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By a swit hed system, we mean a hybrid dynami al system onsisting of a family of ontinuous-time
subsystems and a rule that or hestrates the swit hing between them. This arti le surveys re ent developments in three basi problems regarding stability and design of swit hed systems. These problems are:
stability for arbitrary swit hing sequen es, stability for ertain useful lasses of swit hing sequen es, and
onstru tion of stabilizing swit hing sequen es. We also provide motivation for studying these problems by
dis ussing how they arise in onne tion with various questions of interest in ontrol theory and appli ations.

Problem Statement and Motivation
Many systems en ountered in pra ti e exhibit swit hing between several subsystems that is dependent on
various environmental fa tors. Some examples of su h systems are dis ussed in [1-3℄. Another sour e of
motivation for studying swit hed systems omes from the rapidly developing area of swit hing ontrol.
Control te hniques based on swit hing between di erent ontrollers have been applied extensively in re ent
years, parti ularly in the adaptive ontext, where they have been shown to a hieve stability and improve
transient response (see, among many referen es, [4-6℄). The importan e of su h ontrol methods also
stems in part from the existen e of systems that annot be asymptoti ally stabilized by a single ontinuous
feedba k ontrol law [7℄.
Swit hed systems have numerous appli ations in ontrol of me hani al systems, automotive industry,
air raft and air traÆ ontrol, swit hing power onverters, and many other elds. The book [8℄ ontains
reports on various developments in some of these areas. In the last few years, every major ontrol onferen e
has had several regular and invited sessions on swit hing systems and ontrol. Moreover, workshops and
symposia devoted spe i ally to these topi s are regularly taking pla e. Almost every major te hni al
ontrol journal has had or is planning to have a spe ial issue on swit hed and hybrid systems. These
sour es an be onsulted for further referen es.
Mathemati ally, a swit hed system an be des ribed by a di erential equation of the form
x_ = f (x);

(1)

where ffp : p 2 Pg is a family of suÆ iently regular fun tions from Rn to Rn that is parameterized
by some index set P , and  : [0; 1) ! P is a pie ewise onstant fun tion of time, alled a swit hing
signal. In spe i situations, the value of  at a given time t might just depend on t or x(t), or both,
or may be generated using more sophisti ated te hniques su h as hybrid feedba k with memory in the
loop. We assume that the state of (1) does not jump at the swit hing instants, i.e., the solution x()
is everywhere ontinuous. Note that the ase of in nitely fast swit hing ( hattering), whi h alls for a
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on ept of generalized solution, is not onsidered in this arti le. The set P is typi ally a ompa t (often
nite) subset of a nite-dimensional linear ve tor spa e.
In the parti ular ase where all the individual subsystems are linear, we obtain a swit hed linear system
x_ = A x:

(2)

This lass of systems is the one most ommonly treated in the literature. In this arti le, whenever possible,
problems will be formulated and dis ussed in the more general ontext of the swit hed system (1).
The rst basi problem that we will onsider an be formulated as follows.
Find onditions that guarantee that the swit hed system (1) is asymptoti ally stable for any
swit hing signal.

Problem A.

One situation in whi h Problem A is of great importan e is when a given plant is being ontrolled
by means of swit hing among a family of stabilizing ontrollers, ea h of whi h is designed for a spe i
task. The prototypi al ar hite ture for su h a multi- ontroller swit hed system is shown in Fig. 1. A
high-level de ision maker (supervisor) determines whi h ontroller is to be onne ted in losed loop with
the plant at ea h instant of time. Stability of the swit hed system an usually be ensured by keeping ea h
ontroller in the loop for a long enough time, to allow the transient e e ts to dissipate. However, modern
omputer- ontrolled systems are apable of very fast swit hing rates, whi h reates the need to be able to
test stability of the swit hed system for arbitrarily fast swit hing signals.
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Figure 1:

Multi- ontroller ar hite ture

We are assuming here that the individual subsystems have the origin as a ommon equilibrium point:
fp(0) = 0, p 2 P . Clearly, a ne essary ondition for (asymptoti ) stability under arbitrary swit hing is
that all of the individual subsystems are (asymptoti ally) stable. Indeed, if the p-th system is unstable, the
swit hed system will be unstable if we set (t)  p. To see that stability of all the individual subsystems is
not suÆ ient, onsider two se ond-order asymptoti ally stable systems whose traje tories are sket hed in
the top row of Fig. 2. Depending on a parti ular swit hing signal, the traje tories of the swit hed system
might look as shown in the bottom left orner (asymptoti ally stable) or as shown in the bottom right
orner (unstable).
The above example shows that Problem A is not trivial in the sense that it is possible to get instability
by swit hing between asymptoti ally stable systems.1 If this happens, one may ask whether the swit hed
system will be asymptoti ally stable for ertain useful lasses of swit hing signals. This leads to the
following problem.
1 However, there are ertain limitations as to what types of instability are possible in this ase. For example, it is easy to

see that the traje tories of su h a swit hed system annot es ape to in nity in nite time.
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Figure 2:
Problem B.

stable.

Possible traje tories of a swit hed system

Identify those lasses of swit hing signals for whi h the swit hed system (1) is asymptoti ally

Sin e it is often unreasonable to ex lude onstant swit hing signals of the form (t)  p, Problem B will
be onsidered under the assumption that all the individual subsystems are asymptoti ally stable. Basi ally,
we will nd that stability is ensured if the swit hing is suÆ iently slow. We will spe ify several useful lasses
of slowly swit hing signals and show how to analyze stability of the resulting swit hed systems.
One reason for the in reasing popularity of swit hing ontrol design methods is that sometimes it is
a tually easier to nd a swit hing ontroller performing a desired task than to nd a ontinuous one. In fa t,
there are situations where ontinuous stabilizing ontrollers do not exist, whi h makes swit hing ontrol
te hniques espe ially suitable (nonholonomi systems provide a good example [9-11℄). In the ontext of the
multi- ontroller system depi ted in Fig. 1, it might happen that none of the individual ontrollers stabilize
the plant, yet it is possible to nd a swit hing signal that results in an asymptoti ally stable swit hed
system (one su h situation will be dis ussed in detail later in the arti le). We thus formulate the following
problem.
Problem C.

