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Abstract. In this papera new, generalandexactschematheoryfor geneticpro-
grammingis presented.The theoryincludesa microscopicschematheoremap-
plicableto crossover operatorswhich replacea subtreein oneparentwith a sub-
treefrom theotherparentto producetheoffspring.A moremacroscopicschema
theoremis alsoprovidedwhichis valid for crossoveroperatorsin whichtheprob-
ability of selectingany two crossover pointsin theparentsdependsonly on their
sizeandshape.The theoryis basedon the notionsof Cartesiannodereference
systemsandvariable-arityhyperschematabothintroducedherefor thefirst time.
In thepaperwe provide exampleswhich show how thetheorycanbespecialised
to specificcrossoveroperatorsandhow it canbeusedto deriveanexactdefinition
of effective fitnessandasize-evolution equationfor GP.

1 Intr oduction

Schematheoriesoftenprovide informationabouta propertyof a subsetof thepopula-
tion (a schema)at thenext generationin termsof macroscopicquantities,like schema
fitnesses,populationfitness,or numberof individualsin aschema,measuredat thecur-
rent generation.Someschematheoriesexpressthe samemacroscopicpropertyusing
only microscopicquantities,suchasthe fitnessesof all the individualsin the popula-
tion, or a mixtureof microscopicandmacroscopicquantities.We will referto theseas
microscopicschematheoriesto differentiatethemfrom the purely macroscopicones.
This distinctionis importantbecausethe latter aresimplerandeasierto analysethan
theformer.

Thetheoryof schematain geneticprogramminghashada difficult childhood.Af-
ter someexcellent early efforts leadingto different worst-case-scenarioschemathe-
orems[6, 1, 11, 24, 17, 21], only very recentlyexact schematheorieshave become
available[14, 12] which giveexactformulations(ratherthanlowerbounds)for theex-
pectednumberof instancesof aschemaat thenext generation.Theseexacttheoriesare
applicableto GPwith one-pointcrossover [16, 17, 18]. No exactmacroscopicschema
theoryfor standardcrossover(or any otherGPcrossover)haseverbeenproposed.

This paperfills this theoreticalgapandpresentsa new exact generalschemathe-
ory for geneticprogrammingwhich is applicableto standardcrossoveraswell asmany
othercrossoveroperators.Thetheoryincludestwo mainresultsdescribingthepropaga-
tion of GPschemata:amicroscopicschematheoremandamacroscopicone.Themicro-
scopicversionis applicableto crossoveroperatorswhichreplaceasubtreein oneparent
with a subtreefrom the otherparentto producethe offspring.So, the theoremcovers



standardGPcrossover [6] with andwithout uniform selectionof thecrossover points,
one-pointcrossover [17, 18], size-fair crossover [7], strongly-typedGP crossover [9],
context-preservingcrossover [3] and many others.The macroscopicversionis valid
for a large classof crossover operatorsin which the probability of selectingany two
crossover points in the parentsdependsonly on their size and shape.So, for exam-
ple, it holdsfor all theabove-mentionedcrossover operatorsexceptstronglytypedGP
crossover.

The paperis organisedasfollows. Firstly, we provide a review of earlierrelevant
work on schematain Sec.2. Then,in Sec.3, we introducethenotionof nodereference
systemsandwe useit in Sec.4 to definetheconceptof functionsover them.Then,in
Sec.5 we show how theseideascanbeusedto build probabilisticmodelsof different
crossoveroperators.We usetheseto derive a generalmicroscopicschematheoremfor
GP with subtree-swappingcrossover in Sec.6. We transformthis into a macroscopic
schematheoremin Sec.7. In Sec.8 we giveanexamplethatshowshow thetheorycan
bespecialisedto obtainschematheoremsfor specifictypesof crossoveroperators,and
we illustratehow it canbeusedto obtainothergeneralresults,suchasasize-evolution
equationandanexactdefinitionof effectivefitnessfor GP. Someconclusionsaredrawn
in Sec.9.

2 Background

Schemataare setsof points of the searchspacesharingsomesyntacticfeature.For
example,in the context of GAs operatingon binary strings,syntacticallya schemais
a string of symbolsfrom the alphabet

�
0,1,* � , wherethe character* is interpretedas

a “don’t care”symbol.Typically schematheoremsaredescriptionsof how thenumber
of membersof thepopulationbelongingto a schemavary over time. If we denotewith�������
	
� the probability thata newly createdindividual samplesthe schema� , which
wetermthetotal transmissionprobabilityof � , anexactschematheoremis simply[19]�� � �����
	���������������������	
��� (1)

where � is the populationsize,
� �����
	�� ��� is the numberof individuals in � at

generation	!�"� and
�#%$ � is theexpectationoperator. Holland’s[5] andotherworst-case-

scenarioschematheoriesnormallyprovide a lower boundfor ��������	
� or, equivalently,
for
�� � ������	������&� .
Obtainingtheoreticalresultsfor GPusingtheideaof schemais muchlessstraight-

forward thanfor GAs. A few alternative definitionsof schemahave beenproposedin
the literature[6, 1, 11, 24, 17, 21], but for brevity herewe will describeonly thedefi-
nition introducedin [17, 18]. This is usedin therestof this paper. We will referto this
kind of schemataasfixed-size-and-shapeschemata.

Syntacticallya GP fixed-size-and-shapeschemais a tree composedof functions
from the set ' ( � � � andterminalsfrom the set )*( � � � , where ' and ) arethe
function andterminalsetsusedin a GP run. The primitive � is a “don’t care” sym-
bol which standsfor a single terminalor function.A schema� representsprograms
having the sameshapeas � andthe samelabelsfor the non-� nodes.For example,
if ' =

�
+, * � and ) =

�
x, y � theschema(+ x (= y =)) representsthefour pro-

grams (+ x (+ y x)) , (+ x (+ y y)) , (+ x (* y x)) and
(+ x (* y y)) .



