. Let (zg, Ey) be a regular double resonance point. Then there exists an interval

(B9 50) (B o ({08 )") B+ (~(02)"))
(1)
)

with E(l) —E(l) > eXp(—2N5), such that for any E € (E(l),E one has

1 1
(7.12) N # {z €A, fn(zw, E) = O} < N #{z€A;: In(z,w,E) =0} -2 S+ ANTL/2
where p1) = exp(—4N5), p = exp (— (log N)A).

Definition 7.12. If [ZI2) is valid we say that (E(l),E(l)) is a pre-gap interval at scale N. We allow also

in the definition the error term AN~Y2 to be replaced by e(N), where e(N) — 0. For that we will specify

each time the expression (N) for different scales N.

A very important feature of pre-gaps is that they are sustainable when the scale N grows. That is due to
Lemma We will return to this important issue in Section @l But first, we discuss the crucial topic of
eliminating triple resonances, see Chan [Chal.

8. ELIMINATION OF TRIPLE RESONANCES

Lemma 8.1. Let f(z,y) be a Cl-function defined on R = [a,b] x [c,d] C [0,1]?. Assume that

8.1 = min 9, f(z,y) >0
(8.1) p= oin y f (2, y)

If f(xo,y0) =0 for some (zo,y0) € R = (a,b) x (¢,d), then for any x € Jy := (xo — Ko, To + ko) N (a,b) with
ko = hopK ™1, K = max, , |0: f(z,y)|, ho = min(yo — ¢,d — yo) there exists a unique y = ¢o(x) € (c,d) such
that

f(@,do(x)) =0
The function ¢o(x) is C differentiable on Jy and

sup |0y (z)| < Kpu'.
zeJo

Proof. Note that for any « € [a,b] one has |f(x,y0)| < K|z — zo|. In particular, for any |z — xo| < ko
|f(z,y0)| < hop
Given such z consider the case 0 < f(z,y0) < hou. Since ¢ < yg — ho < d, we infer that
f(@,y0 — ho) < hop — hop = 0.

Hence, there exists a unique y = ¢o(x) € (yo—ho, yo) such that f(x, ¢o(x)) = 0. If instead —hop < f(z,y0) <
0 then there exists a unique y = ¢o () € (Yo, yo + ho) such that f(x,¢o(x)) = 0. It follows from the implicit
function theorem and the chain rule that |9, ¢o(z)| < Kp™?. O

Lemma 8.2. Using the notations of the previous lemma, assume that |f(x1,y1)| < & for some (x1,y1) € R
and 0 < & < hyp where hy = min(y; — ¢,d — y1)/2 and p is as in &1I). Then
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(1) For any z € Jy := (1 — k1,21 +K1)N(a,b) with k1 = hyuK =1 there exists a unique y = ¢(z) € (c,d)
such that f(x,1(x)) = 0. The function ¢1(x) is C* on J; and

sup |0z¢1(x)| < Kp™!
z€Jy

(2) For any x € J1 and any y € [c,d] \ (¢1(x) —epu™t, ¢1(x) + ep™t) one has | f(z,y)| > e.

Proof. Assume for instance that 0 < f(z1,y1) < e. Since ¢ < y; —hy < d, we conclude that f(x1,y1 —h1) <
g — phy < 0. Hence, there exists a unique g1 € (y1 — h1,y1] such that f(z1,91) = 0. By Lemma R applied to
this point there exists a C'-function ¢; () defined on the interval Jy := (z1 — &1, 21 + #1) N (a,b) with & =
haipK =", hy = min(§1 — ¢,d — §1) such that f(z,¢1(z)) = 0 for any x € Jo. Moreover, SUp,¢ g, [Op1(x)] <
Ku~—'. Note first that hy > min(y; — ¢,d — y1) — hy = hy by construction. So, ¢;1(x) is defined on the
interval J;. Clearly, |f(z,y)| > € for any z € J; and any y € [c,d] \ (¢1(x) —ep™, ¢1(z) +ep™t). O

We can now combine these local lemmas with an obvious covering procedure to obtain the following global
statement.

