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1 Intr oduction

In recentyearsa wide variety of intensionaimodal-like logicswith the propositionaloperatorsieter
minedby relationsplay animportantrole in a numberof applicationareassuchasspatialreasoning,
cognitive agentechnologiesknowvledge-basedystemsetc. Many of theseapplicationgequiremuch
moreinvolved logical systemghanthe ordinary modallogics canoffer. In onedirection,onecon-
sidersoperationsvhich areintendedto expresspropertiesnot expressibleby the possibility operatoy
suchastheinaccessibilityof Humberstong10], or the sufiency operatorsof Gaigov etal. [6]. Such
operatordeadto variousclassesof Booleanalgebraswith operatorsandin earlier work we have
introducedthe classesf suficiencyalgebras (SUA) andmixedalgebras (MIA) andhave startedan
investigationof their propertieq5].

Othernovel featuresof the logicsthat have beenconsideredn connectionwith informationsystems
are—onthelevel of semantics- frameswith afamily {Rg : Q C PAR} of relativerelations Theseare
relationswhich areindexed by the elementsof the powersetof a setPARIn sucha way thatthe set
operationn 2”AR poserestrictionson therelations for example,

(1.1) Rpugo = RPN Ro.

The needto considersuchsystemsarisesfrom the fact thatin the contet of information systems,
dependencieamongattributesareusuallypresenin someform which have to be modelled.

In this papemwe continuethe developmenbf algebraiccounterpartsf logicsarisingfrom information
systemswvhich we have begunin [5] andextendsomeresultsto reasoningaboutrelative relations.
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In Section2 we recall someclassesf frameswith relative relationsderived from an information
systemandtheir abstracicharacterisationdn Section3 we presentsomenew resultson sufficiency
algebrasln Sectiord we extendthenotionof canonicakxtensionof analgebrao sufficiency algebras
andwe investigatepropertiesof thesecanonicalextensions.Section5 is devotedto mixed algebras
which have both modaland sufiiciengy operatoran their signature. In Section6 we introducethe
conceptof Booleanalgebraswith relative operatorsandwe presentseveral classe®of suchalgebras.
Theseare meantto provide an abstractcharacterisationf the correspondinglgebrasderived from
informationsystems.

2 Framesand information systems

A frameis a structure(U, R ), whereU is asetand R is a family of binaryrelationsonU. If Ris a
binaryrelationonU, weletdom(R) = {x € U : (3y € U)xRy}, andfor x € U

R(x) ={yeU : xRy}
is the R-range of x. Thecorverseof Ris therelation
R™={{xy) 1 yRX.

For laterusewe recallseveralrelationpropertiesR is called

o weaklyreflexive if x € dom(R) impliesxRx
o weaklyirreflive, if x € dom(R) impliesx(—R)x,

e 3—transitive if WRXRyRmmplieswRz

If Pisapropertyof relationswe saythatRis co- P, if —R hasthe propertyP.

By an information systemwe meana structureS = (OB, AT,{VAL, : a € AT}) suchthatOB is a
nonemptysetof objects,AT is a finite nonemptysetof attributes,andeachVAL, is a setof values
for attribute a. Note thatwe allow a(x) to be the emptyset, sinceit may be meaningfulin various
applications.For example,if a(x) consistsof the symptomswhich a medicalexpertx assigngo an
illness, thenone canallow a(x) = 0 to expressthat the expert doesnot have (or doesnot want to
publicise)anopinion[see3].

Eachattribute a definesvariousinformationrelations[14, 16, 17] ontheUniverseOBin thefollowing
way: If T is arelationon 2VA, we let Ry betherelationonU definedby

xRy <= a(x)Ta(y).
If AC OB, welet

xRSy <= xRlyforalla€ A,
xRU"y <= xRly for somea € A.



At times, we will write a more suggestie namefor R". Of particularinterestare thoserelations
which arisefrom the settheoreticoperationsandrelationson 2¥A, We will, in particularconsider
thefollowing relations:

(2.1) XSIMpy <= a(x) C a(y),
(2.2) XDISJay <= a(x) Na(y) =0,
(2.3) XCOMPy <= a(x) = —a(y).

