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Abstract A class of high level Petri nets, called ”probability propagation nets”, is introduced which is particularly useful for modelling
probability and evidence propagation. It is demonstrated how propagation of probabilistic Horn abduction and Bayesian networks can be
represented and structured by these nets. Their simplest form is a probabilistic extension of place/transition nets for modelling logical formulae
and deductions. As a consequence, the main means for structuring are
transition invariants that can easily be calculated for all ”probability
propagation nets” on a place/transition net level.
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Introduction

This paper deals with the representation of logical-probabilistic structures and
processes by Petri nets with the intention to find a transparent and well structured probability propagation model for the processes in probabilistic Horn
abductions (PHAs) [Poo93a],[Poo93b],[PT97] and in Bayesian Networks (BNs)
[Pea88].
Roughly speaking, BNs are directed acyclic graphs (DAGs) whose nodes are
random variables. Starting at the input boundary nodes, prior probabilities flow
to the follower nodes in order to influence their probabilities (or beliefs). Likelihoods flow against the arc direction, thus making the probabilities (or beliefs) of
the predecessor nodes topical dependent on new evidences about certain nodes.
What makes it desirable to represent BNs by Petri nets is that the structure
of BNs is a bit meager for describing bidirectional propagations which thus
are ”hidden” in the algorithms. Petri nets, on the other hand, are especially
developed for representing all sorts of processes.
In contrast to some existing approaches on combining BNs and Petri nets (e.g.
[WL99],[VAB04]), we introduce step by step new Petri nets that are particularly
well suited for our intentions: they are transparent and structurable.
First, we modify the p/t-nets for representing logical inference [Lau03] by inscribing tokens and transitions with probabilities. These nets (”probability propagation nets”, PPNs) allow to represent stochastic inference and PHA.

Second, foldings of these nets reduce the net structure and allow the representation of BNs. Fortunately, the inscriptions and the firing rule remain clear.
Third, a possibility to cope with loops in BNs is conditioning (see [Pea88]).
Caused by cutting off the loops new BNs arise, thus complicating the structure
considerably. A further folding, however, makes it possible to represent that
whole structure in a nearly unchanged Petri net. The increased complexity will
be found in the markings.
Inspite of the considerable complexity, the Petri nets are of manageable size.
A particular advantage is that all the propagation processes are represented by
t-invariants (because of the 0-reproducibility of the propagations). That means
that structuring the Petri net representations by t-invariants can be calculated
in the underlying p/t-nets.
Our paper is organized as follows: In section 3 a class of Petri nets is introduced
that allows the modelling of PHA. This class of nets is generalized by foldings
in section 4 such that it is suitable to model the propagation processes in BNs.

2

Preliminaries

As to preliminaries of place/transition nets (p/t-nets) we refer to [Lau02]. Moreover, the p-column-vector 0 stands for the empty marking. A Petri net is 0reproducing iff there exists a firing sequence ϕ such that 0 [ϕi 0. A transition t
is 0-firable iff t can be enabled by some follower marking of 0. For multisets, we
prefer the linear representation: a + 3b + 2c instead of {a, b, b, b, c, c}. For some
t-invariant I ||I|| = {t|t is a transition with I(t) 6= 0} is the support of I. M(A)
denotes the set of multisets over some finite set A.

3

Propositional Logic and Probabilistic Horn Abduction

In this section, we introduce into the PHA. Furthermore, we generalize a Petri
net representation of propositional logic inference by inscribing probabilities on
tokens and transitions. On the whole, we are influenced by [Poo93a],[Poo93b],
and [PT97].
Definition 1. The alphabet of propositional logic consists of atoms a, b, c, . . . ,
operators ¬, ∨, ∧, and brackets ( and ).
The formulae α are exactly the words which can be constructed by means of the
following rules:
– all atoms are formulae;
– if α is a formula, the negation ¬α is a formula, too;
– if α and β are formulae, the conjunction (α ∧ β) and the disjunction (α ∨ β)
are formulae, too.

The implication (α → β) is an abbreviation for ((¬α) ∨ β); the biimplication
(α ↔ β) is an abbreviation for ((α → β) ∧ (β → α)).
For omitting brackets, we stick to the usual operator hierarchy.
A(α) denotes the set of atoms contained in a formula α.
Definition 2. A literal is an atom or the negation of an atom.
A clause is a disjunction of literals. Usually,  denotes the empty clause.
Let τ = ¬a1 ∨ · · · ∨ ¬am ∨ b1 ∨ · · · ∨ bn be a clause. Often a set notation is used:
τ = {¬a1 , . . . , ¬am , b1 , . . . , bn } or τ = ¬A ∪ B for ¬A = {¬a1 , . . . , ¬am } and
B = {b1 , . . . , bn }.
If in τ = (¬A ∪ B)
clause.

