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Abstract

Edge Recombination and Maximal Preservative Crossover (MPX) are two operators

developed to preserve edge information for the Traveling Salesman Problem. Manderick et

al. introduced the notion of a �tness landscape to measure the �tness correlation between

parents and o�spring under di�erent recombination operators. The work on the �tness

landscape is extended by studying the interrelationship between the �tness landscape,

operator failure rates (in terms of non-inherited edges) and the e�ect of operator failure

on tour length. The use of local improvement operators is also examined.

1. MOTIVATION

The application of genetic based search to Traveling Salesman Problems (TSP) of sev-

eral hundred cities has produced encouraging results. M�uhlenbein [5], Ulder et al. [7],

Gorges-Schleuter [2], and Eshelman [1] all report near optimal results on the Padberg

532-city problem. All of these approaches combine local search in the form of 2-Opt with

genetic search. We look at two recombination operators, Edge and Maximal Preservative

Crossover (MPX), developed especially for the TSP. To better understand the computa-

tional behavior of these genetic operators we examine their recombination behavior using

various metrics, including the �

op

metric introduced by Manderick et al. [4] to look at the

�tness landscape.

1.1. Alphabet cardinality

One thing that distinguishes the application of genetic algorithms to permutation prob-

lems such as the TSP from other optimization problems is the nature of the encoding.

A great deal of e�ort has been expended creating crossover operators that recombine

sequence permutations while maintaining feasibility and transferring as much critical ad-

jacency information from parents to o�spring as possible. However, alphabet cardinality

is also a critical issue, especially as the size of the permutation problem becomes larger.

Each tour in a TSP is a Hamiltonian cycle on a fully connected graph where each city

is a vertex. The fully connected graph for an N city TSP has (N

2

� N)=2 edges. For a

100 city problem, the corresponding fully connected graph has 4950 edges. If each tour

sampled 100 unique edges, then at least d(N�1)=2e, or 50 tours would be needed to cover

the graph. By covering the graph, we mean that every edge in the graph is included at

least once in the population of N/2 tours.
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Generating a minimum sample of d(N � 1)=2e tours seems to be a nontrivial problem

since generating each tour requires generating a Hamiltonian cycle in a partial graph and

�nding a Hamiltonian cycle in an arbitrary partial graph is NP-complete. At the very

least N/2 is a clear lower bound on the population size needed to cover all possible edges.

In the best case, population sizes must be of at least of O(N) with respect to the number

of cities in the tour to sample all edges once. In the worst case, population sizes may need

to grow as a polynomial function of O(N

2

) with respect to the number of cities in a TSP,

especially if edges are to be sampled more than once.

While this view of population size requirements may be simplistic, it does raise a critical

issue. Genetic algorithms have been applied to problems with 500 and 600 cities with some

success using very small population sizes. Eshelman's [1] results for the Padberg 532-city

problem [6] were within 0.1% of optimal and were obtained using a population size of

only 50 strings. The only way a genetic algorithm using such small population sizes can

produce good results on problems where a permutation encoding is used is to introduce

new edges into the population during search. This can be done either by mutation or by

local hill-climbing. Thus, it is important to ask how local operators, such as 2-Opt, impact

inheritance during genetic search and how they interact with recombination operators.

1.2. A view of the �tness landscape

Recently, Manderick et al. [4] introduced a way of looking at the relationship between

operators, inheritance and �tness. An operator dependent view of the �tness landscape

is obtained by calculating the correlation coe�cient �

op

between the �tness of the parent

strings and the �tness of the o�spring produced using di�erent operators.
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A higher correlation coe�cient suggests better preservation of information during in-

heritance and a better ability to exploit the �tness landscape. Manderick et al. [4] applied

the �

op

metric to several operators for the TSP. The resulting ranking was consistent with

their empirical performance results, as well as the results reported by Starkweather et al.

[8]. The best of these operators proved to be Edge recombination [9].

The �

op

metric would appear to be a very useful way of examining operator e�ectiveness.

