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Abstract. In this paperanew, generalandexactschemaheoryfor geneticpro-
grammingis presentedThe theoryincludesa microscopicschemaheoremap-
plicableto crosswer operatoravhich replacea subtreen oneparentwith a sub-
treefrom the otherparentto producethe offspring. A moremacroscopicchema
theoremis alsoprovidedwhichis valid for crosse@er operatorsn whichtheprob-
ability of selectingary two crosseer pointsin the parentsddepend®only on their
sizeandshapeThetheoryis basedon the notionsof Cartesiamodereference
systemsandvariable-arityhyperschematbothintroducedherefor thefirst time.
In the paperwe provide exampleswhich shav how thetheorycanbe specialised
to specificcross@eroperator@ndhow it canbeusedto derive anexactdefinition
of effective fithessanda size-&olution equationfor GP

1 Intr oduction

Schemaheoriesoften provide informationabouta propertyof a subsebf the popula-
tion (aschemaht the next generatiorin termsof macroscopiguantities Jike schema
fitnessespopulationfitness,or numberof individualsin aschemameasureétthecur-
rent generation Someschemaheoriesexpressthe samemacroscopigropertyusing
only microscopicquantities suchasthe fitnessef all the individualsin the popula-
tion, or a mixture of microscopicandmacroscopiauantities We will referto theseas
microscopicschematheoriesto differentiatethemfrom the purely macroscopi®mnes.
This distinctionis importantbecausehe latter are simplerand easierto analysethan
theformer.

Thetheoryof schematan geneticprogramminghashada difficult childhood.Af-
ter someexcellent early efforts leadingto differentworst-case-scenarischemathe-
orems[6, 1, 11, 24, 17, 21], only very recentlyexact schematheorieshave become
available[14, 12] which give exactformulations(ratherthanlower bounds)for the ex-
pectednumberof instance®f a schemaatthenext generationTheseexacttheoriesare
applicableto GPwith one-pointcrosswer[16, 17, 18]. No exactmacroscopischema
theoryfor standardcross@er (or any otherGP crosswer) hasever beenproposed.

This paperfills this theoreticalgapand presentsa new exact generalschemahe-
ory for geneticprogrammingwhich is applicableto standardcross@eraswell asmary
othercrossweroperatorsThetheoryincludestwo mainresultsdescribinghepropaga-
tion of GPschemataamicroscopicschemaheoremandamacroscopione.Themicro-
scopicversionis applicableto cross@eroperatorsvhichreplaceasubtreen oneparent
with a subtreefrom the otherparentto producethe offspring. So, the theoremcovers



standardsP crosseer [6] with andwithout uniform selectionof the crosseer points,
one-pointcrosswer [17, 18], size-fair crosswer [7], strongly-typedGP crosseer [9],
contet-preservingcrosswoer [3] and mary others.The macroscopioversionis valid
for alarge classof crosswer operatorsn which the probability of selectingary two
crosswer pointsin the parentsdependonly on their size and shape.So, for exam-
ple, it holdsfor all the above-mentionedrossoer operatorexceptstronglytyped GP
crossaer.

The paperis organisedasfollows. Firstly, we provide a review of earlierrelevant
work onschematan Sec.2. Then,in Sec.3, we introducethe notion of nodereference
systemsandwe useit in Sec.4 to definethe conceptof functionsoverthem.Then,in
Sec.5 we shav how theseideascanbe usedto build probabilisticmodelsof different
crosswer operatorsWe usetheseto derive a generalmicroscopicschemaheoremfor
GP with subtree-swppingcrosseerin Sec.6. We transformthis into a macroscopic
schemaheoremin Sec.7. In Sec.8 we give anexamplethatshovs how thetheorycan
be specialisedo obtainschemaheoremdor specifictypesof cross@er operatorsand
weillustratehow it canbe usedto obtainothergeneraresults,suchasasize-aolution
equatiorandanexactdefinitionof effective fithessfor GR Someconclusionaredrawn
in Sec.9.

2 Background

Schemataare setsof points of the searchspacesharingsomesyntacticfeature.For
example,in the context of GAs operatingon binary strings,syntacticallya schemais
a string of symbolsfrom the alphabet{0,1,*}, wherethe character is interpretedas
a“don’t care”symbol. Typically schemaheoremsaredescriptionof how the number
of memberof the populationbelongingto a schemavary overtime. If we denotewith
a(H,t) the probability thata newnly createdndividual sampleshe schemaH , which
wetermthetotal transmissionprobability of H, anexactschemaheoremis simply[19]

E[m(H,t + 1)] = Ma(H, ), (1)

where M is the populationsize, m(H,t + 1) is the numberof individualsin H at
generatiort+ 1 andE[] is theexpectatioroperatorHolland’s[5] andotherworst-case-
scenaricschemaheoriesnormally provide a lower boundfor «(H, t) or, equialently,
for E[m(H,t+ 1)].