In [17, 18] a worst-case-scenarioschematheoremwasderived for GP with point
mutationandone-pointcrossover. One-pointcrossover worksby selectinga common
crossover point in theparentprogramsandthenswappingthecorrespondingsubtrees,
like standardcrossover. To accountfor thepossiblestructuraldiversityof thetwo par-
ents,one-pointcrossover analysesthetwo treesfrom theroot nodesandconsidersfor
theselectionof thecrossover point only thepartsof thetwo trees,calledthecommon
region, whichhavethesametopology.1 As discussedin [15], thetheoremin [17, 18] is a
generalisationof Holland’sschematheoremto variablesizestructures.This resultwas
improved in [14, 12] wherean exact schematheoryfor GP with one-pointcrossover
wasderivedwhich wasbasedon the notion of hyperschema.A GP hyperschemais a
rootedtreecomposedof internalnodesfrom ' ( � � � andleavesfrom )+( � �,��- � .
Again, = is a “don’t care”symbolswhich standsfor exactly onenode,while # stands
for any valid subtree.For example,thehyperschema(* # (= x =)) representsall
theprogramswith thefollowingcharacteristics:a) therootnodeis aproduct,b) thefirst
argumentof therootnodeis any valid subtree,c) thesecondargumentof theroot node
is any functionof arity two, d) the first argumentof this function is the variablex , e)
the secondargumentof the function is any valid nodein the terminalset.Oneof the
resultsobtainedin [12] is thefollowing macroscopicmodel�������
	
�.�/�0��13254768�92:�����
	
��� (2)25476<;>= ;>= �?A@ ��B = ��BDC�� ;E9FHGJILK:M�N KPORQ 2:�TSU������V&��W3B = ��	
�X2P��YZ�����
V0��W3B C ��	
�
where:25476 is thecrossoverprobability;2:�����
	
� is theselectionprobabilityof theschema� ;2 B\[ , B^] , $8$!$ areall thepossibleprogramshapes,i.e.all thepossiblefixed-size-and-
shapeschematacontaining= signsonly;

?A@ ��B = �_BDC�� is the numberof nodesin the
commonregion betweenshapeB = andshapeB C ; ` ��B = �_B C � is the setof indicesof
the crossover points in sucha commonregion; Ya������V0� is the hyperschemaobtained
by replacingall the nodeson the path betweencrossover point V and the root node
with = nodes,andall the subtreesconnectedto thosenodeswith # nodes;SU������V&� is
the hyperschemaobtainedby replacingthe subtreebelow crossover point V with a #
node.3 The stepsinvolved in the constructionof YZ�����
V0� and Sb�����
V0� for the schema�c� (* = (+ x =)) areillustratedin Fig. 1. If acrossoverpoint V is in thecommon
regionbetweentwo programsbut it is outsidetheschema� , then Ya������V&� and Sb������V0�
areemptysets.ThehyperschemataYZ�����
V0� and Sb���d�
V0� areimportantbecause,if one
crossesover at point V any individual in YZ���d�
V0� with any individual in SU������V&� , the
resultingoffspringis alwaysaninstanceof � .

As discussedin [15], it is possibleto show that, in theabsenceof mutation,Eq. 2
generalisesand refinesnot only the GP schematheoremin [17, 18] but also Hol-
land’s [5] andmoremodernGA schematheory[22, 23].

1 Thecommonregion is definedformally in Sec.4, Eq.3.
2 In fitnessproportionateselectionegf9hUi�j0k�lnm3f9hbiTj&k&ogf9hUi�j0k&p>f�qcrosftj0k&k , wherem3f9hbiTj&k is the

numberof stringsmatchingtheschemah at generationj , ogf9hbiTj0k is their meanfitness,androgftj0k is themeanfitnessof thestringsin thepopulation.
3 Eq.2 is in a slightly differentform thantheresultin [12]. However, thetwo resultsareequiv-

alentsince uvf�w�x>i�wzyXk<l{uvf�wzy�i�w�x�k and |U}\f�w�x>i
wzytk:l~|�}\f�wzy�i
w�x�k .
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Fig.1. Exampleof schemaandsomeof its potentialhyperschemabuilding blocks.Thecrossover
pointsin h arenumberedasshown in thetop left.

3 NodeReferenceSystems

Givenasyntaxtreelike,for example,theonein Fig.2whichrepresentstheS-expression
(A (B C D) (E F (G H))) , therecan be different methodsto indicateunam-
biguouslythepositionof oneparticularnodein thetree.Onemethodis to usethepath
from theroot node[3]. Thepathcanbespecifiedindicatingwhich branchto selectto
find thetargetnodefor every nodeencounteredstartingfrom theroot of thetree.This
referencesystempresentsthe disadvantageof not correspondingto our typical notion
of aCartesianreferencesystem,becausethenumberof coordinatesnecessaryto locate
a nodegrowswith thedepthof thenodein thetree.

A betteralternative from this point of view is to organisethenodesin thetreeinto
layersof increasingdepth(seeFig. 3), to align themto the left andandthento assign
an index to eachnodein a layer. Thelayernumber� andthe index V canthenbeused
to definea Cartesiancoordinatesystem.So,for example,nodeG in Fig. 2 would beat
coordinates(2,3).This referencesystempresentstheproblemthat it is not possibleto
infer thestructureof a treefrom thecoordinatesof its nodes.