This work is extended in three ways. First, Edge recombination is compared to the

MPX operator introduced by M�uhlenbein [5]. MPX was not included in either of the

previous studies. Second, in order to better understand the �

op

metric, we examine

various factors that appear to contribute to the �tness correlation. Finally, these same

factors are examined in the context of parents and o�spring improved by 2-Opt.

1.2.1. Factors contributing to �tness correlation

The work of Manderick et al. [4] shows that some recombination operators produce

o�spring with a �tness more correlated to parent �tness than others. One obvious reason

for the di�erences in operators is their ability to transfer information in the form of edges

passed from parents to o�spring. We refer to a foreign edge as an edge that is introduced

into an o�spring which does not appear in either parent. Introduction of a foreign edge

represents a failure, which occurs because a partial tour has been built up to some city

X and neither of the two parents have a connection to another city from X that has not
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already been used in constructing the partial tour. The failure rate is a count of the

number of foreign edges introduced into an o�spring and represents another method of

evaluating an operator. We would expect failure rate to be correlated with the �

op

metric.

Foreign edges will typically degrade the �tness of the o�spring and reduce the correlation

between the o�spring's �tness and the parents' �tness. However, instead of just counting

the number of foreign edges, one can directly measure the contribution of these foreign

edges to the total length of the o�spring's tour. The failure-error is obtained by summing

the combined length of the foreign edges.

Finally, if two parents are highly �t, their o�spring may have a lower �tness than the

parents. Consider two parents that have been locally optimized. The edges that compose

the parents should all be relatively good. However, failures during recombination will

mean that foreign edges are introduced into the o�spring. If foreign edges are randomly

chosen, they can be arbitrarily large and will have a signi�cant impact on �tness. Even

with failure rates of 5%, foreign edges may be a signi�cant factor in o�spring �tness.

To better understand the impact of failures and their interaction with local optimiza-

tion, we introduce a �nal metric. Insertion rate indicates how many o�spring are produced

that are at least as good as the best P strings produced so far, where P is the population

size. Insertion rate is a useful and general measure of how successful any genetic algorithm

is at discovering improved points in the search space. Insertion rate can be calculated

regardless of what kind of genetic algorithm is actually used during search.

In our experiments we use the GENITOR algorithm [9]. In this algorithm, o�spring

replace the worst member in a population of size P+1. If we think of the \worst mem-

ber" slot as a bu�er that is not actually part of the population, then the remaining P

members are the best P strings encountered so far during the search. This means that

the population (minus the bu�er) is monotonic. Therefore, insertion rate is an especially

important metric with respect to this particular algorithm.

2. RECOMBINATION AND LOCAL OPERATORS

A brief overview of Edge recombination and the MPX operator is provided. A new en-

hancement to Edge recombination is also introduced as Edge-3. A previous enhancement

to the original edge recombination operator is described by Starkweather et al.[8]; which

we refer to as Edge-2.

2.1. Edge-2 recombination

The edge recombination operator uses an \edge table" to perform recombination. The

\edge table" is an adjacency table listing the edges into and out of a city as observed

in the two parent tours. The edge table is used to construct the o�spring so that a

minimal number of foreign edges are introduced into the o�spring, while emphasizing

edges common to both parents. Consider the following tours as parents to be recombined:

Parent 1: g d m h b j f i a k e c Parent 2: c e k a g b h i j f m d.

An edge list is constructed for each city in the tour. The edge list for some city a is

composed of all of the cities in the two parents that are adjacent to city a. If some city

is adjacent to a in both parents, this entry is 
agged (using a negative sign). Figure 1

shows the edge table which is the collective set of edge lists for all cities.
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city edge list city edge list city edge list city edge list

a -k, g, i d -m, g, c g a, b, c, d j -f, i, b

b -h, g, j e -k, -c h -b, i, m k -e, -a

c -e, d, g f -j, m, i i h, j, a, f m -d, f, h

Figure 1. Edge table.