Obtainingtheoreticakesultsfor GP usingtheideaof schemds muchlessstraight-
forwardthanfor GAs. A few alternatve definitionsof schemahave beenproposedn
theliterature[6, 1, 11, 24, 17, 21], but for brevity herewe will describeonly the defi-
nition introducedin [17, 18]. Thisis usedin therestof this paper We will referto this
kind of schematasfixed-size-and-shamehemata.

Syntacticallya GP fixed-size-and-shapsthemais a tree composedof functions
from the setF U {=} andterminalsfrom theset7 U {=}, whereF and7 arethe
function andterminal setsusedin a GP run. The primitive = is a “don’t care” sym-
bol which standsfor a singleterminalor function. A schemaH representprograms
having the sameshapeas H andthe samelabelsfor the non= nodes.For example,
if 7={+, *}and7={x, y}theschemg+ x (= y =)) representshefour pro-
grams (+ x (+ 'y x), (+x@Eyy), ¢ x( yx) and
+xCF vyy).



In [17, 18] a worst-case-scenarischemaheoremwas derived for GP with point
mutationandone-pointcross@er. One-pointcross@er works by selectinga common
crosswer pointin the parentprogramsandthenswappingthe correspondingubtrees,
like standarccrosswer. To accountfor the possiblestructuraldiversity of the two par
ents,one-pointcrossaer analyseghe two treesfrom the root nodesandconsiderdor
the selectionof the crosswer point only the partsof the two trees,calledthe common
region, which have thesametopology?! As discussedh [15], thetheoremnin [17, 18] isa
generalisatiorf Holland’s schemaheorento variablesizestructuresThis resultwas
improvedin [14, 12] wherean exact schemaheoryfor GP with one-pointcrosswer
wasderived which wasbasedon the notion of hyperschemal GP hypesdcemais a
rootedtree composedf internalnodesfrom F U {=} andleavesfrom T U {=, #}.
Again, = is a“don’t care” symbolswhich standsfor exactly onenode,while # stands
for ary valid subtree For example thehyperschem& # (= x =)) representsll
theprogramswith thefollowing characteristicsa) theroot nodeis aproduct,b) thefirst
argumentof theroot nodeis ary valid subtreeg) the secondargumentof theroot node
is ary function of arity two, d) the first agumentof this functionis the variablex, e)
the secondargumentof the functionis arny valid nodein the terminalset. One of the
resultsobtainedn [12] is thefollowing macroscopienodel

a(H, t) = (1 - pwo)p(HJ t) + 2)

1 . .
pwo;;m Z p(U(H,Z)ﬂGk,t)p(L(H,z)ﬂGl,t)

1€C(Gr,Gr)

where:p,, isthecrosswerprobability;p( H, t) is theselectiorprobabilityof theschema
H;2G4, G, - - - areall thepossibleprogramshapesi.e. all the possiblefixed-size-and-
shapeschematacontaining= signsonly; NC(Gy, G;) is the numberof nodesin the
commonregion betweenshapeGy andshapeG;; C(Gy,G)) is the setof indicesof
the crosswer pointsin sucha commonregion; L(H, 1) is the hyperschemabtained
by replacingall the nodeson the path betweencrosseer point i and the root node
with = nodes,andall the subtreexconnectedo thosenodeswith # nodes;U (H, 1) is
the hyperschemabtainedby replacingthe subtreebelon crosseer point ¢ with a #
node? The stepsinvolvedin the constructionof L(H, i) andU (H,i) for the schema
H=(* = (+ x =)) areillustratedin Fig. 1. If across@erpointi isin thecommon
region betweertwo programsbut it is outsidetheschemaH , thenL(H, i) andU (H, i)
areemptysets.Thehhyperschematé (H,4) andU (H, ) areimportantbecauseif one
crossever at point s any individual in L(H,4) with any individual in U(H, ), the
resultingoffspringis alwaysaninstanceof H.

As discussedn [15], it is possibleto show that, in the absencef mutation,Eq. 2
generalisesand refinesnot only the GP schematheoremin [17, 18] but also Hol-
land’s [5] andmoremodernGA schemaheory[22, 23].

! Thecommonregion is definedformally in Sec .4, Eq. 3.

2 In fitnessproportionateselectionp(H, t) = m(H,t)f(H,t)/(M f(t)), wherem(H, t) is the
numberof stringsmatchingthe schemaH atgeneratiort, f(H,t) is their meanfitness,and
f(t) is themeanfitnessof the stringsin the population.

% Eq.2isin aslightly differentform thantheresultin [12]. However, thetwo resultsareequiv-
alentsinceC (G, Gi) = C(Gi, Gx) andNC(Gy, G;) = NC(Gy, Gi,).
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Fig. 1. Exampleof schemandsomeof its potentialhyperschemauilding blocks.Thecrosseer
pointsin H arenumberedasshawvn in thetop left.