A coordinatesystemsimilar to this onebut without this problemcanbedefinedby
assumingthatthetreesto representhavenodeswith aritiesnotbiggerthanapredefined
maximumvalue �����
� . Thenonecoulddefineanode-referencesystemliketheprevious
one for the largestpossibletree that can be createdwith nodesof arity � ����� . This
maximaltreewould include1 nodeof arity � ����� at depth0, � ���
� nodesof arity � ���
�
atdepth1, � ]����� nodesof arity ������� atdepth2, etc..Finally onecouldusethemaximal
systemalsoto locatethenodesof non-maximaltrees.This is possiblebecausea non-
maximal tree can always be describedusing a subsetof the nodesand links in the
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Fig.3. A Cartesiannodereferencesystem.
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Fig.4. Tree-independentCartesiannodereferencesystem.The syntaxtreefor the program(A
(B C D) (E F (G H))) is drawn with solid lines.Nodesandlinks of themaximaltreeare
drawn with dashedlines.

maximaltree.This is illustratedin Fig. 4 assuming� ���
� ��� . So, for example,node
G in Fig. 2 would have coordinates(2,4)while nodeH would have coordinates(3,12).
In this referencesystemit is alwayspossibleto find therouteto therootnodefrom any
givenvalid pair of coordinates.Also, if onechooses����� 4 to bethemaximumarity of
thefunctionsin thefunctionset,it is possibleto usethis referencesystemto represent
thestructureof any programin any population.Becauseof theseproperties,wewill use
this referencesystemin therestof thispaper.

As clarifiedin thefollowing section,it is sometimesnecessaryto beableto express
thelocationof nodesin differenttreesat thesametime. In this casewe canextendthe
node-referencesystemsjust introducedby concatenatingthecoordinatesof thenodesin
eachreferencesysteminto a singlemulti-dimensionalcoordinatevector. For example,
we canindicatetwo nodes,� � [��
V
[�� in onetreeand � � ]>��V�]�� in anothertree,at thesame
timeusingthepoint � � [ �
V [ � � ] �
V ] � in a four-dimensionalcoordinatesystem.

Finally, it shouldbe notedthat in the Cartesianreferencesystemin Fig. 4 it is
possibleto transformpairsof coordinatesinto integersby countingthe nodesin the
referencesystemin breadth-firstorder. Conversely, it is alsopossibleto mapintegers



into nodecoordinatesunambiguously. Wewill usethispropertyto simplify thenotation
in someof thefollowing sections.

4 Functions over NodeReferenceSystems

Given a nodereferencesystemit is possibleto definefunctionsover it. An example
of suchfunctionsis a functionwhich representsa particularcomputerprogram.If one
considersthe program � onecould defineit asthe function � � � �
V0� which returnsthe
nodein � storedat position � � ��V0� if � � �
V0� is a valid pair of coordinates.If � � �
V0� is
not in � thena conventionaldefault value, � , is returnedto representtheabsenceof a
node.For example,for the program � =(A (B C D) (E F (G H))) represented
in Fig. 4, this function would returnthe following values: � ���������,��� , � �
�H�����,��� ,� �
�H�8�7����� , � �0�H���H��� � , � �T���_������� , � �����8������� , � �����_����� � , � ������������  ,� �T���
¡��¢�¤£ , � �T���_¥��¢� � , etc..So,programscanbe seenasfunctionsover the space¦ ]

. Below wewill referto � � � �T§�� asthenamefunctionfor � andwewill denoteit with¨ � � �
V�� � � .
Otherexamplesof nodefunctionsinclude:

– The sizefunction © � � �
V�� � � which representsthe numberof nodespresentin the
subtreerootedatcoordinates� � �
V0� in tree � , with theconventionthat © � � �
V�� � �J���
if � � �
V0� indicatesan inexistentnode.The size function canbe definedusing the
namefunction(see[13]).

– The arity function ª � � �
V�� � � which returnsthe arity of the nodeat coordinates� � �
V0� in � . For example,for the tree in Fig. 4, ª ���«����� � �3�¬� , ª �0�H�_��� � �3�¬� ,ª �T���8��� � �J�� and ª �T���
¡5� � �J��� .
– The typefunction ® � � ��V_� � � which returnsthedatatypeof thenodeat coordinates� � �
V0� in � .
– The function-nodefunction ¯ � � �
V�� � � which returns1 if the nodeat coordinates� � �
V0� is in � andit is a function,0 otherwise.Thenumberof internalnodesin � is

thereforegivenby °²±:° E ¯ � � �
V�� � � .
Similarly, it is possibleto definefunctionson multi-dimensionalnode-coordinate

systems.Usefulfunctionsof this kind include:

– Thepositionmatch function³�´ � � [ ��V [ � � ] ��V ] � � [ � � ] �J��µ � if � � [>�
V
[8�J�*� � ]��
V&]8� , ¨ � � [>�
V
[�� � [8�v¶� � and¨ � � ] �
V ] � � ] �v¶� � ,� otherwise.
– The typematch function·�´ � � [���V0[7� � ]H��V�]>� � [7� � ]!���/¸ � if ® � � [7�
V
[7� � [8�J� ® � � ]H�
V&]>� � ]�� ,� otherwise.
– Thecommonregionmembershipfunction:¹ � � [ �
V [ � � ] �
V ] � � [ � � ] �.�º»»»¼ »»»½