Proposition 8.3. Let f(z,y) be a C* function defined on R = [a,b] x [¢,d] C [0,1]%. Assume that

B= (m{{;;gRayf(I,y) >0

and set py = min(1, u). Given hy < (d—c)/4, € < hap, there exist intervals (z;—k1,zj+k1), J =1,2,..., k1,
with kK = hiyp K1, K =1+ max(, y)er |0x f(2,y)], k1 < [2(b— a)ky '] such that

(1) For each j there exists a C function ¢;(z) defined on (zj—k1,z1+k1)N(a,b) such that f(x, d;(z)) =
0, and sup, |0,¢;(z)] < Ku~'.
(2) The set

U(h1,e) == {(z,y) € (a,b) X (c+ h1,d—h1) : |f(z,y)| < e}
is covered by the union of the following sets
SJ = S((bjas:u_l)
={(z,y) : 2 € (x; — k1,2 + K1) N (a,b), y € (¢j(x) —ep™, ¢j(x) +ep™h)}

Remark 8.4. Recall that if f(z,y) is a C*-function, then the implicit function x = ¢(y) defined by the
equation f(x,y) =0 is also C* provided d,f > 0 for all z,y. Moreover,
K2
|02¢] < 4—
1

where jn = min(L, i0f 0, £(2,9) > 0, K = 1+ 5up(s.yyi0<jaj<2 10° F (2,
Lemma 8.5. Let ¢(x) be a C? function, = € [a, (],
B = max{|0"(x)] 7 € [, B, 1<k <2}
Given § € (0,1), n> (8 — @)™, there exist intervals [/, //], 1 < j < jo, jo < n, such that |¢/(z)| > 6 for
any = ¢ U, [0}, %], and such that
> (max{o(a) : @ € [af, af]} — min{é(2) : @ € [a},a}]}) <8(8 — a) + B8 - a)*n"?
j
Proof. Set aj = a+j/n, 0<3j < jo, jo=[n(B—a)], aj+1 =0,
7 = minf|9,¢(z)| : = € [ag, 1]}
If 7; < 6 for some j, then
max{|dz¢(w)| : @ € [a,0541]} <6+ B(B —a)n™
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and therefore also

max{|6(e) = 6()| : 7.y € laj,a5]} < (54 BB - a)n ™) (B a)n”?
Summing this inequality over j yields the statement of the lemma. g
Proposition 8.6. Let f(x,y) be a C? function in R = [a,b] x [¢,d] C [0,1]2. Assume that

= in 0O ,y) >0
p= Jmin y f (2, y)

Given 0 < 6 < 712,
p1 = min(1, p)
7= | max(2,4K?u;?) B
K =1+ max{|0%f(z,y)| : (z,y) €R, 0< |a| <2}
and € < du1, there exist intervals (éw’gm) Cled, 1 <i<ky,k <2(b- a)5_%uf1, ji <672, and C?
functions ¥; ;(y), y € (§i)j,§7j) such that the following conditions are valid:
= 1
(1) mes (le.d]\ U, (€, ;&) < 86%
(2) the setU(f,e) = {(z,y) € R : |f(z,y)| < e} satisfies

utf.e)n et x (U, &) cUSWie )

where B
S(wi,jvgl) = {(:Euy) Yy e (éiyjagi,j)u |¢17J(y) - ‘T| < EI}
(3) [Dytijl <67t

Proof. We apply Proposition B3 to the function f(z,y) and hy = 53, By Remark the functions ¢;(z)
defined by Proposition are C%-smooth and sup, |02¢;(z)| < 4K?u;® =: B. By Lemma B3 for each
¢i(w) there exist intervals [o ;, 7 ;], 1 < j < j(i) such that [0,¢;(x)| > d for any = ¢ |, (e} ;, 7 ;), and

S @i; —y, ) < 2610 + 4Br36* < 607

1,
J
where k1 = Ay K~ <1 and
g, = min{e(@) : v € faljall} Toy = max{oi@) : o € ol al,l}
Let (¢, j,ZW-) be the maximal intervals of
(c,d)\ U(gid»vyi,j)
J
On each interval (éi,j’zivj) an inverse function v¢; ; = ¢;1 is defined, and moreover
sup |9y i ;| < 67
y