By aframederivedfromaninformationsystenS= (OB, AT,{VAL, : a € AT }) we meanarelational
system(Ks,R) = (OB, {Ra : AC AT}), where{Ra : A C AT} is a family of informationrelations.
Obsere thatrelationsin theseframesdependon subsetof AT, andin this sensethey arerelative.

Suchrelationsprovide twofold information,namely theinformationwhich objectsarerelatedandthe
informationwith respecto which attributesthoseobjectsarerelated. We concludethatin orderto

represenadequatehall theingredientof informationprovidedin aninformationsystemwe needto

considettheframeswith relatve relations.In ageneraketting,we will dealwith familiesof relations
indexed with subsetsof a setof parametersthat is, structuresof the form (U,{Rp : P C PAR}).

Relative relationsin theseframesmay satisfylocal conditionssuchasreflexivity, transitiity etc.,but

alsoconditionsthatsayhow arelationindexed with a compoundset(suchasRp ) dependsn the
relationsindexed with the componensets(suchasRp andRg). Theseconditionsarerelevantfor the
family of relationsasawhole,andthereforethey arereferrecto asglobal conditionsTypical examples
for suchglobalconditionsare

(2.4) Rrug = RPN Rq,
(2.5) Rp=U x U,
(2.6) Rrug = RPURg,
2.7) Ro = 0.

Any family of relative relationssatisfying(2.4) and(2.5) (resp.(2.6) and(2.7)) for all P,Q C PARIis
calledafamily of strong(resp.wealk relations.With somealuseof notationwewill identify singleton
setswith the elementhey contain;in particular we will write R, insteadof Ry, for a € PAR

In Table1 we characteris¢he abstractrelative counterpartgo the relations(2.1) — (2.3) in termsof
local and global properties. Representabilittheoremswhich exhibit the connectiondbetweenthe
relationsof Tablel canbefoundin [1] and[4].

3 Modal and sufficiencyalgebras

Throughoutwelet (B, +, -, —,0,1) beaBooleanalgebrawhichwewill justcall B. If Aisary Boolean
algebrathenAt(A) is the setof all atomsof A, andwe setAt°(A) = At(A) U {0}. An opermtor on B
is justamappingf : B — B; obsenre thatthis is moregenerathantheterminologyin [12]. If f isan
operatoron B, thenits dual opertor {9 is definedby

(3.1) fO(x) = —f(—x),



Tablel: Familiesof informationrelations

Strong similarity Weak similarity
Strong,symmetric weaklyreflexive Weak,symmetric.eachR; is weaklyreflexive
Strong disjointness Weak disjointness
Strong,symmetric,co-weaklyreflexive Weak,symmetric,eachR; is co-weaklyreflexive,
Strong complementarity Weak complementarity
Strong,irreflexive, symmetric 3-transitve Weak, symmetric, eachR; is irreflexive and 3-
transitive.

andits complementargounterpartf* by

(3.2) f*(x) = —f(x).

Thenext Lemmais easilyestablished:

Lemma3.1. If f,g are opemators on B then

(3.3) f00 — f

(3.4) = f,

(3.5) 10 — f0x

(3.6) (9 +9(9)° = 29 - & (%),
(3.7) (F(x) +9(x)* = *(x) - g*(x).

An operatoih: B— Bis called

1. completelyadditive if
(3.8) If § b exists,then h(b;) exists,andis equalto h b |.
2. completelyco-additive if

(3.9) If Y by exists,theny h(b;) exists,andis equalto h b |.

A modalopeiator on B is amappingf : B — B for which

(3.10) f(0) =0, Normal
(3.11) f(a+b) = f(a)+ f(b). Additive



If fisamodaloperatorthen

(3.12) f9(1) =1,
(3.13) f9(a-b) = fo(a)- fo(h).
The dual of a modal operatoris often called a necessityopeator. Obsenre that eachmodal oper

atorandits dual areisotone. A modalalgebra (MOA) is a Booleanalgebrawith additionalmodal
operatorsWith somealuseof languagewe denotethe classof thesealgebrasry MOA aswell.