City a is randomly chosen as the �rst city in the tour and occurrences of a are removed

from all edge lists. The tour is then extended by choosing the next city according to the

following priority scheme: 1) 
agged cities have �rst priority; 2) cities whose own edge list

has the fewest entries have second priority. Ties are resolved randomly. City k is chosen

as the second city in the tour since the edge [ a - k ] occurs in both parent tours. All

occurrences of city k are removed from the edge table. City e is chosen from the edge list

of city k as the next city in the tour since this is the only city remaining in k's edge list.

This procedure is repeated until the partial tour contains the sequence: [ a k e c ].

At this point there is no deterministic choice for the �fth city in the tour. Edges to

cities d and g occur only once in the parent tours and both the edge list for city d and city

g have two unused edges remaining. Therefore city d is randomly chosen to continue the

tour. The normal deterministic construction of the tour then continues until position 7.

At position 7 another random choice is made between cities f and h. City h is selected and

the normal deterministic construction continues until we arrive at the following partial

tour: [ a k e c d m h b g ].

In this situation, a failure occurs since there are no edges remaining in the edge list for

city g. City i has been chosen randomly from the list of all remaining cities to continue the

tour, thereby introducing a foreign edge. The tour can now be completed in the normal

deterministic fashion. The �nal tour, [ a k e c d m h b g i f j ], contains two foreign

edges: [ g - i ] and [ j - a ]. The last edge, [ j - a ], which completes the Hamiltonian

cycle, is not directly inherited but is a side-e�ect of tour construction.

2.2. Edge-3 recombination

The Edge-2 recombination operator has been used to generate optimal solutions on

smaller TSPs (e.g. 100 cities). This has been attributed in part to the low number

of failures observed, which introduces fewer foreign edges. Edge-3 recombination was

designed to use the same basic mechanism as Edge-2 with an additional failure guarding

mechanism. When a potential failure occurs during Edge-3 recombination, we attempt

to continue construction at a previously unexplored terminal point in the tour.

A terminal is a city which occurs at either end of a partial tour, where all edges in the

partial tour are inherited from the parents. The terminal is said to be live if that city still

has entries in its edge list; otherwise it is said to be a dead terminal. Because city a was

randomly chosen to start the tour in the previous example, it serves as a new terminal in

the event of a failure. Conceptually this is the same as inverting the partial tour to build

from the other end. This situation is best described by the following sequence of events:

1) Start Tour [L

1

] 4) Reverse Partial Tour [D

1

.... L

1

]

2) Build Tour [L

1

.... L

�

] 5) Continue Partial Tour [D

1

.... L

�

]

3) First Failure Occurs [L

1

.... D

1

] 6) Second Failure Occurs [D

1

.... D

2

]
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In this representation scheme,

1

represents the city chosen to randomly start the tour.

It is a live edge, but after step 1, it is not currently active.

�

is used to indicate a live

terminal that is currently being extended.

1

represents the �rst dead terminal and

2

represents the second dead terminal.

After both terminals on the partial tour are dead, we now have no choice but to start

a new subtour. A new city,

3

, is randomly chosen as the new live terminal. The

construction of the next partial tour is illustrated as follows:

7) Start Subtour [D

1

... D

2

] [L

3

] 11) Reverse Subtour [D

1

... D

2

] [D

3

... L

3

]

8) Build Tour [D

1

... D

2

] [L

3

... L

�

] 12) Continue Subtour [D

1

... D

2

] [D

3

... L

�

]

9) Third Failure [D

1

... D

2

] [L

3

... D

3

] 13) Fourth Failure [D

1

... D

2

] [D

1

... D

2

]

When a failure occurs, there is at most one live terminal in reserve at the opposite

end of the current partial tour. In this example, the unused terminal at the opposite end

of the partial tour was assumed live. In fact, it is not guaranteed to be live, since the

construction of the partial tour could isolate this terminal city. Once both terminals of

the current partial tour are found dead, a new partial tour must be initiated. Note that

no local information is employed.