3 NodeReferenceSystems

Givenasyntaxtreelik e,for example theonein Fig. 2 whichrepresenttheS-expression
(A (B CD) (E F (G H)) , therecan be different methodsto indicate unam-
biguouslythe positionof oneparticularnodein thetree.Onemethodis to usethe path
from theroot node[3]. The pathcanbe specifiedindicatingwhich branchto selectto

find the targetnodefor every nodeencounteredtartingfrom the root of the tree. This

referencesystempresentghe disadwantageof not correspondindo our typical notion

of aCartesiarreferencesystempecausehe numberof coordinatesiecessaryo locate
anodegrows with the depthof the nodein thetree.

A betteralternative from this point of view is to organisethe nodesin thetreeinto
layersof increasingdepth(seeFig. 3), to align themto the left andandthento assign
anindex to eachnodein alayer. Thelayernumberd andtheindex ¢ canthenbe used
to definea Cartesiarcoordinatesystem.So, for example,nodeGin Fig. 2 would be at
coordinateg2,3). This referencesystempresentghe problemthatit is not possibleto
infer the structureof atreefrom the coordinate®f its nodes.

A coordinatesystemsimilar to this onebut without this problemcanbe definedby
assuminghatthetreesto represenhave nodeswith aritiesnotbiggerthana predefined
maximumvaluean, ... Thenonecoulddefineanode-referenceystenlik e theprevious
onefor the largestpossibletree that can be createdwith nodesof arity amax. This
maximaltreewould include 1 nodeof arity amax atdepthO, amax nodesof arity amax
atdepthl,a?,,, nodesof arity amax atdepth2, etc..Finally onecouldusethemaximal
systemalsoto locatethe nodesof non-maximaltrees.This is possiblebecause non-
maximal tree can always be describedusing a subsetof the nodesand links in the
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Fig. 4. Tree-independentartesiamodereferencesystem.The syntaxtree for the program(A
(B CD) (E F (G H)) isdravnwith solidlines.Nodesandlinks of the maximaltreeare
drawn with dashedines.

maximaltree. This is illustratedin Fig. 4 assumingum.x = 3. So,for example,node
Gin Fig. 2 would have coordinateg2,4) while nodeH would have coordinateg3,12).
In this referencesystemit is alwayspossibleto find therouteto theroot nodefrom ary
givenvalid pair of coordinatesAlso, if onechoosesi,,,,, to bethe maximumarity of
thefunctionsin the functionset,it is possibleto usethis referencesystento represent
thestructureof any programin any population Becausef thesepropertieswe will use
this referencesystemin therestof this paper

As clarifiedin thefollowing sectionjt is sometimesiecessaryo beableto express
thelocationof nodesin differenttreesat the sametime. In this casewe canextendthe
node-referencsystemsgustintroducedoy concatenatinghecoordinate®f thenodesn
eachreferencesysteminto a singlemulti-dimensionatoordinatevector For example,
we canindicatetwo nodes|dy, 1) in onetreeand(d», i») in anothertree,atthe same
time usingthe point (dy , i1, ds, i2) in afour-dimensionatoordinatesystem.

Finally, it shouldbe notedthat in the Cartesianreferencesystemin Fig. 4 it is
possibleto transformpairs of coordinatesnto integersby countingthe nodesin the
referencesystemin breadth-firstorder Corversely it is alsopossibleto mapintegers



into nodecoordinatesinambiguouslyWe will usethis propertyto simplify the notation
in someof thefollowing sections.

4 Functions over Node ReferenceSystems

Given a nodereferencesystemit is possibleto definefunctionsover it. An example
of suchfunctionsis a functionwhich represents particularcomputemprogram.If one
considershe programh one could defineit asthe function h(d, ¢) which returnsthe
nodein h storedat position (d, ) if (d,7) is a valid pair of coordinates!f (d,7) is
notin h thena corventionaldefault value,, is returnedto representhe absencef a
node.For example,for the programh=(A (B C D) (E F (G H))) represented
in Fig. 4, this function would returnthe following values:h(0,0) = A, h(1,0) = B,
h(1,1) = E, h(1,2) = 0, h(2,0) = C, h(2,1) = D, h(2,2) = B, h(2,3) = F,
h(2,4) = G, h(2,5) = 0, etc..So, programscan be seenasfunctionsover the space
N?. Below we will referto h(d, j) asthenamefunctionfor h andwe will denotet with
N(d,i,h).
Otherexamplesof nodefunctionsinclude:

— The sizefunction S(d, i, h) which representshe numberof nodespresentin the
subtregootedatcoordinategd, ¢) in treeh, with thecorventionthatS(d, i, h) = 0
if (d,4) indicatesan inexistentnode.The size function can be definedusing the
namefunction (see[13]).