¬A is empty, τ is a fact clause; if B is empty, τ is a goal

A formula α is in conjunctive normal form (is a CNF-formula) if it is a conjunction of clauses. C(α) denotes the set of clauses contained in a CNF-formula
α. F(α) denotes the set of fact clauses. G(α) denotes the set of goal clauses.
R(α) = C(α) − (F(α) ∪ G(α)) denotes the set of rule clauses in α.
Definition 3. Let α be a formula. A mapping I : A(α) → {true, false} is an
interpretation of α.
An interpretation of α such that α is true is a model of α.
If α has no models, α is contradictory. If α has at least one model, α is satisfiable. If all interpretations of α are models, α is tautological.
If for two formulae α and β

(α ↔ β) is tautological, α and β are equivalent.

If for some formulae α1 , . . . , αn , β
logical consequence of α1 , . . . , αn .

((α1 ∧ · · · ∧ αn ) → β) is tautological β is a

Definition 4 (canonical net representation). Let α be a CNF-formula and
let Nα = (Sα , Tα , Fα ) be a p/t-net;
Nα is the canonical p/t-net representation of α iff
– Sα = A(α) (set of atoms of α) and Tα = C(α) (set of clauses of α)
– for all τ = ¬a1 ∨ · · · ∨ ¬am ∨ b1 ∨ · · · ∨ bn ∈ C(α),
where {a1 , . . . , am , b1 , . . . , bn } ⊆ A(α), Fα is determined by
τ = {a1 , . . . , am }, τ = {b1 , . . . , bn }.

·

·

Definition 5. A clause κ is a Horn clause iff it contains at most one positive
literal.
A CNF-formula is a Horn formula iff its clauses are Horn clauses.
The canonical representation of a Horn clause is a Horn transition.
Theorem 1. Let α be a Horn formula and Nα = (Sα , Tα , Fα ) be its canonical
p/t-representation; then the following statements are equivalent:
(1) α is contradictory.

(2)
(3)
(4)
(5)

Nα is 0-reproducing.
Nα has a t-invariant R ≥ 0 with R(g) > 0 for some goal transition g.
In Nα a goal transition g is 0-firable.
In Nα there exists a set Y of reverse paths from a goal transition to fact
transitions such that with any transition t of a path of Y its incidenting
places p ∈ t ∪ t are nodes of a path of Y , too.

· ·

Proof. See [Lau03].
Definition 6. Let α be a Horn formula and Pα : C(α) → [0, 1] a real function,
called a probability function of α;
let H ⊆ F(α) be a set of fact clauses, called a set of ”assumable” hypotheses;
Sn
let {D1 , . . . , Dn } be a partition
P of H (i.e. Di ∩ Dj = ∅ for i 6= j, i=1 Di = H)
where for all Di , 1 ≤ i ≤ n, fi ∈Di Pα (f ) = 1; the sets D1 , . . . , Dn are called
the disjoint classes;
V
V
let be E ⊆ H, R ⊆ R(α) ∪ F(α), γ ∈ G(α) and let ε = c∈E c, % = c∈R c be
the corresponding Horn formulae;
ε is an explanation (diagnosis) of ¬γ iff
– ¬γ is a logical consequence of ε ∧ % and
– ε ∧ % is not contradictory.
The probability of ε is given by Pα (ε ∧ %). The problem to find explanations is
the probabilistic Horn abduction (PHA).
Let furthermore I be a t-invariant of the canonical net representation Nα of α
such Q
that I performs the 0-reproduction induced by ε ∧ % ∧ γ being contradictory;
then t∈kIk\{γ} Pα (t) equals the probabilities of ε and of ¬γ w.r.t. I.
Example 1. Let be α = A ∧ B ∧ (¬A ∨ ¬B ∨ C) ∧ ¬C a Horn formula.
The canonical net representation Nα = (Sα , Tα , Fα ) is shown in figure 1(a), where
– Sα = A(α) = {A, B, C} is the set of atoms and
– Tα = C(α) = {τ1 , τ2 , τ3 , τ4 , } for τ1 = A, τ2 = B, τ3 = ¬A ∨ ¬B ∨ C, τ4 = ¬C
is the set of clauses.
The probability function Pα is given by Pα (τ1 ) = 0.2, Pα (τ2 ) = 0.3, Pα (τ3 ) = 0.4,
Pα (τ4 ) = 1.
F(α) = {τ1 , τ2 } is the set of facts, R(α) = {τ3 } is the set of rules, G(α) = {τ4 }
is the set of goals. Disjoint classes are not given.
In terms of PHA, ε = A ∧ B is an explanation of ¬γ = C because ε ∧ % =
A ∧ B ∧ (¬A ∨ ¬B ∨ C) = A ∧ B ∧ C is not contradictory and ¬γ = C is a logical
consequence of ε ∧ % = A ∧ B ∧ C.
 1  τ1
I = 11 ττ23 is the only (minimal) t-invariant of Nα .
τ4
1
Q
Pα (τ ) = 0.2 · 0.3 · 0.4 = 0.024 is the probability of ε and of ¬γ w.r.t. I.
τ ∈kIk\{τ4 }


Even though the canonical net representation is quite useful for representing and
visualizing logical inference, it is not yet suited for modelling the propagation
of probabilities. So, we ”enrich” the tokens of canonical net representations by
probability values. This results in 1-tuples <p>, p ∈ [0, 1], for which we postulate
the following rule:
Q
Q
Let A be a finite multiset over [0, 1]; then p∈A <p>:=< p∈A p> shall hold,
saying that multiplying 1-tuples results in a 1-tuple.