The example in section 2.1 can be used to compare Edge-2 and Edge-3 recombination.

The o�spring is again built using city a as the �rst city in the tour. City a is saved as the

reserve terminal. The tour is built exactly the same way as with Edge-2 recombination

until the failure occurs at city g where the tour was: [ a k e c d m h b g ]. Since there is

a reserve terminal (i.e., city a) the edge list of city a is examined for a city that has not

been previously used in the tour. In this case, the only city remaining in the edge list of

city a is city i. If there were others then the next city would be chosen according to the

previously described priority scheme.

The partial tour inclusive of the live and dead terminals is reversed (i.e., [ g b h m d c

e k a ]). Then city i is added to the tour after city a. The tour is then constructed in the

normal fashion. In this case, there are no further failures. The �nal o�spring tour is: [ g

b h m d c e k a i f j ]. The o�spring produced has a single foreign edge (i.e., [ j - g ].)

2.3. Maximal preservative crossover (MP )

MPX and variants of MPX have been shown to be e�ective in solving TSPs [1]. This

operator was designed to produce o�spring similar to both parents in terms of edge infor-

mation [5]. MPX produces o�spring by �rst directly copying a segment from the Donor

parent into the o�spring. Cities are added consecutively to the o�spring from the other

parent (Receiver) with a hierarchy of rules for handling failures and redundancies (cities

already present in the o�spring). All of these rules are based on consecutive order.

M�uhlenbein de�nes the operator [5] such that the length of the initially copied segment

is a random value between two bounds. Ulder et al. [7] appear to de�ne the segment

length to be a �xed value which is 1/3 of the number of cities in the tour. Here, MPX

has been empirically found to perform better with a �xed segment length of 1/3.

2.4. Local hill-climbing operators

The 2-Opt heuristic [3] has been used to optimize TSP tours in connection with genetic

search. 2-Opt removes two edges in a tour, then one of the resulting segments is reversed

and the two segments are reconnected. If 2-Opt results in an improved tour, the change is
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kept. Otherwise the tour is returned to its original form. 2-Opt is typically applied to all

(N

2

�N)=2 pairs of edges. If any improvement is found the process can be reapplied to

the set of all edges. When no further improvements are found the tour has converged to a

local optimum with respect to 2-Opt. A pass is de�ned to be a single application of 2-Opt

to all pairs of edges in a tour. The number of passes required to reach convergence will

not be the same for all tours. Since each pass is of (N

2

), running 2-Opt to convergence

is computationally expensive. The computational expense can be reduced by performing

a single pass over the tour such that all tours require exactly (N

2

� N)=2 evaluations.

Typically there is also more improvement to be gained on the �rst pass than on subsequent

passes. One way to combine 2-Opt with genetic search is to use 1- ass of 2- pt. This

can be used to enhance the initial population before genetic search, thereby increasing

the concentration of quality edges in the population.

Another adaptation of the 2-Opt heuristic is 2- epair [2, 1]. This operator, which is

speci�cally designed to work with genetic recombination operators, requires signi�cantly

fewer comparisons than 2-Opt. 2-Repair is the same as 2-Opt except that the comparisons

are only performed on the pairs of foreign edges introduced into the o�spring during

recombination. This in e�ect connects the partial tours in a locally optimal fashion with

respect to 2-Opt without disturbing inherited edges. By applying 2-Repair until no further

improvements are found, all pairwise orderings of the partial tours are considered.

3. E PERIMENTAL RES LTS

Our experimental results are presented in two sections. First, the �

op

metric and other

measures that help to explain operator e�ectiveness are examined. Then empirical results

for the Padberg 532-city problem are presented in relation to the preceding metrics.

3.1. The �

op

metric results and analysis

All tests shown in Figures 2 - 5 were performed using Edge-2, Edge-3, MPX with a

�xed segment length of exactly 1=3 the tour cardinality (referred to as MPX-�xed) and

MPX with a random segment length of at most 1=3. Edge-3 and MPX-�xed exhibited

consistently better performance than the other operators and are the primary focus of

subsequent experiments. All experiments were performed using GENITOR with a linear

selective bias of 1.25 and a population of 5000, unless speci�ed otherwise.