Constru t a swit hing signal that makes the swit hed system (1) asymptoti ally stable.

Of ourse, if at least one of the individual subsystems is asymptoti ally stable, the above problem
is trivial (just keep (t)  p where p is the index of this stable system). Therefore, in the ontext of
Problem C, it will be understood that none of the individual subsystems are asymptoti ally stable.
The last problem is more of a design problem than a stability problem, but the previous dis ussion
illustrates that all three problems are losely related. In what follows, we will give an exposition of re ent
results that address these problems. Open questions are pointed out throughout. We present many ideas
and results on the intuitive level and refer the reader to the literature for te hni al details. As the above
remarks demonstrate, a deeper understanding of the behavior of swit hed systems is ru ial for obtaining
eÆ ient solutions to many important real-world problems. We therefore hope that this arti le will help
bridge the gap between theory and pra ti e by providing a detailed overview of the theoreti al advan es
whi h is a essible to a broad ontrol engineering audien e.
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Stability for Arbitrary Swit hing
It is easy to see that if the family of systems
x_ = fp(x);
p2P
(3)
has a ommon Lyapunov fun tion (i.e., a positive de nite radially unbounded smooth fun tion V su h that
rV (x)fp(x) < 0 for all x 6= 0 and all p 2 P ), then the swit hed system (1) is asymptoti ally stable for any
swit hing signal . Hen e, one possible approa h to Problem A is to nd onditions under whi h there
exists a ommon Lyapunov fun tion for the family (3).
In the next two subse tions, we dis uss various results on ommon Lyapunov fun tions and stability for
arbitrary swit hing. The third subse tion is devoted to onverse Lyapunov theorems. We refer the reader
to [12-14℄ for some related results not overed here. Another line of resear h that appears to be relevant
is the work on onne tive stability|see [15℄ and the referen es therein. Our dis ussion throughout the
arti le is restri ted to state-spa e methods. For some frequen y domain results, the reader may onsult
Hespanha [16, Chapter 3℄, where it is shown that if a linear pro ess and a family of linear ontrollers are
given by their transfer matri es, there always exist realizations su h that the family of feedba k onne tions
of the pro ess with the ontrollers possesses a quadrati ommon Lyapunov fun tion.

Commutation Relations and Stability

Let us start by onsidering the family of linear systems
x_ = Ap x;
p2P
(4)
su h that the matri es Ap are stable (i.e., with eigenvalues in the open left half of the omplex plane) and
the set fAp : p 2 Pg is ompa t in Rnn . If all the systems in this family share a quadrati ommon
Lyapunov fun tion, the swit hed linear system (2) is globally uniformly exponentially stable (the word
\uniform" is used here to des ribe uniformity with respe t to swit hing signals). This means that if there
exist two symmetri positive de nite matri es P and Q su h that we have
ATp P + P Ap  Q
8p 2 P ;
then there exist positive onstants and  su h that the solution of (2) for any initial state x(0) and any
swit hing signal  satis es
kx(t)k  e t kx(0)k 8t  0:
(5)
One ould also de ne the property of uniform (over the set of all swit hing signals) asymptoti stability,
lo al or global. For linear systems all of the above properties are equivalent; see, e.g., [17℄ for more
information on this.
In this subse tion we present suÆ ient onditions for uniform exponential stability that involve the ommutation relations among the matri es Ap , p 2 P . The simplest ase is when these matri es ommute pairwise (i.e., Ap Aq = Aq Ap for all p; q 2 P ) and P is a nite set, say, P = f1; : : : ; mg. It is not diÆ ult to he k
that in this ase the system (2) is asymptoti ally stable for any swit hing signal . Taking for simpli ity
P = f1; 2g, it is enough to write eA1 t1 eA2 1 eA1 t2 eA2 2    eA1 tk eA2k x(0) = eA1 (t1 ++tk )eA2 (1 ++k ) x(0) ! 0
as t1 +    + tk + 1 +    + k ! 1 be ause A1 and A2 are both stable. An expli it onstru tion of a
quadrati ommon Lyapunov fun tion for a nite ommuting family of linear systems is given in [18℄.
Proposition 1 [18℄ Let P1 , : : : , Pm be the unique symmetri positive de nite matri es that satisfy the
Lyapunov equations

AT1 P1 + P1 A1 = I;
ATi Pi + Pi Ai = Pi 1 ;
i = 2; : : : ; m:
Then the fun tion V (x) := xT Pm x is a ommon Lyapunov fun tion for the systems x_ = Ai x, i = 1; : : : ; m.
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The matrix Pm is given by the formula
Pm =

Z1
0

T
eAm tm : : :

Z 1
0

T



eA1 t1 eA1 t1 dt1 : : : eAm tm dtm :

Sin e the matri es Ai ommute, for ea h i 2 f1; : : : ; mg we an rewrite this in the form
Pm =

Z1
0

T

eAi ti Qi eAi ti dti

with Qi > 0, whi h makes the laim of Proposition 1 obvious.
Re ent work reported in [19℄ dire tly generalizes the result and the proof te hnique of [18℄ to the swit hed
nonlinear system (1). For ea h p 2 P , denote by 'p (t; z ) the solution of the system x_ = fp(x) starting at a
point z when t = 0. Suppose that all these systems are exponentially stable, and that the orresponding
fp(x)
q (x)
fp (x)
f (x) = 0
ve tor elds ommute pairwise (whi h an be expressed as [fp; fq ℄(x) := fx
x q
for all p; q 2 P ). Take P = f1; : : : ; mg. Then a ommon Lyapunov fun tion for the family (3) lo ally
in the neighborhood of the origin2 an be onstru ted by the following iterative pro edure (below T is a
suÆ iently large positive onstant).
Proposition 2 [19℄ De ne the fun tions
V1 (x) :=
Vi (x) :=

ZT
0

ZT
0

j' (s; x)j ds;
1

(6)

2

Vi 1 ('i (s; x))ds;

i = 2; : : : ; m:

Then Vm is a lo al ommon Lyapunov fun tion for the systems x_ = fi (x), i = 1; : : : ; m.