(a) Nα

(b) PN α

Figure 1. Canonical net representation and corresponding PPN

Definition 7. Let α be a Horn formula; PN α = (Sα , Tα , Fα , Pα , Lα ) is a probability propagation net (PPN) for α iff
– Nα = (Sα , Tα , Fα ) is the canonical net representation of α,
– Pα is a probability function for α,
– Lα is an arc label function for α where


<Pα (τ )>
if f = (τ, b) ∈ Fα ∩ (Tα × Sα )





and τ ∈ F(α),





if f = (a, τ ) ∈ Fα ∩ (Sα × Tα )
<λ>
Lα (f ) :=
and τ ∈ R(α) ∪ G(α)



and λ is a variable ranging over [0, 1],


Q



<Pα (τ )> · a∈ τ Lα (a, τ ) if f = (τ, b) ∈ Fα ∩ (Tα × Sα )




and τ ∈ R(α).

·

Definition 8. Let α be a Horn formula and PN α = (Sα , Tα , Fα , Pα , Lα ) a PPN
for α;
let A ⊆ [0, 1] be finite, and

let <A>:= {<a> | a ∈ A} be the corresponding set of 1-tuples
M : Sα → M(<A>) is a marking of PN α ;

·

·

let be τ ∈ Tα and τ = {s1 , . . . , sm }, τ = {sm+1 };
τ is enabled for {<a1>, . . . , <am>} by M iff <a1>∈ M (s1 ), . . . , <am>∈ M (sm ),
the follower marking M 0 after firing of τ for {<a1>, . . . , <am>} is given by
M 0 (s1 ) = M (s1 )− <a1>, . . . , M 0 (sm ) = M (sm )− <am>,
M (sm+1 ) = M (sm+1 )+ <a1 · a2 . . . am · Pα (τ )>,
0

if <λ1>, . . . , <λm> are the arc labels of (s1 , τ ), . . . , (sm , τ ) ∈ Fα , we may write
M 0 (s1 ) = M (s1 )− <λ1>, . . . , M 0 (sm ) = M (sm )− <λm>,
M 0 (sm+1 ) = M (sm+1 )+ <λ1 . . . λm · Pα (τ )>,
if the λi are bound by the corresponding ai , 1 ≤ i ≤ m.

Example 2 (see example 1).
The PPN PN α = (Sα , Tα , Fα , Pα , Lα ) (see figure 1(b)) is based on the Horn
formula α = A ∧ B ∧ (¬A ∨ ¬B ∨ C) ∧ ¬C and the canonical net representation
Nα (see example 1, figure 1(a)). The probability function Pα (τ ) and the arc label
function Lα (f ) are given by:

<0.2>
if f = (τ1 , A)






<0.3>
if f = (τ2 , B)
0.2
if τ = τ1








<λA>
if f = (A, τ3 )
0.3
if τ = τ2
Lα (f ) =
Pα (τ ) =


<λ
>
if
f = (B, τ3 )
0.4
if
τ
=
τ
B
3








<λC >
if f = (C, τ4 )
1.0
if τ = τ4



<λA · λB · 0.4>
if f = (τ3 , C)
∅
M0 = ∅ = 0 is the initial marking by which τ1 and τ2 are enabled because
∅
 <0.2> 
they have no input places. The marking after firing of τ1 and τ2 is M1 = <0.3>
∅
by whichnow τ3 is enabled
  for λA= 0.2, λB = 0.3. After firing of τ3 the marking
is M2 =

∅
∅
<0.2·0.3·0.4>

=

∅
∅
<0.024>

. Firing of τ4 leads back to M0 = 0.

The constituents of a PHA problem are ε = A ∧ B, % = ¬A ∨ ¬B ∨ C, γ = ¬C.
¬γ is a logical consequence of ε ∧ % = A ∧ B ∧ (¬A ∨ ¬B ∨ C) = A ∧ B ∧ C, so ε
is an explanation of ¬γ = C.
I = (1, 1, 1, 1)t is a t-invariant of Nα , so Pα (τ1 ) · Pα (τ2 ) · Pα (τ3 ) = 0.024 is the
probability of ε = A ∧ B and of ¬γ = C w.r.t. I.