� if � � [7��V
[��J�/� � ]H��V�]��J�*�����_��� ,� if � � [7��V
[��J�/� � ]H��V�]�� ,ª � � [ 1¾�H��¿9V [8À �������!Á � � [ �J� ª � � ] 1¾�H��¿XV ]!À �������!Á � � ] � and¹ � � [�1Â�H��¿9V
[ À � ����� Á � � ]z1Ã����¿XV&] À � ���
� Á � � [�� � ]!�J�+� ,� otherwise,



where ¿ $ Á is the integer-part function.The notionof commonregion membership
functionallowsusto formalisethenotionof commonregion:` � � [�� � ]��J� � � � �
V0�.Ä ¹ � � ��V_� � ��V�� � [7� � ]!�J�*� ��Å (3)

5 Modelling Subtree-swappingCrossovers

Most geneticoperatorsusedin GPrequiretheselectionof a nodewhereto performa
transformation(e.g.theinsertionof arandomsubtree,or of asubtreetakenfrom another
parent)which leadsto the creationof an offspring. In mostcasesthe selectionof the
nodeis performedwith a stochasticprocessof somesort. It is possibleto modelthis
processby assumingthat a probability distribution is definedover the nodesof each
individual. If we usethenode-referencesystemintroducedin theprevioussection,this
canbeexpressedasthefunction:2:� � ��V�Ä � �J� ³.Æ � A nodeat depthÇ andcolumn È is selectedin programÉ5� � (4)

wherewe assumethat 2:� � ��V�Ä � � is zero for all the coordinates� � �
V0� which represent
inexistentnodesin � .4 For example,if weconsiderthetreein Fig.4 andweselectnodes
with uniformprobability, then2:� � ��V�Ä � �J� [Ê if � � �
V0� is anode,2:� � ��V�Ä � �J�� otherwise.
If insteadweselectfunctionswith aprobability0.9andany nodewith aprobability0.1,
likein standardGPcrossover[6], then2P���«���5Ä � �Ë�~2:�
�H���gÄ � �J�n2P�0���8��Ä � �Ë�{2:�T����¡gÄ � ���� Å �>��ÌH¥ , 2:�T�����gÄ � �a�²2P�����8��Ä � �Z�²2:�T�����gÄ � �a�²2P���«�8���5Ä � �Z� � Å �«���H¥ , and 2P� � �
V�Ä � �v� �
for all othercoordinatepairs.

Therearemany possibleusesfor 2:� � ��V�Ä � � andotherprobabilitydistributionsover
nodereferencesystems(see[13]). However, herewe will concentrateon their usein
modellingcrossoveroperators.

In generalin orderto modelcrossoveroperatorswe needto usethefollowing con-
ditional probabilitydistribution functionover thespace

¦PÍ
:2:� � [ �
V [ � � ] �
V ] Ä � [ � � ] �J� ³JÆ ¸ A nodeatdepthÇ�Î andcolumnÈ&Î is selectedin parentÉ5Î and

a nodeat depthÇHÏ andcolumn ÈTÏ is selectedin parentÉ�Ï Ð �
with theconvention2:� � [ �
V [ � � ] �
V ] Ä � [ � � ] �J��� if

¨ � � [ ��V [ � � [ ��� � or
¨ � � ] �
V ] � � ] �J�� , where

¨ � � �
V�� � � is the namefunction definedin Sec.4. If the selectionof the
crossoverpointsis performedindependentlyin thetwo parents,then2:� � [ �
V [ � � ] �
V ] Ä � [ � � ] �J�{2:� � [ �
V [ Ä � [ � $ 2:� � ] ��V ] Ä � ] ���
where2:� � �
V�Ä � � is definedin Eq.4.Wewill call separablecrossoveroperatorsfor which
this relationis true.

Standardcrossover is a separableoperator. Indeed,assuminguniform selectionof
thecrossoverpoints,25Ñ�Ò�Ó8ÔsÕ!Ö ×�� � [>�
V
[�� � ]��
V&]HÄ � [>� � ]!�J��Ø � ¨ � � [��
V
[7� � [8�a¶� � � Ø � ¨ � � ]H��V&]�� � ]!�v¶� � �¨ � � [ � ¨ � � ] � � (5)

4 For this probabilitydistribution we usethenotationesfXÇ�i�È
Ù É�k ratherthan esfXÇ�iTÈ0i&É�k to empha-
sisethefactthat esfXÇ�iTÈ
Ù É�k canbeseenastheconditionalprobabilityof selectingnode fXÇ�i&È�k if
(or giventhat)theprogrambeingconsideredis É . In therestof thepaper, we will do thesame
for otherprobabilitiesdistributions.



where
¨ � � �J� © �������«� � � is thenumberof nodesin � .

For standardcrossover with a 90%-function/10%-any-nodeselectionpolicy, it is
easyto show that2 Ñ�Ò�Ó�Ú
Û�Ü�[&Û � � [ ��V [ � � ] ��V ] Ä � [ � � ] �J� (6)Ý � Å Þ ¯ � � [>�
V
[�� � [��°ß±:° E ¯ � � �
V�� � [ � �{� Å � Ø � ¨ � � [��
V
[�� � [��D¶� � �¨ � � [ � à+áÝ � Å Þ ¯ � � ]��
V&]H� � ]!�°ß±:° E ¯ � � �
V�� � ] � �{� Å �gØ � ¨ � � ]H�
V&]�� � ]!�D¶� � �¨ � � ] � à �
where ¯ � � ��V�� � � is thefunction-nodefunctiondefinedin Sec.4.