— The arity function A(d, i, h) which returnsthe arity of the node at coordinates
(d,i) in h. For example,for thetreein Fig. 4, A(0,0,h) = 2, A(1,0,h) = 2,
A(2,1,h) =0andA(2,4,h) = 1.

— ThetypefunctionT'(d, i, h) which returnsthe datatypeof the nodeat coordinates

d,i) in h.

- '(rhe)function—node‘unction F(d,i, h) which returnsl if the nodeat coordinates
(d,4) isin h andit is afunction,0 otherwise. The numberof internalnodesin  is
thereforegivenby >, >, F(d,i, h).

Similarly, it is possibleto definefunctionson multi-dimensionalnode-coordinate
systemsUsefulfunctionsof this kind include:

— Thepositionmatd function

1 if (dl,il) = (dz,iz), N(dl,il, hl) 75 @ and
PM(dlailadQ;iQ;hlahQ) = { N(dz,iQ,hQ) 750,
0 otherwise.
— Thetypematd function
1 if T(dlailahl) :T(d2;i2)h2)n
0 otherwise.
— Thecommorregion membeshipfunction

A(d15i15d25i25h15h2) =
1 |f (d17i1) = (d2,i2) = (0,0),
1 if (dl,il) = (dz,iQ),
A (d1 - ]., Lil/amaxj,hl) =A (d2 - 1, I_ig/amaxJ,hQ) and
A(dl - 17 Lil/amaxJ,d2 - 17 |_i2/amaXJ7h1ah2) =1,
0 otherwise,

TM(d13i15d23i25h13h2) = {



where| -] is theintegerpartfunction. The notion of commonregion membership
functionallows usto formalisethe notionof commorregion:

C(h1, hs) = {(d,3) | A(d,i,d,i, by, hs) = 1}. (3)

5 Modelling Subtree-swappingCrosswers

Most geneticoperatoraisedin GP requirethe selectionof a nodewhereto performa
transformatior{e.g.theinsertionof arandomsubtreeopr of asubtreagakenfrom another
parent)which leadsto the creationof an offspring. In mostcaseghe selectionof the
nodeis performedwith a stochastiqgorocessof somesort. It is possibleto modelthis
processhy assuminghat a probability distribution is definedover the nodesof each
individual. If we usethenode-referenceystemintroducedn the previoussection this
canbeexpresseasthefunction:

p(d, i|h) = Pr{A nodeatdepthd andcolumns is selectedn programh }, 4

wherewe assumethat p(d, i|h) is zerofor all the coordinategd, ) which represent
inexistentnodesin h.* For exampleif we considetthetreein Fig. 4 andwe selectnodes
with uniform probability, thenp(d, i|h) = § if (d,i) isanodep(d, i|h) = 0 otherwise.
If insteadwe selectfunctionswith aprobability0.9andany nodewith aprobability0.1,
likein standardsPcrossweer[6], thenp(0,0|h) = p(1,0|h) = p(1,1]|h) = p(2,4|h) =
0.2375, p(2,0lh) = p(2,1|h) = p(2,3|h) = p(3,12|h) = 0.0125, andp(d,ilh) = 0
for all othercoordinatepairs.

Therearemary possibleusesfor p(d, ¢|h) andotherprobability distributionsover
nodereferencesystemgsee[13]). However, herewe will concentrateon their usein
modellingcrossaer operators.

In generaln orderto modelcrosswer operatorsve needto usethe following con-
ditional probability distribution function overthe spaceN*:

A nodeatdepthd; andcolumni, is selectedn parenth, and}
)

p(dy, i1, dz,2|hy, he) = Pr {anodeatdepthd2 andcolumni, is selectedn parenths

with thecon/entionp(dl, il, d2, izlhl, hz) =0if N(dl, il, hl) =0 OrN(dz, iz, h2) =
#, where N(d,i,h) is the namefunction definedin Sec.4. If the selectionof the
crosswer pointsis performedndependentlyn thetwo parentsthen

p(dy,i1,d2,i2]ha, he) = p(di,i1]h1) - p(dz,ialhe),

wherep(d, i|h) is definedin Eq.4. Wewill call sepaablecrossweroperatorgor which
thisrelationis true.

Standarccrosseer is a separabl@perator Indeed,assuminguniform selectionof
thecrosswer points,

S(N(dr, i1, h1) # 0)0(N(da, iz, ha) # 0) 5)
N(h1)N (h2) ’

* For this probability distribution we usethe notationp(d, i|h) ratherthanp(d, i, h) to empha-
sisethefactthatp(d, i|h) canbe seenasthe conditionalprobability of selectingnode(d, 7) if
(or giventhat)the programbeingconsidereds h. In therestof the paperwe will dothesame
for otherprobabilitiesdistributions.