1
2
3
4
5
6
7
8
9
10
11
12

9
¬nolo ∨ ¬igno ∨ acno >
>
¬nolo ∨ ¬igir ∨ acno >
>
>
>
¬nolo ∨ ¬igno ∨ acde >
>
>
>
¬nolo ∨ ¬igir ∨ acde >
>
>
>
¬lo ∨ ¬igno ∨ acno >
>
=
¬lo ∨ ¬igir ∨ acno
¬lo ∨ ¬igno ∨ acde
>
>
>
>
¬lo ∨ ¬igir ∨ acde
>
>
>
>
¬nolo ∨ owof
>
>
>
>
¬nolo ∨ owof
>
>
>
¬lo ∨ owon
>
;
¬lo ∨ owon

R(α)

13
14
15
16

igno
igir
nolo
lo

17
18
19
20

9
¬acno >
=
¬acde
¬owof >
;
¬owon

9
>
=
F(α)
>
;

G(α)

Table 1. Horn clauses of example 3

Example 3 (cf. [PT97]). Let α be the Horn formula that is the conjunction of
the clauses given in table 1 where the atoms are lo (lack of oil), nolo (no lack of
oil), igir (ignition irregular), igno (ignition normal), owon (oil warning lamp on),
owof (oil warning lamp off), acde (acceleration delayed), and acno (acceleration
normal).
Figure 2 shows the canonical net representation Nα of α (see definition 4). The
”characteristic” sets are:
– H = F(α) = {igno, igir, nolo, lo},
– G = G(α) = {¬acno, ¬acde, ¬owof, ¬owon},
– R = R(α) ∪ F(α).

Figure 2. Nα of example 3

t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
I1
1
I2 1
I3
1
I4
1
I5
1
I6
1
I7
1
I8
1
I9
I10
1
I11
I12

t13
igno

t14
igir

1
1

t15
nolo

t16
lo

t17
¬acno

1

1
1
1
1

1
1
1

1
1

1
1
1
1

1
1

1
1

1

t18
¬acde

1
1

t20
¬owon

1
1
1
1

1
1

t19
¬owof

1
1

1
1
1
1

Table 2. T-invariants of Nα (example 3)

transition
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12 t13 t14 t15 t16 t17 t18 t19 t20
Pα
1.0 0.4 0.0 0.6 0.2 0.0 0.8 1.0 1.0 0.0 0.0 1.0 0.9 0.1 0.6 0.4 1.0 1.0 1.0 1.0
Disjoint class
D1 D1 D2 D2 D3 D3 D4 D 4

Table 3. Probability function Pα of example 3

The t-invariants of Nα and the probability function Pα with four disjoint classes
are shown in tables 2 and 3, respectiveley. Finally, the corresponding PPN is
given in figure 3.
To demonstrate how the PPNs should be applied, we calculate the probabilities
of acde and its explanations. A considerable advantage is that the (minimal)
t-invariants can be calculated in Nα instead of PN α . There are four t-invariants
passing through t18 = ¬acde: {Ii |1 ≤ i ≤ 12, Ii (t18 ) 6= 0} = {I5 , I6 , I7 , I8 } (see
table 2). So, the explanations of acde are εi = kIi k ∩ F(α) for 5 ≤ i ≤ 8:
ε5 = {lo, igno} = lo ∧ igno
ε6 = {nolo, igno} = nolo ∧ igno

ε7 = {lo, igir} = lo ∧ igir
ε8 = {nolo, igir} = nolo ∧ igir

In simple cases like this one, or if it is not necessary to watch the simulation of
the (net representation
of the) t-invariants, we calculate immediately:
Q
P (εi ) = t∈kIi k Pα (t) (Please note that for the goal transitions Pα (t) = 1
holds.)

P (ε5 ) = 0.9 · 0.4 · 0.8 · 1 = 0.288
P (ε6 ) = 0.9 · 0.6 · 0 · 1 = 0

P (ε7 ) = 0.1 · 0.4 · 1 · 1 = 0.04
P (ε8 ) = 0.1 · 0.6 · 0.6 · 1 = 0.036

P (acde) sums up to 0.364. In case of simulating the four t-invariants, transition
t18 (acceleration delayed) would fire for ad = 0.288, 0, 0.04, and 0.036.
Now, we want to calculate the probabilities of acde ∧ owon. For that we modify
figure 3 in several steps:

Figure 3. PN α of example 3

– transitions (goal clauses) t18 = ¬acde and t20 = ¬owon are unified to one
transition (goal clause) t20 = ¬acde ∨ ¬owon = ¬(acde ∧ owon);
– the probabilities Pα (t16 ) = 0.4 and Pα (t15 ) = 0.6 are changed into Pα (t16 ) =
1, Pα (t15 ) = 0;
– all t-invariants with transitions t, where Pα (t) = 0 are omitted;
– the transitions t19 = ¬owof and t17 = ¬acno are omitted because they are
not needed any more.
t5 t7 t8 t12
I2
I3