In somecrossoveroperatorstheselectionof thecrossoverpointsin thetwo parents
is notperformedindependently.For examplein one-pointcrossover, thefirst andsecond
crossover pointsmusthave the samecoordinates.In this case,if we assumeto usea
uniformprobabilityof nodeselection,then2 [0â�Ò � � [ �
V [ � � ] �
V ] Ä � [ � � ] �J�¤µ � À ?A@ � � [>� � ]!� if � � [>�
V
[8�J�*� � ]��
V&]8� and� � [>�
V
[��zã ` � � [>� � ]!� ,� otherwise,

(7)

where
?A@ � � [>� � ]!� is the numberof nodesin the commonregion ` � � [�� � ]!� between

program � [ and program � ] . This can also be expressedusing the commonregion
membershipfunction

¹ � � [ ��V [ � � ] ��V ] � � [ � � ] � definedin Sec.4 (see[13]):2 [0â�Ò � � [ ��V [ � � ] �
V ] Ä � [ � � ] �.� ¹ � � [>�
V
[7� � ]H�
V&]>� � [�� � ]!�?A@ � � [7� � ]�� Å
Similarly, it is possibleto model strongly typed GP crossover [9] and context-

preservingcrossover [3] usingthefunctionsdefinedin Sec.4 obtaining:2«ä Ò�å�â � � [ ��V [ � � ] ��V ] Ä � [ � � ] �J� ·�´ � � [ �
V [ � � ] �
V ] � � [ � � ] �° ±�æ ° E æ ° ±�ç ° E ç ·�´ � � [>�
V
[7� � ]H�
V&]>� � [�� � ]!� �2«è&é_Õ�Ò�ê � Ò�� � [���V0[7� � ]H��V�]�Ä � [�� � ]��J� ³.´ � � [��
V
[7� � ]H�
V&]>� � [�� � ]!�°²± æ ° E æ ³�´ � � [ ��V [ � � [ ��V [ � � [ � � ] � Å
Mostothersubtree-swappingcrossoveroperatorscanbemodelledusingprobability

distribution functionsovernodereferencesystems(see[13] for otherexamples).
Thanksto theseprobabilisticmodelsof crossover, it is possibleto developageneral

schematheoryfor GPasdescribedin thefollowing sections.

6 Micr oscopicExact GP SchemaTheorem for Subtree-swapping
Crossovers

For simplicity in this andthe following sectionswe will usea singleindex to identify
nodesunlessotherwisestated.We cando this because,asindicatedin Sec.3, thereis a
one-to-onemappingbetweenpairsof coordinatesandnaturalnumbers.



In orderto obtaina schematheoryvalid for subtree-swappingcrossovers,we need
to extendthenotionof hyperschemasummarisedin Sec.2. We will call this new form
of hyperschemaa VariableArity Hyperschemaor VA hyperschemafor brevity.

Definition 1. A VariableArity hyperschemaisa rootedtreecomposedof internalnodes
fromtheset 'Â( � �,��- � andleavesfrom )Ã( � �,��- � , where ' and ) are thefunction
and terminalsets.Theoperator = is a “don’ t care” symbolswhich standsfor exactly
onenode, the terminal# standsfor anyvalid subtree, while the function# standsfor
exactlyonefunctionof arity not smallerthanthenumberof subtreesconnectedto it.

For example,theVA hyperschema(# x (+ = #)) representsall theprogramswith
the following characteristics:a) the root nodeis any function in the function setwith
arity 2 or higher, b) thefirst argumentof theroot nodeis thevariablex , c) thesecond
argumentof therootnodeis +, d) thefirst argumentof the+ is any terminal,e) thesec-
ondargumentof the+ is any valid subtree.If therootnodeis matchedby a functionof
arity greaterthan2, thethird, fourth,etc.argumentsof sucha functionareleft unspec-
ified, i.e. they canbe any valid subtree.VA hyperschematageneralisemostprevious
definitionsof schemain GP(see[13]).

Thanksto VA hyperschemataand to the notion of probability distributions over
nodereferencesystems,it is possibleto obtainthefollowing generalresult:

Theorem1. Thetotal transmissionprobability for a fixed-size-and-shapeGP schema� undera subtree-swappingcrossover operator andnomutationis�����d�
	
���*�0��132 476 �92:���d�
	
��� (8)25476<;Rë æ ;Lë ç 2P� � [ ��	
�X2:� � ] �
	
�<;E�FHì ;>í2P�9V��T§sÄ � [ � � ] � Ø � � [ ãdSU������V&��� Ø � � ] ã�YZ�����
V���§����
where: 2 4�6 is thecrossoverprobability; 2:�����
	
� is theselectionprobabilityof theschema� ; thefirst twosummationsareoverall theindividualsin thepopulation;2P� � [7��	
� and2:� � ] ��	
� aretheselectionprobabilitiesof parents� [ and � ] , respectively;thethird sum-
mationis over all thecrossover points(nodes)in theschema� ; thefourth summation
is over all thecrossover pointsin thenodereferencesystem;2P�9V��T§sÄ � [�� � ]�� is theprob-
ability of selectingcrossover point V in parent � [ and crossover point § in parent � ] ;Ø �9îg� is a functionwhich returns1 if î is true, 0 otherwise;YZ�����
V��T§�� is thehyperschema
obtainedby rootingat coordinate § in an emptyreferencesystemthesubschemaof �
belowcrossover point V , thenby labelling all the nodeson the path betweennode §
and the root nodewith # functionnodes,and labelling the argumentsof thosenodes
which are to theleft of such a pathwith # terminalnodes;Sb�����
V0� is thehyperschema
obtainedby replacingthesubtreebelowcrossover point V with a # node.