In this section we compare the Edge-3 and MPX-�xed operators with and without the

use of 1- ass of 2- pt. In these comparisons 1-Pass of 2-Opt can be applied to either the

parents (i.e., the initial population), or the parents and subsequent o�spring. In Figures

2 to 5, PC refers to tests where no 2-Opt is used. P2C indicates that 1-Pass of 2-Opt

is applied only to the parents. P2C2 refers to tests where 1-Pass of 2-Opt is used to

improve the parents in the initial population and the o�spring after each recombination.

We largely explore the PC and P2C situations to avoid the interference of hyperplane

sampling and the extra work associated with applying 1-Pass of 2-Opt to each o�spring

(i.e., P2C2).

The �

op

metric comparisons in Figure 2 indicate that Edge-3 and MPX-�xed have very

similar �tness correlations in the PC test case. The �tness correlation is signi�cantly

reduced when 1-Pass of 2-Opt is used to improve the initial population, the o�spring, or
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both. However, Figure 2 also indicates that MPX-�xed displays higher �tness correlations

than Edge-3 when 1-Pass of 2-Opt is applied.

Figure 3 shows the average failures per recombination measured in an initial population.

When no 2-Opt is applied, Edge-3 exhibits a failure rate that is approximately half that

of MPX-�xed. (Note the logarithmic scale.) However, when the initial population is

improved using 1-Pass of 2-Opt (i.e., P2C), MPX-�xed exhibits a failure rate less than

half that of Edge-3 using 1-Pass of 2-Opt.
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The insertion rate of o�spring into the initial GENITOR population is shown in Figure

4. The most surprising phenomenon is that, while Edge-3 and MPX-�xed operators have

similar insertion rates when 1-Pass of 2-Opt was not applied, Edge-3 was almost never able

to insert o�spring produced when the population was initialized with 1-Pass of 2-Opt (i.e.,

P2C). It also seems to suggest that Edge-3 will outperform MPX-�xed in the GENITOR

algorithm search when 1-Pass of 2-Opt is not applied and that the performance will be

reversed when 1-Pass of 2-Opt is applied to the initial population.
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Figure 5 shows the average distance incurred due to foreign edges introduced into the

o�spring during recombination. MPX-�xed o�spring incur less overall distance than Edge-

3 o�spring when 1-Pass of 2-Opt is applied initially. This is certainly a�ected by the fewer

number of failures observed but the average distance of a single foreign edge using Edge-3

recombination is 1008 while that distance using MPX-�xed is 412. This appears to be a

result of the relative order method used by MPX to choose the next city in a tour after a

failure. Consider the following donor tour segment where the boxes represent cities that

have already been included in the o�spring tour:

a c

If a failure occurs after including city f in the o�spring tour (i.e.; there is no city following

city f in either the receiver or donor that has not already been chosen), then the MPX

operator will search along the donor chromosome sequentially from the point of the last

city inserted into the o�spring tour (i.e., city f) looking for the next city that has not

yet been used in the o�spring (i.e., h). However, Edge-3 randomly picks the next city

to continue the tour. Since the initial parent tours have been improved using 2-Opt, the

distance between the cities in a sequential order is expected to be much less than the

distance resulting from two cities placed in a random order. This suggests that Edge-3

could be improved.

The failure distance metric suggests that Edge-3 will outperform MPX-�xed if 2-Opt

is not applied. However, it also suggests that MPX-�xed will outperform Edge-3 when

1-Pass of 2-Opt is used, due to the distance incurred due to failure.