1
1

1
1

t13
igno

1

t14
igir

t16
lo

t20
¬owon

1

2
2

1
1

Table 4. T-invariants of PN α0 (example 3)

The result ist the PPN PN α0 shown in figure 4. From a structural point of view,
this net is well suited for solving our problem because its set of t-invariants (see
table 4) is reduced to the relevant ones. From a probabilistic point of view, we
first of all have to note that the net is loopy. On the other hand, the net is optimal
to apply Pearls’s conditioning method [Pea88]. In contrast to his technique to cut
the loops, we do not need to cut the net because of the t-invariant structure that
forces to fire t16 twice in both t-invariants (see table 4). This, in principle, leads
to a double effect of <lo> when t20 fires (via owon and via acde). Since lo = 1,
however, this effect is neutralized. So, by simulating or simply multiplying the
probabilities, we get for the t-invariants:

Figure 4. PN α0 of example 3

I1 : Pα (t16 )2 · Pα (t14 ) · Pα (t12 ) · Pα (t8 ) · Pα (t20 ) = 0.1
I2 : Pα (t16 )2 · Pα (t13 ) · Pα (t12 ) · Pα (t7 ) · Pα (t20 ) = 0.72
Both values have to be multiplied by the weight 0.4 which is the original value
of Pα (t16 ):
P (acde ∧ owon) = 0.04
P (acde ∧ owon) = 0.288

w.r.t. I1
w.r.t. I2

These values are also the probabilities for the two explanations:
ε1 : {lo, igir} = lo ∧ igir, P (ε1 ) = 0.04
ε2 : {lo, igno} = lo ∧ igno, P (ε2 ) = 0.288.
Finally, P (acde ∧ owon) = 0.04 + 0.288 = 0.328.


4

Petri Net Representation of Bayesian Networks

This paper deals with PPNs that we introduced in section 3. We demonstrated
their use with help of a PHA-example ([PT97]). In principle, we can apply PPNs
also to BNs. For that we simply have to translate the steps of the propagation
algorithms (see [Nea90]) into transitions of PPNs. However, in doing so, we
produce huge nets which are hard to follow and for which we have not enough
space. So, we work with foldings of PPNs (”higher” PPNs) which we demonstrate
by means of an example (see [Pea88]). (Of course, one can easily find translation
rules that transform BNs into higher PPNs. Since the applicability of PPNs
is the real aim of this paper, we postpone these translations to a forthcoming
paper.)

The reason for using PPNs to represent the flow of probabilities and evidences is
that BNs have no clearly defined concept of situation. Consequently, the flows of
probabilities and evidences, their influences on each other, and other effects are
not clearly visible. They are ”hidden” in the algorithms. Petri nets, on the other
hand, are highly qualified and especially developed to model flows. Of course,
there are powerful tools for working with BNs. Nevertheless, Petri nets have specific advantages. First of all, all flows are realizations of t-invariants, which can
be easily calculated in the underlying p/t-nets. By that, the flows are transparent and can be followed. Second, in connection with loopy BNs there exist two
structured approaches, namely clustering and conditioning, which both are due
to Pearl [Pea88]. We will not deal with clustering, because after clustering the
BNs are loop-free and lead to the ”normal” Petri net representation. Conditioning, however, needs to cut the loops, thus modifying the BNs. The complexity,
that grows exponentially with the number of nodes required for cutting the loops,
will be found in the size of the probability/evidence-objects flowing through the
Petri net.
In order to facilitate understanding, we start off with a famous example [Pea88].
Example 4. The BN of figure 5(a) indicates that ”metastatic cancer” (A) has
two consequences: ”increased total serum calcium” (B) and ”brain tumor” (C).
The probabilities of A and ¬A are 0.2 and 0.8, respectively. The relevant probabilities of B, ¬B, C, ¬C are the conditional probabilities given A. Similarly, B
and C have the consequence ”coma” (D). Moreover, C has the consequence
”severe headaches” (E). Again, the relevant probabilities are the conditional
probabilities given the predecessors (parents).