ThehyperschemaYZ�����
V���§�� representsthesetof all programswhosesubtreerooted
atcrossoverpoint § matchesthesubtreeof � rootedin nodeV . Theideabehindits def-
inition is that, if onecrossesover at point § any individual matchingYZ���d�
V��T§�� andat
point V anyindividualmatchingSb�����
V0� , theresultingoffspringis alwaysaninstanceof� . Beforeweproceedwith theproofof thetheorem,let ustry to understandwith exam-
pleshow YZ���d�
V��T§�� is built (referto Sec.2 andFig. 1 to seehow Sb�����
V0� is built). In the
examples,we will use2–D coordinatesto designatethenodesV and § . Let usconsider
the schema�ï� (* = (+ x =)) . As indicatedin Fig. 5(a), Ya�������0���������!�
�H�8�7�
� is



L(H,(1,0),(1,1))

*

= +

x =

0 1 2 3
Column

Layer

0

1

2

d

i

0 1 2 3
Column

Layer

0

1

2

d

i

=

0 1 2 3
Column

Layer

0

1

2

d

i

=

#

#

Crossover
Point Empty

Node

Path
to

Root

L(H,(1,1),(2,2))

*

= +

x =

0 1 2 3
Column

Layer

0

1

2

d

i

0 1 2 3
Column

Layer

0

1

2

d

i

3

+

x =

4 5

0 1 2 3
Column

Layer

0

1

2

d

i

3

+

x =

4 5

#

#

#

(a) (b)

Fig.5.Phasesin theconstructionsof theVA hyperschemabuilding block ð.f9hbi�fXÇ Î i&È Î k�i�fXÇHÏ8i&È�Ï�k&k
of theschemah�l (* = (+ x =)) within a nodecoordinatesystemwith ñHòPó�ôalÂõ for: (a)fXÇ�Î_i&È&Î�k�lf�ö�i&÷7k and fXÇ Ï i&È Ï k<lÂf�ö�i�ö�k and(b) fXÇ�Î�i�È0Î�k<lÂf�ö�i�ö�k and fXÇ Ï i&È Ï k�lf�õ�i
õ�k .
obtainedthroughthefollowing steps:a) we root thesubschemabelow crossover point�0�H�_��� , i.e. thesymbol=, at coordinates�
�H�8�7� in anemptyreferencesystem,b) we label
thenodeat coordinates�����_��� with a # functionnode(in this casethis is theonly node
on thepathbetweennode �0���8��� andtheroot), andc) we labelnode(1,0)with a # ter-
minal (this is becausethenodeis to theleft of thepathbetween�0���8��� andtheroot,and
it is anargumentof oneof thenodesreplacedwith #). Anotherexampleis providedin
Fig. 5(b),whereYZ�����!�
�H�!�����������_�H��� is obtainedthroughthefollowing steps.Firstly, we
root thesubschemabelow crossoverpoint �0���8�7� , i.e. thetree(+ x =) , at coordinates�������H� in anemptyreferencesystem.Note that this is not just a rigid translation:while
the + is translatedto position �����_��� , its argumentsneedto be translatedmore,i.e. to
positions ���«�
¡�� and ���«�_¥�� , becauseof the natureof the referencesystemused.Then,
we label the nodesat coordinates���«����� and �0�H�!��� with # functions(thesetwo nodes
areon thepathbetweennode �������H� andtheroot).Finally, we labelnode(1,0)with a #
terminal(thisnodeis theonly argumentof oneof thenodesreplacedwith # to beto the
left of thepathbetween�������H� andtherootnode).

Oncetheconceptof YZ�����
V���§�� is available,thetheoremcaneasilybeproven.

Proof. Let 2P� � [7� � ]>��V��T§��
	
� betheprobabilitythat,atgeneration	 , theselection/crossover
processwill chooseparents� [ and � ] andcrossoverpointsV and§ . Then,let usconsider



thefunction ø � � [�� � ]>��V_��§����A�J� Ø � � [vã�SU������V&��� Ø � � ]^ãùYZ�����
V���§���� Å
Giventwo parentprograms,� [ and � ] , andaschemaof interest� , thisfunctionreturns
thevalue1 if crossingover � [ at position V and � ] at position § yieldsanoffspringin� . It returns0 otherwise.This functioncanbeconsideredasa measurementfunction
(see[2]) thatwe want to apply to theprobabilitydistribution of parentsandcrossover
pointsat time 	 , 2P� � [7� � ]H�
V��T§��
	
� . If � [ , � ] , V and § arestochasticvariableswith joint
probability distribution 2:� � [>� � ]>�
V���§H��	
� , the function

ø � � [7� � ]H�
V��T§������ canbe usedto
defineastochasticvariableú � ø � � [ � � ] �
V��T§��_�A� . Theexpectedvalueof ú is:�� ú �s�û;Rë æ ;Rë ç ; E ;>í ø � � [ � � ] ��V��T§����A�92:� � [ � � ] �
V���§H��	
� Å (9)

Since ú is a binarystochasticvariable,its expectedvaluealsorepresenttheproportion
of timesit takesthevalue1. This correspondsto theproportionof timestheoffspring
of � [ and � ] arein � .

We canwrite 2:� � [�� � ]>��V_��§��
	
�J�{2:�9V���§gÄ � [�� � ]!�92:� � [>�
	
�X2P� � ]>��	
��� (10)

where2:��V_��§sÄ � [7� � ]�� is theconditionalprobability thatcrossover points V and § will be
selectedwhenthe parentsare � [ and � ] , while 2P� � [ �
	
� and 2P� � ] �
	
� arethe selection
probabilitiesfor theparents.SubstitutingEq.10 into Eq.9 andnotingthatif crossover
point V is outsidetheschema� , then YZ�����
V��T§�� and Sb������V0� areemptysets,leadto�� ú �g� ; ë æ ; ë ç 2:� � [7��	
�X2P� � ]>�
	
� ;E9FHì ; í ø � � [�� � ]>�
V���§H�_�A�X2P�9V��T§sÄ � [7� � ]!� Å (11)