Let us return to the linear ase. A useful obje t that reveals the nature of the ommutation relations
among the matri es Ap, p 2 P is the matrix Lie algebra g := fAp : p 2 PgLA generated by them (with
respe t to the standard Lie bra ket [Ap ; Aq ℄ := Ap Aq Aq Ap ). This is the linear spa e (over R) spanned by
iterated Lie bra kets of these matri es. First we re all some de nitions (see, for example, [20℄). If g1 and g2
are linear subspa es of a Lie algebra g, one writes [g1 ; g2 ℄ for the linear spa e spanned by all the produ ts
[a; b℄ with a 2 g1 and b 2 g2 . Given a Lie algebra g, the sequen e g(k) is de ned indu tively as follows:
g(1) := g, g(k+1) := [g(k) ; g(k) ℄  g(k) . If g(k) = 0 for k suÆ iently large, g is alled solvable. Similarly, one
de nes the sequen e gk by g1 := g, gk+1 := [g; gk ℄  gk , and alls g nilpotent if gk = 0 for k suÆ iently large.
For example, if g is a Lie algebra generated by two matri es A1 and A2 , i.e., g = fA1 ; A2 gLA , we have:
g(1) = g1 = g = spanfA1 ; A2 ; [A1 ; A2 ℄; [A1 ; [A1 ; A2 ℄℄; : : : g, g(2) = g2 = spanf[A1 ; A2 ℄; [A1 ; [A1 ; A2 ℄℄; : : : g,
g(3) = spanf[[A1 ; A2 ℄; [A1 ; [A1 ; A2 ℄℄℄; : : : g  g3 = spanf[A1 ; [A1 ; A2 ℄℄; [A2 ; [A1 ; A2 ℄℄; : : : g, and so on. Every
nilpotent Lie algebra is solvable, but the onverse is not true.
The onne tion between asymptoti stability of a swit hed linear system and the properties of the
orresponding Lie algebra was expli itly dis ussed for the rst time by Gurvits in [21℄. That paper is
on erned with the dis rete-time ounterpart of (2), whi h takes the form
x(k + 1) = A(k) x(k);

(7)

where  is a fun tion from nonnegative integers to a nite index set P and Ap = eLp , p 2 P for some
matri es Lp . Gurvits onje tured that if the Lie algebra fLp : p 2 PgLA is nilpotent, the system (7) is
asymptoti ally stable for any swit hing signal . He was able to prove this onje ture for the parti ular
ase where P = f1; 2g and the third-order Lie bra kets vanish: [L1 ; [L1 ; L2 ℄℄ = [L2 ; [L1 ; L2 ℄℄ = 0.
2 If all the fun tions fp are globally Lips hitz, one obtains a global ommon Lyapunov fun tion.
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It was re ently shown in [22℄ that if the Lie algebra fAp : p 2 PgLA is solvable, the family (4) possesses
a quadrati ommon Lyapunov fun tion. One an derive the orresponding statement for the dis rete-time
ase in similar fashion, thereby on rming and dire tly generalizing the above onje ture. The proof of
the result given in [22℄ relied on the fa ts that matri es in a solvable Lie algebra an be simultaneously
put in the upper-triangular form, and that a family of linear systems with stable upper-triangular matri es
has a quadrati ommon Lyapunov fun tion. This result in orporates the ones mentioned before (for a
ommuting family and a family generating a nilpotent Lie algebra) as spe ial ases.
Theorem 3 [22℄ If fAp : p 2 Pg is a ompa t set of stable matri es and the Lie algebra fAp : p 2 PgLA
is solvable3 , the swit hed linear system (2) is globally uniformly exponentially stable.

Various onditions for simultaneous triangularizability are reviewed in [24℄, [25℄. Note, however, that
while it is a nontrivial matter to nd a basis in whi h all matri es take the triangular form or even to
de ide whether su h a basis exists, the Lie-algebrai ondition given by Theorem 3 is formulated in terms
of the original data and an always be he ked in a nite number of steps if P is a nite set.
We now brie y dis uss an impli ation of this result for swit hed nonlinear systems of the form (1).
Consider, together with the family (3), the orresponding family of linearized systems
x_ = Fp x; p 2 P ;
f
p
(0).
Assume
that
the
matri
es
Fp are stable, that P is a ompa t set, and that p (x)
where Fp = f
x
x
depends ontinuously on p. A straightforward appli ation of Theorem 3 and Lyapunov's rst method (see,
for example, [26℄) gives the following result.
Corollary 4 [22℄ If the Lie algebra fFp : p 2 PgLA is solvable, the system (1) is lo ally uniformly exponentially stable 4 .

Note that while the ondition of Corollary 4 involves the linearizations, the ommuting ondition of
Proposition 2 is formulated in terms of the original nonlinear ve tor elds fp, p 2 P . An important problem
for future resear h is to investigate how the stru ture of the Lie algebra generated by these nonlinear ve tor
elds is related to stability properties of the swit hed system (1). Taking higher-order terms into a ount,
one may hope to obtain onditions that guarantee global stability of general swit hed nonlinear systems,
or onditions that guarantee at least lo al stability when the above linearization test fails.
Finally, we omment on the issue of robustness. Both exponential stability and existen e of a quadrati
ommon Lyapunov fun tion are robust properties in the sense that they are not destroyed by suÆ iently
small perturbations of the systems' parameters. Regarding perturbations of upper-triangular matri es,
one an obtain expli it bounds that have to be satis ed by the elements below the diagonal so that the
quadrati ommon Lyapunov fun tion for the unperturbed systems remains a ommon Lyapunov fun tion
for the perturbed ones [27℄. Unfortunately, Lie-algebrai onditions, su h as the one given by Theorem 3,
do not have this robustness property.