In a BN, the nodes can be interpreted as stochastic or random variables. It is
assumed that probabilities flow along the arcs (in arc direction), thus determining
the probabilities of the successor nodes by multiplying the arriving probabilities
by the assigned conditional probabilities. Initially, the source of flows are the
given probabilities of A and ¬A. In addition, by outer events or evidences, certain
probabilities can change, which enforces re-calculating the probabilities of the
successor nodes — and also of the predecessor nodes (against the arc direction).
Both is to keep the network consistent with the new evidences.
Roughly spoken, the values flowing in arc direction are probabilities π; the values
flowing against arc direction are likelihoods λ.
By definition, BNs have no directed cycles. But they can have loops with (at
least) two undesirable effects. The BN in figure 5(a) has the loop ABDCA. First
of all, there is a double influence of A on D. From a logical point of view this
does not matter because of A ∧ A = A. However, from a probabilistic point of
view this double influence leads to wrong values. Since the probability P (A) of
A is a factor in P (B) and in P (C), (P (A))2 instead of P (A) becomes a factor in
P (D). With the exception of P (A) = 1 and P (A) = 0, (P (A))2 6= P (A) causes
the wrong values. On the other hand, this is the reason for the specific part

(a) B

(b) Bcut

Figure 5. Bayesian network and conditioned version of example 5

P (A) = 1 and P (A) = 0 play in the ”conditioning approach” [Pea88] to cope
with loops.
Example 5 (see example 4). The BN Bcut of figure 5(b) is a modification of
the BN B of figure 5(a) where the loop has been cut off at A. Moreover, the
probabilities of A and ¬A (0.2, 0.8) have been replaced by two pairs fA1 =
(1, 0) and fA2 = (0, 1). Strictly speaking, figure 5(b) shows two BNs, where
the above mentioned values 0 and 1 are the initial probabilities for A and ¬A.
After evaluating both BNs, the actual probabilities of all nodes are determined
by calculating the weighted sum of the respective probabilities in both BNs,
where the weights are the actual probabilities of A and ¬A; initially P (A) =
0.2, P (¬A) = 0.8. These weights may change by outer events or evidences:
P (A|E = 1), P (¬A|E = 1)
P (A|E = 1, D = 0), P (¬A|E = 1, D = 0)

Figure 6 shows the Petri net representation PB cut of the BN in figure 5(b). In
order not to overload the net, all functions are collected in table 5. Figures 7
and 8 contain the net representations of the t-invariants of PBcut , which are
calculated as t-invariants of the p/t-net belonging to PBcut .
Roughly spoken, in Petri net PBcut (figure 6) to every directed arc of Bcut (figure
5(b)) two paths exist. The paths in arc direction (w.r.t. Bcut ) have arc labels
π... , the paths in opposite direction have arc labels λ... . (Except some Petri
net technicalities, we stick to the nomenclature and the algorithms of [Nea90].)
The transitions are ”functional” f... or ”multiplicative” m... . Joins and splits are
constructed of functional and multiplicative transitions, respectively.
In order to show how to work with the Petri net we start reproducing
the empty

marking in t-invariant 1 (figure 7). The (constant) matrix 1,0
0,1 is the arc label
of both arcs (fa1 , a). So, firing both transitions fA1 puts π(A) = 1,0
0,1 on both

Figure 6. PBcut

places A. This is the beginning of a simultaneous
 evaluation of both BNs in
figure 5(b). Similarly, firing e2 puts λ(E) = 1,1
1,1 on place E. This indicates in
both evaluations that nothing has happened or is known that forces to depart
from the relation P(E) = P (¬E). Next, firing of fB1 , fC1 , fE2 takes πB (A) =
1,0
1,0
1,1
0,1 , πC (A) = 0,1 , λ(E) = 1,1 from A, A, E and puts
  
 

1, 0
0.8, 0.2
0.8, 0.2
πB (A) · fB1 =
·
=
= π(B)
0, 1
0.2, 0.8
0.2, 0.8
  
 

1, 0
0.2, 0.8
0.2, 0.8
πC (A) · fC1 =
·
=
= π(C)
0, 1
0.05, 0.95
0.05, 0.95
  
  
1, 1
0.8, 0.6
1, 1
λ(E) · fE2 =
·
=
= λE (C)
1, 1
0.2, 0.4
1, 1
on B, C, C, respectively.
Now, transition m2C is enabled, takes π(C) and λE (C) from places C, and puts

 

p11 , p12
l11 , l12
πD (C) = π(C) ◦ λE (C) =
◦
p21 , p22
l21 , l22

 

p · l ,p · l
0.2, 0.8
:= 11 11 12 12 =
p21 · l21 , p22 · l22
0.05, 0.95
1
on C, thus enabling transition fD
.
1
Firing fD
consists of clearing the input places B and C and putting π(D) on D
which is calculated as follows:

1
fB
= P (BA) =

A\B 1 0
1 0.8 0.2
0 0.2 0.8
A\C 1
0
1
0.2 0.8
0 0.05 0.95

fC1 = P (C|A) =

1
fD

= P (DBC) =

BC\D
11
10
01
00

1
0.8
0.8
0.8
0.05

0
0.2
0.2
0.2
0.95

2
fB
= P 0 (BA) =

B\A 1 0
1 0.8 0.2
0 0.2 0.8

fC2 = P 0 (CA) =

C\A 1
0
1 0.2 0.05
0 0.8 0.95

2
fD

3
fD

fE1 = P (EC) =

C\E 1 0
1 0.8 0.2
0 0.6 0.4

= P (B|DC) =

= P (CBD) =

fE2 = P 0 (E|C) =

CD\B
11
10
01
00
BD\C
11
10
01
00

1
0.8
0.2
0.8
0.2
1
0.8
0.2
0.8
0.2

0
0.8
0.2
0.05
0.95
0
0.8
0.2
0.05
0.95

E\C 1 0
1 0.8 0.6
0 0.2 0.4

Table 5. Probabilities in the Petri net representation of the BN

1
π(D) = (πD (B) ⊗ πD (C)) · fD

 

b11 , b12
c ,c
1
=
⊗ 11 12
· fD
b21 , b22
c21 , c22


(b11 b12 ) × (c11 c12 )
1
:=
· fD
(b21 b22 ) × (c21 c22 )


b c b c b c b c
1
= 11 11 11 12 12 11 12 12 · fD
b21 c21 b21 c22 b22 c21 b22 c22


0.8 · 0.2 0.8 · 0.8 0.2 · 0.2 0.2 · 0.8
1
=
· fD
0.2 · 0.05 0.2 · 0.95 0.8 · 0.05 0.8 · 0.95


0.8 0.2


0.16 0.64 0.04 0.16 
0.8 0.2 

=
·
0.01 0.19 0.04 0.76  0.8 0.2 
0.05 0.95


0.68 0.32
=
0.23 0.77

In completing the 0-reproduction, transition d1 empties the net representation
of t-invariant 1. The results so far are the probabilities π(B), π(C), π(D). By

Figure 7. T-invariant 1 and t-invariant 2

0-reproduction also in the remaining three t-invariants, we get altogether:


1, 0
0, 1




0.8, 0.2
0.2, 0.8

π(A) =
π(B) =




λ(A) = λ(B) = λ(C) = λ(D) = λ(E) =

1, 1
1, 1






0.2, 0.8
π(C) =
0.05, 0.95


0.68, 0.32
π(D) =
0.23, 0.77


0.64, 0.36
π(E) =
0.61, 0.39
In general, the ”belief” of a node χ is calculated by α(π(χ) ◦ λ(χ)) where α
normalizes the product such that the constituents sum up to 1. For the following,
we need the beliefs of B and C. We find
BEL1 (B) = (0.8, 0.2) ◦ (1, 1) = (0.8, 0.2)
BEL1 (C) = (0.2, 0.8) ◦ (1, 1) = (0.2, 0.8)
for the first BN of figure 5(b), and
BEL0 (B) = (0.2, 0.8) ◦ (1, 1) = (0.2, 0.8)
BEL0 (C) = (0.05, 0.95) ◦ (1, 1) = (0.05, 0.95)

Figure 8. T-invariant 3 and t-invariant 4

for the second one. The actual probability P (A) = (0.2, 0.8) provides the weights
for
P (B) = BEL1 (B) · 0.2 + BEL0 (B) · 0.8 = (0.32, 0.68)
P (C) = BEL1 (C) · 0.2 + BEL0 (C) · 0.8 = (0.08, 0.92).

Figure 9. PN

That means:
Given the probability for metastatic cancer P (A) = (0.2, 0.8), the probabilities
for increased total serum calcium and brain tumor are P (B) = (0.32, 0.68) and
P (C) = (0.08, 0.92), respectively.


Before continuing that example, we want to show that the Petri nets of figures
1
6 to 8 are (higher level) PPNs. For example, the functional transition fD
plus
adjacent arcs and places B, C, D is a folding of the PPN of figure 9. In detail:
– B, ¬B in figure 9 are folded to B in figure 7
– C, ¬C in figure 9 are folded to C in figure 7
– D, ¬D in figure 9 are folded to D in figure 7
1
– all transitions in figure 9 are folded to fD
in figure 7.
Consequently, the arc labels πD (B), πD (C), and π(D) denote first of all pairs of
complementary probability values. In addition the net represents (a folding of)
two BNs (figure 5(b)) which leads to arc labels in form of (2 × 2)-matrices.
The multiplicative transition m2C is a folding of the two PPNs of figure 10, again
modified for (2 × 2)-matrices as arc lables.

Figure 10. Multiplicative transition m2C

Example 6 (see example 5). After initializing the Petri net representation PBcut
(figure 6), we now observe
that severe headaches
set in. That requires to change

1,0 
2
the label λ(E) = 1,1
of
arc
(e
,
E)
into
.
That
means to change a ”non1,1
1,0
evidence” (equal weights 1 for P (E) and P (¬E)) into a ”hard evidence” (weight
1 for P (E), weight 0 for P (¬E)). Now, the simulation leads to the following
probabilities, evidences and beliefs:


 
0.8, 0.2
1, 1
π(B) =
λ(B) =
0.2, 0.8
1, 1




0.2, 0.8
0.8, 0.6
λ(C) =
π(C) =
0.05, 0.95
0.8, 0.6


0.64, 0.36
π(E) =
0.61, 0.39
BEL1 (B) = (0.8, 0.2) ◦ (1, 1) = (0.8, 0.2)
BEL0 (B) = (0.2, 0.8) ◦ (1, 1) = (0.2, 0.8)
BEL1 (C) = (0.2, 0.8) ◦ (0.8, 0.6) = α(0.16, 0.48) = (0.25, 0.75)
BEL0 (C) = (0.05, 0.95) ◦ (0.8, 0.6) = α(0.04, 0.57) = (0.0656, 0.9344).