3.2. 2-Repair and inheritance

The analysis of Edge-3 and MPX-�xed suggests that the use of some low cost operation

to minimize the distances between segments of inherited edges (marked at failure points)

might cause the two operators to behave similarly. 2-Repair is one such operator [2]. We

have not yet studied the interaction of 2-Repair with the recombination operators. This

needs to be done since 2-Repair will not interact with the operators in the same way as

2-Opt. In any practical application of these operators some \repair" operator would be

advantageous since it does not a�ect edge inheritance or hyperplane sampling. Given the

small number of foreign edges (e.g. 10 to 20) introduced for the 532-city problem during

recombination, a 3-Repair operator using 3-Opt is also feasible.

3.3. Inheritance empirical performance

The following experiments were designed to compare the performance of the MPX-

�xed and Edge-3 operators, as well as, to evaluate the metrics presented earlier. This

work was not done to eclipse or duplicate other performance records on the Padberg 532-

city problem. There were no attempts to tune or augment GENITOR for this problem.

In the �rst experiment the Edge-2, Edge-3 and MPX-�xed operators were tested using

a random initial population without any local optimization. Some interesting behavior

is exhibited in Figure 6. As suggested by the failure rate metric, Edge-3 without 1-Pass

of 2-Opt outperforms the other operators. The slower progress exhibited by MPX-�xed

may be due to the it's higher failure rate. Failure rate appears to be the more signi�cant

of the metrics in this context, since the �

op

metric is very close for both operators.
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The performance of the Edge-3 and MPX-�xed operators was compared when the initial

population was improved using 1-Pass of 2-Opt. Edge-3, which had an insertion rate of

zero in the earlier metrics, displayed trivial insertion rates over prolonged search. It was

never able to improve on the best string contained in the initial enhanced population as

predicted in Figure 4. MPX-�xed found some improvements and slightly outperformed

Edge-3.

Another experiment was designed to test the e�ects of application of 2-Repair, as

explained in section 3.2, to o�spring produced from parents enhanced using 1-Pass of

2-Opt (P2C). Neither operator showed signi�cant improvement over their performance

when 2-Repair was not used.

An experiment was designed to use the 1-Pass of 2-Opt in such a way as to keep

interference with edge inheritance and hyperplane sampling to a minimum by applying 1-

Pass of 2-Opt at discrete intervals. A smaller population was used to reduce the amount of

work. In this experiment, an initial population of 2000 strings was improved using 1-Pass

of 2-Opt. Then genetic search was executed for 16,000 recombinations while applying

2-Repair to each o�spring. 1-Pass of 2-Opt was then reapplied to the entire population

and the cycle was repeated. We refer to this as a taged search. The Staged experiments

shown in Figure 7 resulted in an average solution of 28,979 with a best solution of 28,752

for the Edge-3 recombination operator. The Staged experiments resulted in an average

solution of 29,294 with a best solution of 29,171 for theMPX-�xed recombination operator.

The optimal tour has a distance of 27,686. Eshelman [1] and Gorges-Schleuter [2] have

reported better results, but these experiments show the value of the de�ned metrics in

comparing the recombination operators.

4. CONCL SIONS

The goal this paper has been to evaluate issues that impact the use of genetic algorithms

for solving TSPs. Alphabet cardinality, the e�ectiveness of recombination operators at

preventing foreign edges, and the interaction of recombination operators with 2-Opt have

all been explored.

The current study suggests that MPX and Edge-3 recombination have di�erent behav-

iors; each has advantages and it seems reasonable that some hybrid of these two operators

might yield better performance than either by itself. Each individual metric provides
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useful information about certain aspects of the recombination operators. However, no

single metric explored here seems to predict operator performance. When considered to-

gether however, the metrics provide analytical information which may prove helpful in

constructing a superior hybrid operator. It also seems that those operator characteristics

that appear to be the most desirable at the beginning of the search are not necessarily

the best throughout the remainder of the search.

This paper has not attempted to address issues related to improvements in the genetic

algorithm itself. However, improvements in the genetic algorithm, e�orts to better deal

with the alphabet cardinality issue as well as improved recombination operators could all

contribute to the solution of larger TSPs by genetic search.
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