Matrix Pen il Conditions

We now turn to some re ently obtained suÆ ient, as well as ne essary and suÆ ient, onditions for the
existen e of a quadrati ommon Lyapunov fun tion for a pair of se ond-order asymptoti ally stable linear
systems
x_ = Ai x;
Ai 2 R22 ; i = 1; 2:
(8)
3 This ondition has re ently been improved by Agra hev [23℄. The new result states, loosely speaking, that one still has

uniform exponential stability if the above Lie algebra is a sum of two omponents, one solvable and the other onsisting of
matri es with purely imaginary eigenvalues.
4 This is to say that the estimate (5) holds for all traje tories starting in a ertain neighborhood of the origin.
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These onditions, presented in [24℄, [28℄, are given in terms of eigenvalue lo ations of onvex linear ombinations of the matri es A1 and A2 .
Given two matri es A and B , the matrix pen il (A; B ) is de ned as the one-parameter family of
matri es A + (1 )B , 2 [0; 1℄. One obtains the following result.
Proposition 5 [28℄ If A1 and A2 have real distin t eigenvalues and all the matri es in
(A1 ; A2 ) have
negative real eigenvalues, the pair of linear systems (8) has a quadrati

ommon Lyapunov fun tion.

Shorten and Narendra [24℄ onsidered, together with the matrix pen il (A1 ; A2 ), the matrix pen il
(A1 ; A2 1 ). They obtained the following ne essary and suÆ ient ondition for the existen e of a quadrati
ommon Lyapunov fun tion.
Theorem 6 [24℄ The pair of linear systems (8) has a quadrati
ommon Lyapunov fun tion if and only if
all the matri es in (A1 ; A2 ) and (A1 ; A2 1 ) are stable.
The above results are limited to a pair of se ond-order linear systems. Observe that the onditions
of Proposition 5 and Theorem 6 are in general robust in the sense spe i ed at the end of the previous
subse tion. Indeed, the property that all eigenvalues of a matrix have negative real parts is preserved
under suÆ iently small perturbations. Moreover, if these eigenvalues are real, they will remain real under
small perturbations, provided that they are distin t (be ause eigenvalues of a real matrix ome in onjugate
pairs).

Converse Lyapunov Theorems

In the pre eding subse tions we have relied on the fa t that the existen e of a ommon Lyapunov fun tion
implies asymptoti stability of the swit hed system, uniform over the set of all swit hing signals. The
question arises whether the onverse holds. A onverse Lyapunov theorem for di erential in lusions proved
by Mol hanov and Pyatnitskiy [17℄ gives a positive answer to this question. Their result an be adapted
to the present setting as follows.
Theorem 7 [17℄ If the swit hed linear system (2) is uniformly exponentially stable, the family of linear
systems (4) has a stri tly onvex, homogeneous (of se ond order) ommon Lyapunov fun tion of a quasiquadrati form

V (x) = xT L(x)x;
where L(x) = LT (x) = L(x) for all nonzero x 2 Rn and all  =
6 0.

The onstru tion of su h a Lyapunov fun tion given in [17℄ (see also [1℄) pro eeds in the same spirit
as the lassi al one that is used to prove standard onverse Lyapunov theorems ( f. [26, Theorem 4.5℄),
ex ept that one must take supremum of the usual expression, of the form (6), over all indi es p 2 P . It is
also shown in [17℄ that one an nd a ommon Lyapunov fun tion that takes the pie ewise quadrati form
V (x) = max hli ; xi2 ;
1ik
where li , i = 1; : : : ; k are onstant ve tors. A typi al level set of su h a fun tion is shown in Fig. 3.
Interestingly, a quadrati ommon Lyapunov fun tion does not always exist. Dayawansa and Martin
[1℄ give an example of two se ond-order linear systems that do not share any quadrati ommon Lyapunov fun tion, yet the swit hed system is uniformly exponentially stable. This result learly shows that
onditions leading to the existen e of a quadrati ommon Lyapunov fun tion (su h as the ondition of
Theorem 3) annot be ne essary onditions for asymptoti stability. It is also shown in [1℄ that Theorem 7
an be generalized to a lass of swit hed nonlinear systems as follows.
Theorem 8 [1℄ If the swit hed system (1) is globally uniformly asymptoti ally stable and in addition lo ally
uniformly exponentially stable, the family (3) has a ommon Lyapunov fun tion.

The onverse Lyapunov theorem of Lin et al. [29℄ is also relevant in this regard.
7

Figure 3:

A level set of a ommon Lyapunov fun tion

Stability for Slow Swit hing
We have seen above that a swit hed system might be ome unstable for ertain swit hing signals, even if all
the individual subsystems are asymptoti ally stable. Thus, if the goal is to a hieve stability of the swit hed
system, one often needs to restri t the lass of admissible swit hing signals. This leads us to Problem B. As
already mentioned, one way to address this problem is to make sure that the intervals between onse utive
swit hing times are large enough. Su h slow swit hing assumptions greatly simplify the stability analysis
and are, in one form or another, ubiquitous in the swit hing ontrol literature (see, for example, [30-32℄).
Below we dis uss multiple Lyapunov fun tion tools that are useful in analyzing stability of slowly
swit hed systems (and will also play a role later in the arti le). We then present stability results for su h
systems. Some of these results parallel the more familiar ones on stability of slowly time-varying systems
( f. [33℄ and referen es therein).