Note that if y € (éij’zixj) and |y—¢;(z)| < ep~! for some x € (z; — K1, T; + k1), then [z —; ;(y)| <ed'p~t.
In other words, in view of Proposition one has

uth, &) () (I6ws = w2+ m) 0 (@,0)] x (€, ,E)) © Sigoen™ )

as claimed. O
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Theorem 8.7. Let f(x,y),g(x,y) be C? functions in R = [a,b] X [c,d]. Assume that

u—(m;n Oyf(z,y) >0

A= min Oy(.y) >0 °K

where 0 < § < 72, and 7,K, 1 are as in the previous proposition. Gwen & < ST, T =1+
maxg , |0z9(x,y)|, there exist intervals (gj,cj) C (¢,d), (ﬂk,ﬁk) C (e,d), 1 <j < jo, 1 <k < ko such

that

1

> ( )S&Sé:Zk(m—ﬂk)SEE

—]

e e\ [UE, ) U U]
j k

and any x € (a,b) at least one of the inequalities
|z, y)l <e, lgla,y)| <e
fails.
Proof. Let (éijagi,j)a ; ; be defined as in Proposition B Note that

By9(ij () y) = Oyg — 0y ¥i;110ng|
>pu—0 'K >m/2
for any y € (gm,Z”) Hence, there exists (ﬂij’ﬁixj) (3 j,ZM) such that
(8.2) Mig =15 < 4e6 p T

and
lg(ti; (), y)| > 26~ 1 T
for any y € (§ V& i) \( ,77”) On the other hand, if |f(x,y)| <ec and y € (giﬁj,@,j), then |z — 9, ;(y)| <
e . Hence
l9(z,y)| = 9(vij(y),y)| = Ted ™ > Ted ™'y > ¢
provided y € (glJ,Z”) \ (. .,7; ;). The set

e d \ I, - €0)

is the union of intervals (gj,zj), whereas the intervals (ﬁk’m) are merely a renumeration of the intervals
(ﬂi,j’ﬁiv ;)- The estimates stated in the theorem now follow from Proposition Bl and by summing (2)) over
0] O
Let E;(z,w) be C? functions (v,w) € R; = (v; — 7, 2; +7) X (w; — Tyw; +7) C [0,1] x [0,1], i = 1,2,3.
Let no,n3 be integers. Our ultimate goal in this section is to show that under some natural conditions on
the functions E;(z,w) , i = 1,2, 3, the system
|Ei(z + {niw},w) — E| <e

i =1,2,3, with n; = 0 has no solution for any E, provided the integers ns,n3 are large and w is outside
of some exceptional set Q(ng, n3) of small measure which does not depend on E; here {y} stands for the
fractional part of y. Moreover, we want the total measure of the union of the sets Q(ng, n3) over a certain
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set of integers ng,n3 to be small. The variable E' can be eliminated simply by subtraction. Therefore, we
consider the following functions

flz,w) = Ea(z + {now},w) — Eq(z,w)
g(z,w) = E3(x 4+ {nsw},w) — F1(z,w)

defined wherever the expressions on the right-hand side are defined. To make use of Theorem one needs
these functions to be smooth. Since the function {y} is non-smooth only at the integer values of the variable
y, one should define an appropriate cover of the domain of the functions f(z,w), g(z,w) by rectangles with
edges in the plane of the variables z,w adjusted in such a way that the functions are smooth inside these
rectangles. Note also that the conditions imposed on the functions f and g in Theorem BT are not exactly
symmetric with respect to f and g (the quantity & is much larger than u). For that reason we assume
that the integer n3 appearing in the expression for the function g is much larger than n,. Taking all that
into account we define the aforementioned rectangles as follows: Let x;,w; be as above, 0 < 7 < 1. Set
t = 8[r71]. Let my, ki, n;, i = 1,2 be integers such that 0 < m; < n;, 0 < k; <t,i=1,2, and

—+—— <w; < —+ <

n; tni n; t?’Li n;
m; k m m k m ks+1 m ko +1
U I A BT B T . AR AL N e T

o tn2 ms ns tn3 ns tn3 Uy tn2
k ke+1 Kk ks +1

2 cpg < 212 B >

t t t t

Then
f(z,w) = Es(z 4+ {new},w) — Ei(z,w), z€ (1 —7T,21+71), w € (w2 — Ty, ws + T)
9(z,w) = E3(z + {nsw},w) — E1(r,w), z€(r1—7,01+71), we (w3 —T3,w3+73)

where 7 = t7!, 7, = t_lni_l, i = 2,3 are well-defined and C? smooth. Applying Theorem with