Dstaunit(di,i1,da,i2|h1, ho) =



whereN (h) = S(0, 0, h) is thenumberof nodesin h.
For standardcrosswer with a 90%-function/10%-ay+-node selectionpolicy, it is
easyto show that

Pstdgo/10(d1, 01, d2,da|hy, ha) = (6)
F(dl,il,hl) 5(N(d177:17h‘1) ¢®)>
(O'gzd S Fdih) O NG X
F(dg,iz,ha) 6(N(d277:27h‘2) ;é @))
(0.92d Z, F(d,i, ha) + 0.1 N (o) ,

whereF'(d, i, h) is thefunction-nodeunctiondefinedin Sec.4.

In somecrosswer operatorghe selectionof the cross@er pointsin thetwo parents
is notperformedndependentlyFor examplein one-pointcrosseer, thefirstandsecond
crosswer points musthave the samecoordinatesin this case,if we assumdo usea
uniform probability of nodeselectionthen

]./NC(hl, h2) if (dlail) = (d2ai2) and
Prp(dy,in, da,ialhy, hy) = (d1,11) € C(hy1, h2), (7)
0 otherwise,

whereNC(hy, hs) is the numberof nodesin the commonregion C'(hy, h2) between
programh; and programhs. This can also be expressedusing the commonregion
membershigunction A(ds, i1, ds, 12, h1, h2) definedin Sec.4 (see[13)):

A(dy, iy, d2y iz, by, ho)
NC(h1, h2)

Pipt(di,i1,d2,92]h1, ho) =

Similarly, it is possibleto model strongly typed GP crosseer [9] and context-
preservingcrosseer[3] usingthefunctionsdefinedin Sec.4 obtaining:

. . TM(dy,i1,dz, iz, by, ho)
S d ) 7d ) h 7h = - . ’
ptgp( 1,1, da, da| P, he) Zdl Zz.l ng Eig TM(dy,i1,d2, 02, h1, he)

. . _ PM(dl,i1;d27i27h17h2)
pcontext(dhlh d2722|h17 hz) - Edl Ez’l PM(db i1,d1,%1, ha, hZ) .

Mostothersubtree-sw@ppingcrosseeroperatorcanbemodelledusingprobability
distribution functionsover nodereferencesystemgsee[13] for otherexamples).

Thanksto theseprobabilisticmodelsof crosseer, it is possibleto developageneral
schemaheoryfor GPasdescribedn thefollowing sections.

6 Micr oscopicExact GP SchemaTheorem for Subtree-swapping
Crosswers

For simplicity in this andthe following sectionswe will usea singleindex to identify
nodesunlessotherwisestated We cando this becauseasindicatedin Sec.3, thereis a
one-to-onenappingbetweerpairsof coordinate@ndnaturalnumbers.



In orderto obtaina schemaheoryvalid for subtree-swppingcrosseers,we need
to extendthe notion of hyperschemaummarisedn Sec.2. We will call this new form
of hyperschema Variable Arity Hypeischemaor VA hypeischemafor brevity.

Definition 1. AVariableArity hyperschemis a rootedireecomposeafinternalnodes
fromthesetZ U {=, #} andleavesrom7 U {=, #}, whee F andT are thefunction
andterminal sets.The opemator = is a “don’t care” symbolswhich standsfor exactly
onenode theterminal# standsfor anyvalid subtiee while the function# standsfor
exactlyonefunctionof arity not smallerthanthe numberof subteesconnectedo it.

ForexampletheVA hyperschem& x (+ = #)) representall theprogramswith
the following characteristicsa) the root nodeis ary functionin the function setwith
arity 2 or higher, b) the first algumentof the root nodeis the variablex, c) the second
argumentof therootnodeis +, d) thefirst algumentof the + is any terminal,e) thesec-
ondargumentof the + is ary valid subtreelf theroot nodeis matchedoy afunction of
arity greaterthan2, thethird, fourth, etc.agumentsf suchafunctionareleft unspec-
ified, i.e. they canbe ary valid subtree VA hyperschematgeneraliseanostprevious
definitionsof scheman GP (see[13]).

Thanksto VA hyperschematandto the notion of probability distributions over
nodereferencesystemsit is possibleto obtainthefollowing generakesult:

Theorem 1. Thetotal transmissiorprobability for a fixed-size-and-shap8P schema
H undera subtiee-swappingrosswer operator and no mutationis

Pao Y Y plhe,t)p(ha,t) DY " pli, jlha, ha)3(hy € U(H, ))5(hy € L(H, i, j))
h1  ha i€EH j

wheee: p,, is thecrosswer probability; p(H, t) is theselectiorprobability of theschema
H; thefirsttwo summationsre overall theindividualsin the population;p(h1, t) and
p(he,t) aretheselectiorprobabilitiesof parentsh; andh., respectivelythethird sum-
mationis over all the crosswer points(nodes)in the schemaH ; the fourth summation
is over all the crosswer pointsin the noderefelencesystemp(i, j|h1, ha) is the prob-
ability of selectingcrosswer points in parenth; and crosswer point j in parenths;
d(z) isafunctionwhich returnslif z istrue, O otherwise;L(H, i, j) is thehypesctema
obtainedby rooting at coordinate j in an emptyrefeencesystenthe substiemaof H
below crosswer point 4, then by labelling all the nodeson the path betweemode j
and the root nodewith # functionnodes,and labelling the argumentsof thosenodes
which are to theleft of suc a pathwith # terminalnodes;U (H, i) is thehypescema
obtainedby replacingthe subteebelowcrosswer pointi with a # node