Multiple Lyapunov Fun tions

We dis ussed various situations in whi h asymptoti stability of a swit hed system for arbitrary swit hing
signals an be established by means of showing that the family of individual subsystems possesses a
ommon Lyapunov fun tion. We also saw that the existen e of a ommon Lyapunov fun tion is ne essary
for asymptoti stability under arbitrary swit hing. However, if the lass of swit hing signals is restri ted,
this onverse result might not hold. In other words, the properties of admissible swit hing signals an
sometimes be used to prove asymptoti stability of the swit hed system, even in the absen e of a ommon
Lyapunov fun tion.
One tool for proving stability in su h ases employs multiple Lyapunov fun tions. Take P to be a nite
set. Fix a swit hing signal  with swit hing times t0 < t1 < : : : and assume for on reteness that it is
ontinuous from the right everywhere: (ti ) = limt!t+i (t) for ea h i. Sin e the individual systems in the
family (3) are assumed to be asymptoti ally stable, there is a family of Lyapunov fun tions fVp : p 2 Pg
su h that the value of Vp de reases on ea h interval where the p-th subsystem is a tive. If for every p the
value of Vp at the end of ea h su h interval ex eeds the value at the end of the next interval on whi h the
p-th subsystem is a tive (see Fig. 4), the swit hed system an be shown to be asymptoti ally stable. The
pre ise statement is as follows.
[34℄ Suppose that there exists a onstant  >
times ti and tj su h that i < j and (ti ) = (tj ) we have

Lemma 9

0

with the property that for any two swit hing

V(tj ) (x(tj +1 )) V(ti ) (x(ti+1 ))  jx(ti+1 )j2 :
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Then the swit hed system (1) is globally asymptoti ally stable.

To see why this is true, observe that due to the niteness of P there exists an index p 2 P that has
asso iated with it an in nite sequen e of swit hing times ti1 ; ti2 ; : : : su h that (tij ) = p. The sequen e
V(ti1 ) (x(ti1 +1 )), V(ti2 ) (x(ti2 +1 )), : : : is de reasing and positive, and therefore has a limit L  0. We have
0 = L L = j !lim
V(tij+1 ) (x(tij+1 +1 )) lim V(tij ) (x(tij +1 ))
+1
j !+1
= j !lim
[V(tij+1 ) (x(tij+1 +1 )) V(tij ) (x(tij +1 ))℄  j !lim
[ jx(tij +1 )j2 ℄  0;
+1
+1
whi h implies that x(t) onverges to zero. As pointed out in [35℄, Lyapunov stability should and an be
he ked via a separate argument.
V(t) (t)
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Some variations and generalizations of this result are dis ussed in [35-39℄. See also the work reported in
[3℄ for an appli ation of similar ideas to the problem of ontrolling a mobile robot. A losely related problem
of omputing multiple Lyapunov fun tions numeri ally using linear matrix inequalities is addressed in [39℄,
[40℄.

Dwell Time

The simplest way to spe ify slow swit hing is to introdu e a number  > 0 and restri t the lass of
admissible swit hing signals to signals with the property that the interval between any two onse utive
swit hing times is no smaller than  . This number  is sometimes alled the dwell time (be ause  \dwells"
on ea h of its values for at least  units of time). It is a fairly well-known fa t that when all the linear
systems in the family (4) are asymptoti ally stable, the swit hed linear system (2) is globally exponentially
stable if the dwell time  is large enough. In fa t, the required lower bound on  an be expli itly al ulated
from the parameters of the individual subsystems. For details, see [4, Lemma 2℄.
What is perhaps less well known is that under suitable assumptions a suÆ iently large dwell time also
guarantees asymptoti stability of the swit hed system in the nonlinear ase. Arguably the best way to
prove most general results of this kind is by using multiple Lyapunov fun tions. We will not dis uss the
pre ise assumptions that are needed here (in fa t, there is onsiderable work still to be done in that regard),
but will present the general idea instead. Assume for simpli ity that all the systems in the family (3) are
globally exponentially stable. Then for ea h p 2 P there exists a Lyapunov fun tion Vp that for some
positive onstants ap , bp and p satis es
ap jxj2  Vp (x)  bp jxj2

9

(9)

and

rVp(x)fp(x) 

p jxj

(10)

2

(see, for example, [26, Theorem 4.5℄). Combining (9) and (10), we obtain
rVp(x)fp(x)  pVp(x); p 2 P ;
where p = p =bp . This implies that
Vp (x(t0 +  ))  e p  Vp (x(t0 ));
provided that (t) = p for almost all t 2 [t0 ; t0 +  ℄. To simplify the next al ulation, let us onsider the
ase where P = f1; 2g and  takes on the value 1 on [t0 ; t1 ) and 2 on [t1 ; t2 ), where ti+1 ti   , i = 0; 1.
From the above inequalities one has
V2 (t1 ) 

and furthermore

V1 (t2 ) 

b
b2
V1 (t1 )  2 e 1  V1 (t0 );
a1
a1

b
bb
b1
V2 (t2 )  1 e 2  V2 (t1 )  1 2 e
a2
a2
a1 a2

(t0 ):
We see that V1 (t2 ) < V1 (t0 ) if  is large enough. In fa t, it is not hard to ompute an expli it lower bound
on  that ensures that the hypotheses of Lemma 9 are satis ed, whi h means that the swit hed system is
globally asymptoti ally stable.
We do not dis uss possible extensions and re nements here be ause a more general result will be stated
in the next subse tion. Note, however, that the exponential stability assumption is not ne essary; for
example, the above reasoning would still be valid if the quadrati estimates in (9) and (10) were repla ed
by, say, quarti ones. In essen e, all we used was the fa t that
o
n V (x)
(11)
 := sup p : x 2 Rn ; p; q 2 P < 1:
Vq (x)
If this inequality does not hold globally in the state spa e, only lo al asymptoti stability an be established.