—1

§ = (loge=1)~4 yields the following:
Lemma 8.8. Assume that
¢ = min inf 0, E; > 0
— =23z,y
and ny > 4uy* Ty, where iy = min(1, 1),
Ty =sup{|0“E] : (z,y) € Ri, 1 <|a| <2,1=1,2,3}+2

n3 > 16p; 'n?(loge1)?A where loge™ > puy "TZ. Then there exist intervals

(gj,Zj) C (ma/ng, (m2 +1)/n2), (n,,7) C (m3/n3, (m3 +1)/n3),
1 <35 <j0, 1<k <k such that
. Zj(Zj —Qj) < (loge=1)=4/8, > k(M — ﬂk) <et
o the intervals (gj, ¢;) do not depend on n3

hd jOakO < 57%
e for any

w € ((wz — Ty,w2 +72) \ U(gj,@)) N ((w3 —T3,w3+7T3)\ U(gk,m))

k

the system
|Ea(z + now,w) — Eq(z,w)] <e, |Es(x+nsw,w)— Ei(z,w)] <e

has no solution with x € (r1 — 7,21 + T).
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Note that since the intervals (gj, ZJ) do not depend on n3 in the previous lemma, one can sum there over ng
in the interval (loge=1)*4 < ng < e~1/16 and then over ny in the interval (loge ')/ < ny < (loge=1)24.

That leads to the following main result of this section.

Proposition 8.9. Let E;(z,w) be C? functions with (z,w) € R; = (a;,b;) x (¢;,d;) € [0,1]x[0,1],4=1,2,3.
Assume
ninfd, E; >0

B= i:%,3 T,y

Given € > 0 such that loge™! > ul_leT_l, w1 = min(1, u), 7 = min; min(b; — a;, d; — ¢;),
Ty = sup{|0“E;(z,y)| : (z,y) € Riy;1 <|a] <2, 1<i<3}

there exist intervals (Qj,gj) with 1 < j <7 so that

o 3,8 8)) < (loge 1)~/

° 5 <e7s®
o for any (loge™1)T6 < ny < (loge™ )24, (loge™1)*4 < ng < e V16, o ¢ U, (;,60;) the following
system

|E2(z + now,w) — By (z,w)| <e, |Es(z+ngw,w)— Fi(z,w)| <e

has no solution.
9. EXISTENCE OF RESONANCES AND A PROOF OF THEOREM [Tl

To locate double resonances we will use positive-slope and negative slope segments {EJ(-E) (2),z, :E} as it
was explained in the introduction.
Lemma 9.1. Let {Ej(lﬂ) (x), x4, ;61} and {Ej(g) (), 24, 502} be a positive-slope and a negative-slope I -segment,
respectively, where I = [E,E , with B — E > exp(—ﬂé). Then there exists an integer m € {1, exp(2ﬂ5)} ,
and zo € (x,,T1) such that
(9.1) EM (o) = B (2 + mw) .
Here 0 < § < 1 is arbitrary but fized and N > Ny(9).

Proof. Assume for instance, x; < x,. Then necessarily also 1 < Z2. Let y1 = T2 — 71 and yo = 25 — z;.
The function

nE) = (D) (@) - (BY) )

satisfies

hE)=y1, h(E)=y;
It follows that
y1 <y2— CHE - E) < y> — exp(—2N°)

Hence, by the Diophantine nature of w, there exists m < exp (2ﬂ 5) so that {mw} € (y1,y2). Consequently,

- ~1
there is a unique ' € (E, E) so that h(E’) = {mw}. Set x¢ := (Ej(lﬂ)) (E"). By construction, z; < zp <
T and
E](Qﬂ) (zo + mw) = E' = E](lﬂ) (x0)
as desired. 0

Given N let N = {(1og N)A}, A< 67! and let Qu, En o stand for the sets defined in Corollary B Fix
w€ Ty \ Nn. Let EJ(-E) (x,w) stand for the Rellich functions of Hy(z,w). Denote