Thecontribution to ��������	
� dueto selectionfollowedby crossover is
�� ú � . By multi-

plying thisby 25476 (theprobabilityof doingselectionfollowedby crossover)andadding
theterm �0�z1"2g4�68�X2:�����
	
� dueto selectionfollowedby cloningoneobtainsther.h.s.of
Eq.8. ü
7 MacroscopicExact GP SchemaTheorem

In order to transformEq. 8 into an exact macroscopicdescriptionof schemapropa-
gationwe will needto make oneadditionalassumptionon the natureof the subtree-
swappingcrossoversused:that the choiceof the crossover points in any two parents,� [ and � ] , dependsonly on their shapes,BU� � [8� and BU� � ]�� , not on theactuallabelsof
theirnodes,i.e. that 2:��V_��§sÄ � [ � � ] �J�~2P�9V��T§sÄ BU� � [ ���_BU� � ] ��� . Wewill termsuchoperators
node-invariantcrossovers.

Theorem2. Thetotal transmissionprobability for a fixed-size-and-shapeGP schema� undera node-invariantsubtree-swappingcrossover operator andnomutationis�����d�
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��� (12)25476 ; = N C ;E9FHì ; í2P�9V��T§sÄ B = ��B C �X2:��Sb���d�
V0��W3B = �
	
�92:��Ya������V��T§��<W"B C �
	
���



where theschemataB\[ , B^] , $!$8$ are all thepossiblefixed-size-and-shapeschemataof
order 0 (program shapes)and the other symbolshavethe samemeaningas in Theo-
rem1.

Proof. TheschemataB [ , B ] , $8$8$ representdisjointsetsof programs.Theirunionrepre-
sentsthewholesearchspace.So, ° = Ø � � [ ã�B = ���+� . Likewise, ° C Ø � � ] ãùB C �.�*� .
If weappendthel.h.s.of theseequationsat theendof thetriple summationin Eq.8 and
reordertheterms,weobtain:; = N C ;ë æ N ë ç 2P� � [7��	
�X2:� � ]��
	
��;E9FHì ; í 2P�9V��T§sÄ � [�� � ]!� áØ � � [vã�SU������V&��� Ø � � [vãùB = � Ø � � ]Dã�YZ���d�
V��T§��
� Ø � � ]Dã3BDCT��²; = N C ;ë æ FHK:M!N ë ç FHKPO 2P� � [7��	
�X2:� � ]H�
	
� á;E9FHì ; í 2:�9V���§gÄ � [7� � ]!� Ø � � [vãdSb������V0�
� Ø � � ]¢ã3Ya������V_��§��
� Å
For node-invariantcrossover operators2P�9V��T§sÄ � [�� � ]!�ù�ý2:��V��T§sÄ BU� � [8���_BU� � ]���� , which
substitutedinto thepreviousequationgives:;þ= N C ;ë æ FHK:M�N ë ç FHK:O 2:� � [7��	
�X2P� � ]>�
	
� á;E�FHì ; í 2:��V��T§sÄ BU� � [8���_BU� � ]���� Ø � � [vãASb�����
V0�
� Ø � � ]Dã�YZ���d�
V��T§��
�� ; = N C ;ë æ FHKPM!N ë ç FHK:O 2:� � [ �
	
�X2P� � ] ��	
� á;E�FHì ; í�2:��V��T§sÄ B = ��B C � Ø � � [ ãdSU������V&��� Ø � � ] ã�YZ�����
V���§�����ß;ÿ= N C ;E9FHì ;>í�2:��V_��§sÄ B = �_BDC��û;ë æ FHKPM 2:� � [7��	
� Ø � � [vãdSb�����
V0�
�� ��� �� I��:ILì�N ERQ	��KPM�N 
9Q á

;ë ç FHKPO 2P� � ] �
	
� Ø � � ] ãùYZ���d�
V��T§��
�� ��� �� I�sIRì�N E9N í Q	��KPO�N 
9Q
�

whichcompletestheproofof thetheorem. ü
The sets SU������V&�.W�B = and YZ���d�
V��T§��JW�BDC eitherare(or canbe representedby)

fixed-size-and-shapeschemataor are the emptyset � . So, the theoremexpressesthe
total transmissionprobability of � only using the selectionprobabilitiesof a set of
lower- (or same-)orderschemata.

8 Applications and Specialisations

In this sectionwe give examplesthatshow how thetheorycanbespecialisedto obtain
schematheoremsfor specificcrossoveroperators,andwe illustratehow it canbeused



to obtainothergeneraltheoreticalresults,suchasanexactdefinitionof effectivefitness
andasize-evolutionequationfor GP.

8.1 MacroscopicExact SchemaTheoremfor GP with Standard Crossover

Let usapplyTheorem2 to standardcrossover. It is easyto show thatstandardcrossover
is nodeinvariant(see[13]). So,we cansubstitutethe expressionof 2:��V��T§sÄ B = ��BDC�� in
Eq.12 with theexpression2:��V_��§sÄ B = �_B C �J��Ø � ¨ ��V_�_B = �a¶� � � Ø � ¨ �L§��_B C �a¶� � �¨ ��B = � ¨ ��BDCT� �
obtainedfrom Eq.5. Thisyields��������	
�.�*�
� 132 476 �X2P������	
����2 4�6 ;ÿ= N C ;E�FHì ;�í Ø � ¨ �9V���B

= �a¶� � �¨ ��B = � áØ � ¨ �L§��_BDCT�a¶� � �¨ ��BDC�� 2P�TSb�����
V0�<W3B = ��	
�X2:��YZ�����
V��T§���W3B C ��	
� Å
Fromthiswe obtain

Theorem3. Thetotal transmissionprobability for a fixed-size-and-shapeGP schema� understandard crossover with uniformselectionof crossover pointsis�������
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�X2P��Ya������V_��§���W"B C �
	
� Å
If onefurtherspecialisesthisresultto thecaseof linearstructures(see[13]), theschema
theoremfor linearstructuresreportedin [20] is obtained.