Thehyperschem.(H, 1, j) representthesetof all programsvhosesubtregooted
atcrossw@er point j matcheshe subtreeof H rootedin node:. Theideabehindits def-
inition is that,if onecrossesver at point j anyindividual matchingL(H,, j) andat
point: anyindividualmatchingU (H, ), theresultingoffspringis alwaysaninstanceof
H . Beforewe proceedwith theproof of thetheorem)et ustry to understandvith exam-
pleshow L(H,1, ) isbuilt (referto Sec.2 andFig. 1 to seehow U (H, ) is built). In the
exampleswe will use2-D coordinatego designatehe nodesi andj. Let us consider
theschemaH =(* = (+ x =)) . Asindicatedin Fig. 5(a), L(H, (1,0), (1,1)) is
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Fig. 5. Phase theconstruction®f the VA hyperschemauilding block L(H, (d1,%1), (d2, i2))
of theschemaH =(* = (+ x =)) within anodecoordinatesystemwith a,,q., = 2 for: (a)

(d1,i1) = (1,0) and(ds, i2) = (1, 1) and(b) (d1,41) = (1, 1) and(ds, i») = (2, 2).

obtainedthroughthe following steps:a) we root the subschemaelow crosseer point
(1,0), i.e.thesymbol=, atcoordinateg1, 1) in anemptyreferencesystembp) we label
the nodeat coordinateg0, 0) with a# functionnode(in this casethis is the only node
onthe pathbetweemode(1, 1) andtheroot), andc) we labelnode(1,0) with a # ter
minal (thisis becausehenodeis to theleft of the pathbetween(1, 1) andtheroot, and
it is anargumentof oneof the nodesreplacedwith #). Anotherexampleis providedin
Fig.5(b),whereL(H, (1,1), (2,2)) is obtainedhroughthefollowing stepsFirstly, we
rootthesubschemaelow crosswerpoint (1,1), i.e.thetree(+ x =), atcoordinates
(2,2) in anemptyreferencesystemNote thatthis is not just arigid translation:while
the + is translatedo position (2, 2), its agumentsneedto be translatedmore,i.e. to
positions(3,4) and (3, 5), becausef the natureof the referencesystemused.Then,
we labelthe nodesat coordinateg0, 0) and (1, 1) with # functions(thesetwo nodes
areonthe pathbetweemode(2, 2) andtheroot). Finally, we labelnode(1,0) with a#
terminal(this nodeis the only argumentof oneof thenodeseplacedwith # to beto the
left of the pathbetween(2, 2) andtherootnode).

Oncetheconcepiof L(H, 1, j) is available,thetheoremcaneasilybe proven.

Proof. Letp(hi, ha, 1, j,t) betheprobabilitythat,atgeneratiort, theselection/crosseer
procesvill chooseparentsh; andh, andcrosseerpointsi andj. Then,letusconsider



thefunction
g(hlah%i;j; H) = 5(h1 € U(H77’))5(h2 € L(H,l,]))

Giventwo pareniprogramsh; andhs, andaschemaof interestH , thisfunctionreturns
thevaluel if crossingover hy at positioni andhs at positionj yields anoffspringin

H. It returnsO otherwise.This function canbe considerecasa measuremerfunction
(see[2]) thatwe wantto applyto the probability distribution of parentsandcrosswer
pointsattime ¢, p(hi1, ha, i, j,t). If h1, he, i andj are stochastiovariableswith joint

probability distribution p(h1, he, 1, 4, %), the function g(hy, h2, 4, j, H) canbe usedto

defineastochastiovariabley = g(hy, ho, 4, j, H). Theexpectedvalueof - is:

Bl =335 g(ha, hayi, §, H)p(ha, ha, i, j, 1) ©)

hi he 4 3

Since is abinary stochastiosariable,its expectedvaluealsorepresenthe proportion
of timesit takesthe value 1. This correspondso the proportionof timesthe offspring
of h; andhy arein H.