I = [k/N, (k+1)/N], ke[-K(©X),K(N)], K(N)=CN, C>1
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For each such I ,gﬂ) let
N _
(Ej(?)k) (337“))7&]‘(5,1@),5133‘(5,1@))7 s=1,2,...

denote the I éﬂ)—segments with [ ,gﬂ) cl ,gﬂ) \ €N w arbitrary but fixed (provided such a segment exists). For
each triple of segments

N - )
(E;(_Szﬁk)('I?w)u&j(shk)u:Ej(si,k))7 1= 17273
one can apply Proposition B3 with ey = exp(—N?), B=Ry = exp(—(log N)®B). Let Q(s1, s2,53,k,N) be
the set of exceptional w defined by that proposition for this triple. Set

v=J U Q1. 52,53k N)

k $1,52,s3
Then
mes (Ty) < N~

where A > 1 is some constant, and for any w & (’TN uQ ﬂ) the system of inequalities

|Ej(sy,0) (T 4+ now, w) — Ejs, 1y (7,0)| <en,  |Ejsy i) (@ +n3w,w) — Ejs, py(7,w)| <en
has no solution with
T € (Min(Z;(s, k) Tj(s1,k))s MAX(Z (5, 1) Tij(s1.k)))
for any k, s1, s, S3.

Lemma 9.2. Let I = I,gﬂ) be as above. Either I NJsp Hy(z,w) =0, or I contains a pre-gap (ﬂ(l),F(l))

interval at scale N .

Proof. Assume I N |Jsp Hy(z,w) # 0. Then by Lemma Bl there exists an [-segment {Ej(lﬂ) (), 24, :El}.

Assume for instance that it is a positive-slope /-segment. By Lemma there exists also a negative-slope
I-segment {Ej(zﬂ) (), zo, 5:2}. By Lemma BTl there exists N <m < Ny — N, Ny = [exp(ﬂ‘;)] and z{, such
that Ej(lﬂ) (xp) = Ej(lﬂ) (xp + mw). Note that Ny < N¢ for any 0 < ¢ < 1 provided N is large because of
§A < 1. Set N{ = [NV2], Ay = [N{+1,N{+N], Ay = m+ Ay, 2o = 2, + N{w. Then conditions (a), (b) of
the Definition [Tl of double resonances are valid. Condition (c) is valid due to Proposition B, since w ¢ F.
So, (xo, Ep) is a point of a double resonance for Hy (). Moreover, due to the properties of the I-segments,
|8E§kﬂ)} > exp(—N?7) for x € (min(zy, ), max(zy, Zx)), k = 1,2. So, condition (d) is also valid, see [Z3).
Finally condition (e) of the Definition [l is clearly valid. Thus (zg, Ep) is a regular double resonance point
for Hy(). Therefore the assertion follows from Proposition [LTTl O

Let N® be arbitrary integers such that N*~1 < (log N(t))K, K > 1. Let I]JC\([S) be the intervals defined
before Lemma B2 with s =1,2,.... Assume that

. I]JC\([S) N Usp Hye- (z,w) # 0 for all s; < s < s1 + 7 where r is a positive integer.
xT
. Ié\(f(i)l) is a subset of a pre-gap defined for I]i\(’s()) by means of Lemma .2

Lemma 9.3. Using the above notations, one has r < C(\, V).

Proof. Tt follows from Proposition [ T1] that
1
W# {Z S Ap(s+k) : fN(s+k)(Z,w, E) = 0}

1 -1/2
< W# {Z S Ap(s+k—l)/2 S fnean (z,w, B) = 0} —2+14 (N(S-HC))
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where p®) = exp (— (N(t))é), k=1,2,...,r. On the other hand, by Lemma EZ24,

1
W# {Z S Ap(s+k—1)/2 . fN(s+k) (Z,w, E) = 0}

—-1/4
S m# {Z S Ap(s+k—1) : fN(s+k—1) (Z,(.(),E) = 0} + (N(s+k71))

provided the p(6t*) are chosen appropriately. Thus

1 1
W# {z € Ajis+n  fnen (z,w, E) = O} < W# {z €Ayt fye(z,w, E) = O} -7

and the assertion follows. O

The proof of Theorem [Tl follows from Lemmas (@2
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