Average Dwell Time

1 +2 ) V

(

1

For ea h T > 0, let N (T ) denote the number of dis ontinuities of a given swit hing signal  on the
interval [0; T ). Following Hespanha [41℄, we will say that  has the average dwell time property if there
exist two nonnegative numbers a and b su h that for all T > 0 we have N (T )  a + bT . This terminology is
prompted by the observation that, if we dis ard the rst a swit hings, the average time between onse utive
swit hings is at least 1=b. Dwell-time swit hing signals onsidered in the previous subse tion satisfy this
de nition with a = 0 and b = 1= . Loosely speaking, while the ounterpart of a dwell-time swit hing signal
for ontinuously time-varying systems is a tuning signal with bounded derivative, the ounterpart of an
average dwell-time swit hing signal is a nondestabilizing tuning signal in the sense of [42℄.
Consider the family of nonlinear systems (3), and assume that all the systems in this family are
globally asymptoti ally stable. Then for ea h p 2 P there exist positive de nite, radially unbounded
smooth fun tions Vp and Dp su h that rVp(x)fp (x)  Dp(x) for all x. As explained in [43℄, there is
no loss of generality in taking Dp (x) = p Vp (x) for some p > 0 ( hanging Vp if ne essary). Sin e P is a
ompa t set, we an also assume that the numbers p are the same for all p 2 P , so that we have
rVp(x)fp(x)  Vp(x);  > 0:
(12)
The following result was re ently proved by Hespanha [41℄ with the help of Lyapunov fun tion te hniques
similar to those we alluded to in the previous subse tion.
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[41℄

If (11){(12) hold, the swit hed system (1) is globally asymptoti ally stable5 for any
swit hing signal that has the average dwell time property with b < = log .

Theorem 10

The study of average dwell-time swit hing signals is motivated by the following onsiderations. Stability problems for swit hed systems arise naturally in the ontext of swit hing ontrol. Swit hing ontrol
te hniques employing a dwell time have been su essfully applied to linear systems with impre ise measurements or modeling un ertainty ( f. [4℄, [30℄, [31℄, [44℄). In the nonlinear setting, however, su h methods
are often unsuitable be ause of the possibility of nite es ape time. Namely, if a \wrong" ontroller has to
remain in the loop with an impre isely modeled system for a spe i ed amount of time, the solution to the
system might es ape to in nity before we swit h to a di erent ontroller (of ourse, this will not happen
if all the ontrollers are stabilizing, but when the system is not ompletely known, su h an assumption is
not realisti ).
An alternative to dwell-time swit hing ontrol of nonlinear systems is provided by the so- alled hysteresis
swit hing proposed in [45℄ and its s ale-independent versions, whi h were re ently introdu ed and analyzed
in [16℄, [46℄ and applied to ontrol of un ertain nonlinear systems in [11℄, [47℄. When the un ertainty is
purely parametri and there is no measurement noise, swit hing signals generated by s ale-independent
hysteresis have the property that the swit hing stops in nite time, whereas in the presen e of noise
under suitable assumptions they an be shown to have the average dwell time property (see [41℄). Thus
Theorem 10 opens the door to provably orre t stabilization algorithms for un ertain nonlinear systems
orrupted by noise, whi h is the subje t of ongoing resear h e orts.

Stabilizing Swit hing Signals
Sin e some swit hing signals lead to instability, it is natural to ask, given a family of systems, whether it is
possible to nd a swit hing signal that renders the swit hed system asymptoti ally stable. Su h stabilizing
swit hing signals may exist even in the extreme situation when all the individual subsystems are unstable.
For example, onsider two se ond-order systems whose traje tories are sket hed in Fig. 5, left and Fig.
5, enter. If we swit h in su h a way that the rst system is a tive in the se ond and fourth quadrants,
while the se ond one is a tive in the rst and third quadrants, the swit hed system will be asymptoti ally
stable (see Fig. 5, right). Note that this swit hing ontrol strategy (as well as the ones to be dis ussed
below) is losed-loop, i.e., the swit hing signal takes the feedba k form (x). A less ommonly onsidered
alternative is to employ open-loop swit hing signals (for example, periodi ones [48-50℄). All swit hing
ontrol strategies dis ussed here are deterministi ; for available results on erning sto hasti swit hing, the
reader may onsult [51, Chapter 9℄, [52℄ and the referen es therein.

Figure 5:

A stabilizing swit hing signal

In this se tion we present various methods for onstru ting stabilizing swit hing signals in the ase
where none of the individual subsystems are asymptoti ally stable (Problem C). We also dis uss how these
5 If

exponential

imposed.

stability of the swit hed system is desired, ertain spe i
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growth bounds on the fun tions Vp must be

ideas apply to the problem of stabilizing a linear system with nite-state hybrid output feedba k. Although
we only address stabilizability here, there are other interesting questions, su h as attainability and optimal
ontrol via swit hing [53℄, [54℄, exa t output tra king [55℄, [56℄, and swit hed observer design [57℄, [58℄.

Stable Convex Combinations

Assume that P = f1; 2g and that we are swit hing between two linear systems
x_ = A1 x

(13)

x_ = A2 x

(14)

and
of arbitrary dimension n. As demonstrated by Wi ks, Peleties, and DeCarlo in [2℄, [59℄, one assumption
that leads to an elegant onstru tion of a stabilizing swit hing signal is the following one.
Assumption 1. The matrix pen il (A1 ; A2 ) ontains a stable matrix.
A ording to the de nition of a matrix pen il given earlier, this means that for some 2 (0; 1), the
onvex ombination A := A1 + (1 )A2 is stable (the endpoints 0 and 1 are ex luded be ause A1 and
A2 are not stable). Thus there exist symmetri positive de nite matri es P and Q su h that we have
AT P + P A = Q:
This an be rewritten as
or

(AT1 P + P A1 ) + (1

)(AT2 P + P A2 ) = Q

xT (AT1 P + P A1 )x + (1 )xT (AT2 P + P A2 )x = xT Qx < 0
8x 2 Rn n f0g:
Sin e 0 < < 1, it follows that for ea h nonzero x 2 Rn , at least one of the quantities xT (AT1 P + P A1 )x
and xT (AT2 P + P A2 )x is negative. In other words, Rn n f0g is overed by the union of two open oni
regions 1 := fx : xT (AT1 P + P A1 )x < 0g and 2 := fx : xT (AT2 P + P A2 )x < 0g. The fun tion
V (x) := xT P x de reases along solutions of the system (13) in the region 1 and de reases along solutions

of the system (14) in the region 2 . Using this property, it is possible to onstru t a swit hing signal su h
that V de reases along solutions of the swit hed system, whi h implies asymptoti stability. The pre ise
result is this.
[2℄, [59℄ If Assumption 1 is satis ed, there exists a pie ewise onstant swit hing signal whi h
makes the swit hed system quadrati ally stable6 .