We canwrite

p(hla h27 i7j7 t) = p(’L?thh h2)p(h1 ) t)p(h27 t)a (10)

wherep(i, j|h1, h2) is the conditionalprobability thatcrosseer points: andj will be
selectedvhenthe parentsare by andh,, while p(hy,t) andp(hs,t) arethe selection
probabilitiesfor the parents SubstitutingEq. 10 into Eq. 9 andnotingthatif crosswer
points is outsidetheschemaH , thenL(H, i, j) andU (H, i) areemptysets Jeadto

Bl =Y p(hi,t)p(ha, t) Y > g(ha, ha,i, 5, H)p(i, jlha, ha).  (11)

h1  ha icH j

The contritutionto a(H, t) dueto selectionfollowed by crosseeris E[]. By multi-
plying thisby p,., (theprobabilityof doingselectiorfollowedby crosseer)andadding
theterm (1 — p,,)p(H,t) dueto selectiorfollowedby cloningoneobtainsther.h.s.of
Eq.8. |

7 MacroscopicExact GP SchemaTheorem

In orderto transformEq. 8 into an exact macroscopiaescriptionof schemapropa-
gationwe will needto make one additionalassumptioron the natureof the subtree-
swappingcrosseersused:thatthe choiceof the crosseer pointsin ary two parents,
hi andhs, depend®only on their shapes(G(h,) andG(h2), noton the actuallabelsof

theirnodesj.e.thatp(i, j|h1, ha) = p(i, j|G(h1), G(h2)). Wewill termsuchoperators
node-irvariantcrosseers.

Theorem 2. Thetotal transmissiorprobability for a fixed-size-and-shap8P schema
H undera node-irvariantsubtiee-swappingrosswer operator and no mutationis

a(H,t) = (1 = pro)p(H,t) + 12)
Dzo Z Z Zp(za.”Gk: Gl)p(U(H7Z) N Gk7t)p(L(H7 17.7) N Gl7t)7

ki i€H j



wheie the schemataGGy, G, - - - are all the possiblefixed-size-and-shamehemataof

order O (program shapes)nd the other symbolshavethe samemeaningasin Theo-
reml.

Proof. Theschematds;, Gs, - - - representlisjointsetsof programsTheirunionrepre-
sentshewholesearctspaceSo, )", d(h1 € Gi) = 1. Likewise,>", 6(h2 € G;) = 1.
If weappendhel.h.s.of theseequationsattheendof thetriple summatiorin Eq.8 and
reordertheterms,we obtain:

> > plha,t)p(ha, ) DD pli jlha, ha) x

k,. h1i,hs i€H j
§(hy € U(H,i))3(hy € Go)o(hs € L(H,i,5))3(hs € G1)

- Z Z p(ha, t)p(ha, t) x

k, h1€G,h2€G,
> p(i, dlha, ho)d(ha € U(H, ))5(hs € L(H, i, 5)).
i€H j

For node-irvariantcrosswer operatorsp(i, j|hi, ha) = p(4,j|G(h1),G(ha)), which
substitutednto the previousequationgives:

Z Z p(h17 t)p(hz, t) X

k,0 h1E€GE,ha€G)

>N (6, 5|G (), G(ha))d(hy € U(H,i))8(hy € L(H, i, 5))

icH j

=3 Y p(,tp(ha,t)

k,l h1€G,ha€G)

> (6, §|Gr, G)3(hy € U(H,i))é(he € L(H, i, j))

i€H j
=33 "p(0,5IGk, Gr) Y plha,t)3(ha € U(H,i)) x
k\l icH j h1€Gy

~~

p(U(H,i)NGy,t)

Z p(h2at)5(h2 € L(H,’t,])),
h2€Gy

]

P(L(H,i,))NG1,0)
which completeghe proof of thetheorem. O
ThesetsU(H,i) N Gy and L(H,1i,5) N G, eitherare (or canbe representedby)
fixed-size-and-shapgchemataor are the empty setf. So, the theoremexpresseshe

total transmissiorprobability of H only using the selectionprobabilitiesof a set of
lower- (or same-)orderschemata.

8 Applications and Specialisations

In this sectionwe give examplesthatshav how thetheorycanbe specialisedo obtain
schemaheoremdor specificcrosswer operatorsandwe illustratehow it canbeused



to obtainothergeneratheoreticakesults suchasanexactdefinitionof effectivefithess
andasize-&olution equationfor GP

8.1 MacroscopicExact SchemaTheoremfor GP with Standard Crossaer

Letusapply Theoren® to standardrosswer. It is easyto shawv thatstandaratrosseer
is nodeinvariant(see[13]). So, we can substitutethe expressionof p(i, j|G, G;) in
Eq. 12 with theexpression

obtainedfrom Eq.5. Thisyields

Oé(H,t) (l_pwo Ht +pwoZZZMX

k)l icH j
ﬂN@Gﬂ#m

Fromthiswe obtain

Theorem 3. Thetotal transmissiorprobability for a fixed-size-and-shap8P schema
H understandad crossaer with uniformselectionof crossawer pointsis

<ﬂHﬂ-ﬂl—md(Ht) (13)
Pzo U(H,i) NGy, t)p(L(H,i,5) N Gi,t).
Z N Gk zEHZﬂG’k J;l * l

If onefurtherspecialiseshisresultto thecaseof linearstructuregse€13]), theschema
theoremfor linearstructuregeportedn [20] is obtained.