To get the weights, we need the actual probability of A, namely P (A|E = 1).
What we know is:

π(E) =

 

P (E = 1|A = 1), P (E = 0|A = 1)
0.64, 0.36
=
,
P (E = 1|A = 0), P (E = 0|A = 0)
0.61, 0.39

P (A) = (0.2, 0.8), and
P (A|E = 1) = P (E = 1|A) · P (A) = α · (0.64 · 0.2, 0.61 · 0.8)
= α · (0.128, 0.488)
= (0.208, 0.792) (the actual probability of A).

So,
P (B) = BEL1 (B) · 0.208 + BEL0 (B) · 0.792
= (0.8, 0.2) · 0.208 + (0.2, 0.8) · 0.792
= (0.1664, 0.0416) + (0.1584, 0.6336)
= (0.3248, 0.6752) ≈ (0.32, 0.68)
and
P (C) = BEL1 (C) · 0.208 + BEL0 (C) · 0.792
= (0.25, 0.75) · 0.208 + (0.0656, 0.9344) · 0.792
= (0.052, 0.156) + (0.052, 0.740) = (0.104, 0.896)


This shows that λ(E) = 1,0
1,0 (severe headaches set in) does not influence P (B).
On the other hand, the probability P (C) of a brain tumor is increased from
(0.08, 0.92) to (0.104, 0.896).
The observation, that no coma setsin (in addition to the severe headaches), leads
0,1
2
to changing the label λ(D) = 1,1
1,1 of the arc (d , D) into 0,1 . The simulation
yields now



0.8, 0.2
π(B) =
,
0.2, 0.8


0.2, 0.8
π(C) =
,
0.05, 0.95


0.6875, 0.3125
π(D) =
0.2396, 0.7604




0.2, 0.7625
λ(B) =
0.2, 0.9005


0.16, 0.21
λ(C) =
0.16, 0.48

BEL1 (B) = (0.8, 0.2) ◦ (0.2, 0.7625) = α(0.16, 0.1525) = (0.512, 0.488)
BEL0 (B) = (0.2, 0.8) ◦ (0.2, 0.9005) = α(0.04, 0.7204) = (0.0526, 0.9474)
BEL1 (C) = (0.2, 0.8) ◦ (0.16, 0.21) = α(0.032, 0.168) = (0.16, 0.84)
BEL0 (C) = (0.05, 0.95) ◦ (0.16, 0.48) = α(0.008, 0.456) = (0.0172, 0.9828)


P (D = 1|A = 1, E = 1), P (D = 0|A = 1, E = 1)
π(D) =
P (D = 1|A = 0, E = 1), P (D = 0|A = 0, E = 1)


0.6875, 0.3125
=
0.2396, 0.7604
P (A|E = 1) = (0.208, 0.792)

(see example 5).

The actual probability of A is
P (A|E = 1, D = 0) = αP (D = 0|A, E = 1) ◦ P (A|E = 1)
= α(0.3125 · 0.208, 0.7604 · 0.792)
= α(0.065, 0.602) = (0.0975, 0.9025).
Finally,
P (B) = BEL1 (B) · 0.0975 + BEL0 (B) · 0.9025
= (0.512, 0.488) · 0.0975 + (0.0526, 0.9474) · 0.9025
= (0.0499, 0.0476) + (0.0475, 0.8550)
= (0.0974, 0.9026)
P (C) = BEL1 (C) · 0.0975 + BEL0 (C) · 0.9025
= (0.16, 0.84) · 0.0975 + (0.0172, 0.9828) · 0.9025
= (0.0156, 0.0819) + (0.0155, 0.0887)
= (0.0311, 0.9689).
This indicates that the absence of a coma decreases P (B) and P (C).


5

Conclusion

We introduced probability propagation nets (PPNs) as an extension of canonical
net representations of Horn formulae [Lau03]. First, we applied these nets to a
specific sort of diagnosis, namely to probabilistic Horn abduction (PHA). Second, we used PPNs to model probability and evidence propagations in Bayesian
networks (BNs). In fact, we used foldings of PPNs to keep the net structures
manageable. Since these ”higher level” PPNs yield quite a clear representation
of algorithmic and of propagation aspects, we are planning to show their applicability, in particular to BNs, in a forthcoming paper.
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