Theorem 11

This stabilizing swit hing signal takes the state feedba k form; i.e., the value of  at any given time
t  0 depends on x(t). An interesting observation due to Feron [60℄ is that Assumption 1 is not only
suÆ ient but also ne essary for quadrati stabilizability via swit hing.
Proposition 12

[60℄ If there exists a quadrati ally stabilizing swit

the matri es A1 and A2 satisfy Assumption 1.

hing signal in the state feedba k form,

One an gain insight
stabilizability with the help of the following example.
 into the issue
 of quadrati

0
:
1
1
0
:
1
2
Take A1 := 2 0:1 and A2 := 1 0:1 . The traje tories of the systems (13) and (14) will then
look, at least qualitatively, as depi ted in Fig. 5, left and enter, respe tively. We explained earlier how to
onstru t a stabilizing swit hing signal that yields the swit hed system with traje tories as shown in Fig. 5,
6 Quadrati

stability means that there exists a positive  su h that V_
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<

T

x x.

right. This system is asymptoti ally stable; in fa t, we see that the fun tion V (x1 ; x2 ) := x21 + x22 de reases
along solutions. However, it is easy to he k that no onvex ombination of A1 and A2 is stable, and
Proposition 12 tells us that the swit hed system annot be quadrati ally stable. Indeed, on the oordinate
axes (whi h form the set where the swit hing o urs) we have V_ = 0.
When the number of individual subsystems is greater than 2, one an try to single out from the
orresponding set of matri es a pair whi h has a stable onvex ombination (an algorithm for doing this is
dis ussed in [59℄). If that fails, it might be possible to nd a stable onvex ombination of three or more
matri es from the given set, and then the above method for onstru ting a stabilizing swit hing signal
an still be implemented with minor modi ations. Observe that the onverse result of Proposition 12 is
only known to hold for the ase of two systems. We note that the problem of identifying stable onvex
ombinations (of matri es with rational oeÆ ients) is NP-hard [61℄. A dis ussion of omputational issues
asso iated with some problems related to the one addressed in this se tion, as well as relevant bibliography,
an be found in Chapters 11 and 14 of [62℄.

Unstable Convex Combinations

The previous example suggests that even when there exists no stable onvex ombination of A1 and A2 , and
thus quadrati stabilization is impossible, asymptoti stabilization may be quite easy to a hieve (by using
te hniques that an a tually be applied to general systems, not ne essarily linear ones). An interesting
sour e of motivation for pursuing this idea omes from the following problem. Suppose that we are given
a linear time-invariant ontrol system
x_ = Ax + Bu
(15)
y = Cx
that is stabilizable and dete table (i.e., there exist matri es F and K su h that the eigenvalues of A + BF and
A + KC have negative real parts). Then, as is well known, there exists a ontinuous linear dynami output
feedba k law that asymptoti ally stabilizes the system (see, for example, [63, Se tion 6.4℄). In pra ti e,
however, su h a ontinuous dynami feedba k might not be implementable, and a suitable dis rete version
of the ontroller is often desired. Re ent referen es [44℄, [64-67℄ dis uss some issues related to ontrol of
ontinuous plants by various types of dis ontinuous feedba k.
In parti ular, in [65℄ it is shown that the system (15) admits a stabilizing hybrid output feedba k that
uses a ountable number of dis rete states. A logi al question to ask next is whether it is possible to
stabilize (15) by using a hybrid output feedba k with only a nite number of dis rete states. Artstein [68℄
expli itly raised this question and dis ussed it in the ontext of a simple example (that paper an also
be onsulted for a formal de nition of hybrid feedba k). This problem seems to require a solution that is
signi antly di erent from the ones mentioned above, be ause a nite-state stabilizing hybrid feedba k is
unlikely to be obtained from a ontinuous one by means of any dis retization pro ess.
One approa h to the problem of stabilizing the linear system (15) via nite-state hybrid output feedba k
is prompted by the following observation. Suppose that we are given a olle tion of gain matri es K1 , : : : ,
Km of suitable dimensions. Setting u = Ki y for some i 2 f1; : : : ; mg, we obtain the system
x_ = (A + BKi C )x:
Thus the stabilization problem for the original system (15) will be solved if we an or hestrate the swit hing
between the systems in the above form in su h a way as to a hieve asymptoti stability. Denoting A + BKi C
by Ai for ea h i 2 f1; : : : ; mg, we are led to the following question: Using the measurements of the output
y = Cx, an we nd a swit hing signal  su h that the swit hed system x_ = A x is asymptoti ally stable?
The value of  at a given time t might just depend on t and/or y(t), or a more general hybrid feedba k
may be used. We are assuming, of ourse, that none of the matri es Ai are stable, as the existen e of a
matrix K su h that the eigenvalues of A + BKC have negative real parts would render the problem trivial.
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First of all, observe that the existen e of a stable onvex ombination A := Ai + (1 )Aj for some
2 f1; : : : ; mg and 2 (0; 1) would imply that the system (15) an be stabilized by the linear stati
output feedba k u = Ky with K := Ki + (1 )Kj , ontrary to the assumption that we just made.
In view of Proposition 12, this implies that a quadrati ally stabilizing swit hing signal does not exist.
However, it might still be possible to onstru t an asymptoti ally stabilizing swit hing signal and even
base a stability proof on a single Lyapunov fun tion.
To illustrate this point, we dis uss a modi ed version of the stabilizing swit hing strategy for the
harmoni os illator with position measurements des ribed in [68℄. Consider the system
   
  
d x1
0
1
x1 + 0 u;
=
1
1 0 x2
dt x2
y = x1 :
Although this system is both ontrollable and observable, it annot be stabilized by (even dis ontinuous)
stati output feedba k. On the other hand, it an be stabilized by hybrid output feedba k; several ways
to do this were presented in [68℄. We will now sket h one possible stabilizing strategy. Letting u = y we
obtain the system
  
 
d x1
0
1
= 2 0 xx1 ;
(16)
dt x2
2
i; j

whose traje tories look as shown in Fig. 6, left, while letting u = 12 y we obtain the system
 

d x1
=
dt x2



 

0 1
1
0
2

x1 ;
x2

(17)

whose traje tories look as shown in Fig. 6, enter.