8.2 Size-&volution Equation for GP with Subtree-swappingCrosswer

Let uscall symmetricary cross@er operatorfor which p(i, j|h1, he) = p(J,i|h2, h1).
Then,by usingthemicroscopicschemadheoremin Eq.8 it is possibleo prove (se€[13])
thefollowing

Theorem4. Theexpectedneansizeof theprogramsat geneationt + 1, E[u(t + 1)],
in a GP systemwith a symmetricsubtree-swappingrosswer operator in the absence
of mutationcanequivalentlybe expressedn microscopicform as

)= N(hp(h,t), (14)

heP

wheie P denoteghe population,or in macioscopicform as

Elu(t+1)) ZNG, (G, 1). (15)



Thetheoremis importantbecauset indicatesthatfor symmetricsubtree-swapping
crosswer operatorgdhe meanprogramsize evolvesasif selectiononly wasactingon
the population.This meanghatif thereis a variationin meansize,like for examplein
the presencef bloat, that canonly be attributedto someform of positive or negative
selectve pressuren someor all theshapes7,.

Fromthistheoremit followsthaton a flat landscape

Elu(t +1)] ZNG, (G, t) ZNG, G“)

(or E[u(t +1)] = >, N(Gi)a(G,t — 1) for infinite populations)whereby
Corollary 1. Onaflatlandscape

Elu(t + 1)] = p(?)- (16)

For infinite populationsthe expectatioroperatorcanberemovedfrom the previous
theoremandcorollary. In [20] we obtainedmore specificversionsof theseresultsfor
one-pointcrosseerandstandarccross@er actingon linear structures.

8.3 Effective Fitnessfor GP with Subtree-SwappingCrosswers

Oncean exact schematheoremis available, it is easyto extendto GP with subtree-
swappingcrosseersthe notionof effective fithessprovidedin [22, 23):

a(H,t)

feff(Hat) = p(H t)

f(H, ). 17)

By usingthis definitionandthevalueof a(H, t) in Eq. 12, we obtainthefollowing

Theorem5. Theeffectivefitnessof a fixed-size-and-shapggP schemaH underanode-
invariant subtiee-swappingrossoer operator andno mutationis

fe(H, 1) = f(H, 1) [1 = pyo x (18)
p(U(H, i) 0 G, Op(L(H, i,5) N G, )
(132 3 eaGuG® WD =)l

This resultgivesthetrue effectivefitnessfor a GP schemaundersubtreeswapping
crosseer: it is notanapproximatioror alower bound.
It is possibleto specialisehis definitionto standardtrosseer:

Corollary 2. Theeffectivefitnessof a fixed-size-and-shapgP schemaH understan-
dard crosswer with uniformselectionof crosswer pointsis

ferr(H, ) = F(H,8)[1 = pro (19)

(l_z Z Zp (H,i) ﬂGk), )(C(;l)(I({z,]))ﬂGl,))]‘

k, i€eHNG jEG,

In futurework we intendto comparethis definitionwith the approximatenotionsof
effective fithessandoperatoradjusteditnessintroducedn [10] and[4], respectiely.



9 Conclusions

In this papera new generalschemaheoryfor geneticporogrammings presentedThe
theoryincludestwo mainresultsdescribingthe propagatiorof GP schemataa micro-
scopicschemaheoremanda macroscopione. The microscopicversionis applicable
to crosswer operatorsvhich replacea subtreein one parentwith a subtreefrom the
other parentto producethe offspring. The macroscopicversionis valid for subtree-
swappingcrosseer operatorsn which the probability of selectingary two crossaer
pointsin the parentsdependsnly on their sizeand shape Therefore thesetheorems
arevery generalndcanbeappliedto modelmostGP systemausedin practice.

Lik e otherrecentschematheoryresults[22, 23, 14, 12], our theory givesan ex-
act formulation (ratherthan a lower bound)for the expectednumberof instancesf
a schemaat the next generationOne specialcaseof this theoryis the exact schema
theoremfor standardcrosseer: aresultthathasbeenawaitedfor mary years.

As showvn by somerecentexplorationsreportedin [20, 8], exact schemaheories
canbe used,for example,to studythe exact schemaevolution in infinite populations
over multiple generationsto make comparisonbetweerdifferentoperatoraandiden-
tify their biasesto studythe evolution of size,andinvestigatebloat. Also, asdiscussed
in [15] for one-pointcrosseer, exactmacroscopitheoriesopentheway to futurework
on GP corvergence populationsizing, anddeceptiononly to mentionsomepossibil-
ities. In the future we hopeto usethe generalschemaheoryreportedin this paperto
obtainnew generakesultsin atleastsomeof theseexciting directions.
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