8.2 Size-evolution Equation for GP with Subtree-swappingCrossover

Let uscall symmetricany crossover operatorfor which 2P�9V��T§sÄ � [ � � ] � �2:�L§���V�Ä � ] � � [ � .
Then,byusingthemicroscopicschematheoremin Eq.8 it ispossibleto prove(see[13])
thefollowing

Theorem4. Theexpectedmeansizeof theprogramsat generation 	<�¾� , �# � ��	��¾�7��� ,
in a GP systemwith a symmetricsubtree-swappingcrossover operator in theabsence
of mutationcanequivalentlybeexpressedin microscopicform as�� � ��	���7���s��;ë F�� ¨ � � �X2P� � �
	
��� (14)

where � denotesthepopulation,or in macroscopicform as�� � ��	���7���s�²; C ¨ ��B C �92:��B C �
	
� Å (15)



Thetheoremis importantbecauseit indicatesthatfor symmetricsubtree-swapping
crossover operatorsthe meanprogramsizeevolvesasif selectiononly wasactingon
thepopulation.This meansthat if thereis a variationin meansize,like for examplein
the presenceof bloat, that canonly beattributedto someform of positive or negative
selectivepressureon someor all theshapesBDC .

Fromthis theoremit followsthatona flat landscape�� � �9	���7���s� ; C ¨ ��B C �92:��B C �
	
�J� ; C ¨ ��B C � � ��B C �
	
��
(or
�� � �9	<��������� ° C ¨ ��B C �
����B C ��	:1¾��� for infinite populations),whereby

Corollary 1. Ona flat landscape,�� � �9	���������� � �9	
� Å (16)

For infinite populations,theexpectationoperatorcanberemovedfrom theprevious
theoremandcorollary. In [20] we obtainedmorespecificversionsof theseresultsfor
one-pointcrossoverandstandardcrossoveractingon linearstructures.

8.3 EffectiveFitnessfor GP with Subtree-SwappingCrossovers

Oncean exact schematheoremis available, it is easyto extend to GP with subtree-
swappingcrossoversthenotionof effectivefitnessprovidedin [22, 23]:

� ê��Ë�����
	
�.� �������
	
�2:�����
	
� � ���d�
	
� Å (17)

By usingthis definitionandthevalueof �����d�
	
� in Eq.12,weobtainthefollowing

Theorem5. Theeffectivefitnessof a fixed-size-and-shapeGPschema� undera node-
invariantsubtree-swappingcrossover operator andno mutationis� ê��P���d�
	
�.� � ������	
���T��132 476 á (18)� ��1~;ÿ= N C ;E�FHì�N í 2:�9V���§gÄ B = �_BDC�� 2P�TSb�����
V0��W3B

= �
	
�92:��YZ���d�
V��T§���W3BDC0�
	
�2:���d�
	
� ��� Å
This resultgivesthe true effectivefitnessfor a GP schemaundersubtreeswapping

crossover: it is notanapproximationor a lowerbound.
It is possibleto specialisethis definitionto standardcrossover:

Corollary 2. Theeffectivefitnessof a fixed-size-and-shapeGP schema� understan-
dard crossover with uniformselectionof crossover pointsis� ê�� ������	
�.� � �����
	
� � ��1"2g4�6 á (19)� ��1{;þ= N C ;E9FHì���K:M ;í FHKPO 2P�TSb�����
V0�<W3B

= ��	
�X2P��YZ�����
V���§���W3B C ��	
�¨ ��B = � ¨ ��BDC��92:���d�
	
� ��� Å
In futurework weintendto comparethisdefinitionwith theapproximatenotionsof

effectivefitnessandoperator-adjustedfitnessintroducedin [10] and[4], respectively.



9 Conclusions

In this papera new generalschematheoryfor geneticprogrammingis presented.The
theoryincludestwo mainresultsdescribingthepropagationof GPschemata:a micro-
scopicschematheoremanda macroscopicone.Themicroscopicversionis applicable
to crossover operatorswhich replacea subtreein oneparentwith a subtreefrom the
other parentto producethe offspring. The macroscopicversionis valid for subtree-
swappingcrossover operatorsin which the probability of selectingany two crossover
pointsin the parentsdependsonly on their sizeandshape.Therefore,thesetheorems
areverygeneralandcanbeappliedto modelmostGPsystemsusedin practice.

Like other recentschematheory results[22, 23, 14, 12], our theorygivesan ex-
act formulation (ratherthana lower bound)for the expectednumberof instancesof
a schemaat the next generation.Onespecialcaseof this theory is the exact schema
theoremfor standardcrossover:a resultthathasbeenawaitedfor many years.

As shown by somerecentexplorationsreportedin [20, 8], exact schematheories
canbe used,for example,to studythe exact schemaevolution in infinite populations
over multiple generations,to make comparisonsbetweendifferentoperatorsandiden-
tify their biases,to studytheevolutionof size,andinvestigatebloat.Also, asdiscussed
in [15] for one-pointcrossover, exactmacroscopictheoriesopenthewayto futurework
on GPconvergence,populationsizing,anddeception,only to mentionsomepossibil-
ities. In the future we hopeto usethe generalschematheoryreportedin this paperto
obtainnew generalresultsin at leastsomeof theseexciting directions.
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