Figure 6:

Stabilizing the harmoni os illator

De ne V (x) := x21 + x22 . This fun tion de reases along the solutions of (16) when x1 x2 > 0 and de reases
along the solutions of (17) when x1 x2 < 0. Therefore, if the system (16) is a tive in the rst and third
quadrants, while the system (17) is a tive in the se ond and fourth quadrants, we will have V_ < 0 whenever
x1 x2 6= 0; hen e the swit hed system is asymptoti ally stable by LaSalle's prin iple. A possible traje tory
of the swit hed system is sket hed in Fig. 6, right. (This situation is similar to the one shown in Fig. 5,
ex ept that here the individual subsystems are riti ally stable.) It is important to noti e that, sin e both
systems being swit hed are linear time-invariant, the time between a rossing of the x1 -axis and the next
rossing of the x2 -axis an be expli itly al ulated and is independent of the traje tory. This means that
the above swit hing strategy an be implemented via hybrid feedba k based just on the measurements of
the output; see [68℄, [69℄ for details. The problem of stabilizing se ond-order swit hed linear systems was
also studied in [70℄, [71℄.
If one annot arry out the stability analysis with the help of a single Lyapunov fun tion that de reases
along the traje tories of the swit hed system, in view of the results presented earlier, it might still be
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possible to nd a stabilizing swit hing signal and prove stability by using multiple Lyapunov-like fun tions.
Although this line of thinking does not seem to lead to su h a simple and onstru tive pro edure as the
one des ribed in [2℄, [59℄, some preliminary ideas have been explored in the literature. These are dis ussed
next.
The method proposed in [34℄ is to asso iate with the system (13) a fun tion V1 (x) = xT P1 x that
de reases along solutions in an appropriate region 1 . This is always possible unless A1 is a nonnegative
multiple of the identity matrix. Similarly, asso iate with the system (14) a fun tion V2 (x) = xT P2 x that
de reases along solutions in an appropriate region 2 . If the union of the regions 1 and 2 overs Rn nf0g,
then one an try to or hestrate the swit hing in su h a way that the onditions of Lemma 9 are satis ed.
The paper [34℄ ontains an example that illustrates how this stabilizing swit hing strategy works.
In a more re ent paper [72℄, this investigation is ontinued with the goal of putting the above idea on
a more solid ground, by means of formulating algebrai suÆ ient onditions for a swit hing strategy based
on multiple Lyapunov fun tions to exist. Consider the situation when the following ondition holds:
Condition 1. xT (P1 A1 + AT1 P1 )x < 0 whenever xT (P1 P2 )x  0 and x 6= 0, and xT (P2 A2 + AT2 P2 )x < 0
whenever xT (P2 P1 )x  0 and x 6= 0.
If this ondition is satis ed, a stabilizing swit hing signal an be de ned by (t) := arg maxfVi (x(t)) :
i = 1; 2g. Indeed, the fun tion V will then be ontinuous and will de rease along solutions of the swit hed
system, whi h guarantees asymptoti stability. Similar te hniques were used independently in [73℄ in a
more general, nonlinear ontext. That paper shows how they nd appli ation to the interesting problem
of stabilizing an inverted pendulum via a swit hing ontrol strategy.
Condition 1 holds if the following ondition is satis ed (by virtue of the S -pro edure [74℄, the two
onditions are equivalent, provided that there exist x1 ; x2 2 Rn su h that xT1 (P1 P2 )x1 > 0 and xT2 (P2
P1 )x2 > 0).
Condition 2. There exist 1 ; 2  0 su h that P1 A1 AT1 P1 + 1 (P2 P1 ) > 0 and P2 A2 AT2 P2 +
P2 ) > 0.
2 (P1
Alternatively, if 1 ; 2  0, a stabilizing swit hing signal an be de ned by (t) := arg minfVi (x(t)) :
i = 1; 2g. In [72℄ Condition 2 is further reformulated in terms of eigenvalue lo ations of ertain matrix
operators. In [69℄ it is shown how the above inequalities an be adapted to the ontext of the nite-state
hybrid output feedba k stabilization problem dis ussed earlier. It would be interesting to ompare these
results with the hara terization of stabilizability via swit hed state feedba k obtained in [75℄, and also
with the dynami programming approa h presented in [76℄, [77℄.

Con luding Remarks
We have surveyed re ent developments in three basi problems regarding swit hed dynami al systems:
stability for arbitrary swit hing signals, stability for slow swit hing signals, and onstru tion of stabilizing
swit hing signals. We have aimed at providing an overview of general results and ideas involved. For
te hni al details, the reader may onsult the referen es ited below. These referen es also address many
issues that are relevant to swit hed systems but fell outside the s ope of this survey. Despite a number of
interesting results presented here, it is safe to say that the subje t is still largely unexplored. Various open
questions, some of whi h we have mentioned in the arti le, remain to be investigated.
The three problems studied here are very general and address fundamental issues on erning stability
and design of swit hed systems. As we have noted throughout the arti le, spe ial ases of these problems
arise frequently in various ontexts asso iated with ontrol design. In su h situations, the spe i stru ture
of a problem at hand an sometimes be utilized to obtain satisfa tory results, even in the absen e of a
general theory. Examples of results that use su h additional stru ture in lude the so- alled Swit hing
Theorem whi h plays a role in the supervisory ontrol of un ertain linear systems [4℄ and onditions for
existen e of a ommon Lyapunov fun tion whi h exploit positive realness [78, Chapter 33℄, [79℄, [80℄. We
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believe that to make signi ant further progress, one must stay in lose onta t with parti ular appli ations
that motivate the study of swit hed systems.
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