Letusbriefly recalltheconnectiorbetweerframesandmodalalgebrasif (U,R) is aframe,wedefine
two mappings(R), [R] : 2V — 2Y by

(3.14) (R)(X) ={xeU:R(x)NX # 0},

(3.15) [RI(X) ={xeU :R(x) C X}.

In otherwords,

(3.16) (RY(X) ={xe U : (Jy e X)xRy},

(3.17) [RI(X) ={xeU : (YyeU)[xRy=ye€ X]},

Proposition 3.2. [12] Suppos¢hatK = (U,R) isaframe

1. (R) is a completemodalopertor on 2V, [R] is a necessitypeiator, and bothare dual to ead
other

2. If f is a modalopemtor on 2V, thenthere is exactly one binary relation Sy on U sud that
(St) = f,and[Sf] = f9.

3. SR> =

ThealgebraCmyoa (K) = (2, (R)) is calledthe full modalcomple algebra of K.

Correspondenceoryinvestigatesherelationshipbetweemropertiesof therelationsof aframeand
propertiesof its complex algebra[18]. Exampleswhich we will needlater— andwhich are easily
proved—, are

(3.18) Ris reflexive <= [R|(X) C

(3.19) Ris weaklyreflexive <= (R)(U)N X C (R)(X),
(3.20) Ris symmetric <= (R)[R](X) C X,

(3.21) Ris 3-transitrte <= (R)(R)(R)(X) C (R)(X)

Several simple propertiesof binary relations,however, cannotbe expressedy modalsentencedor
example,irreflexivity. Noting thatarelationis irreflexive if andonly if its complements reflexive —
andreflexivity is modally expressible- Humberstong10] introducedan “inaccessibility” operatoy
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which wasdeterminedoy the complemenbf a framerelation; a similar ideawasput forwardin [6]
wherea “sufficiengy” operatoris used. Theseconsiderationdead to the following definitions: A
suficiencyopemtor on B is afunctiong : B — B which satisfies

(3.22) 0(0) =1, Co-normal
(3.23) g(a+b) =9g(a)-g(b), Co-additve
foralla,b € B.

A suficiencyalgebra (SUA) is a Booleanalgebrawith additionalsufiiciengy operatorg5]. With
someakuseof languagewe denotethe classof thesealgebrady SUA aswell. It is easyto seethat
Booleancomplementatioiis a suficiency operatorandthata suficiency operatoraswell asits dual
areantitone. The generalconnectiorbetweermodal operatorsandsuficiency operatords given by
the next Propositionthe easyproof of whichis left to thereader

Proposition 3.3. f is amodalopeiator if andonlyif f* is a suficiencyopeiator.

If B = (B, f1,..., fn) € MOA welet B* = (B, f],... f3), whichis in SUA by theprecedingesult.

Supposédhat £ is alanguagecontainingsymbolsfor the Booleanoperationsandconstantaswell as
unaryoperatorshy,...,h,. If Tisatermin £, welet T be obtainedby replacingeachoccurrencef
h; in T with —h;.

ThefundamentapropertieselatingMOA to SUA aregivenby

Proposition 3.4. Supposehat®l,5 € MOA.

1. Leta : 2l — B bea MOA homomorphismThen,theassignment

(@) A— A,

(b) a—a
definesa bijectiveco-variantfunctorbetweerMOA and SUA.

2. For all termst,0 of L
(3.24) BET=0= B =1"=0"

Proof 1. It is clearly suficient to shav thatfor eachmodaloperatorf on A we have a(f*(x)) =

f(a(¥):

(o)}



which wasto beshawn.

2. Supposehat v is a valuationof variablesof % for which 1 (v) = o®(v) is truein %B. Since
—— fi(x)) = fi(x) holdsfor all x € B, we have t® (v) = (t*)®" (v) from which*“=" follows. Theother
directionis analogous. O

If gis asufficiengy operatorthen
(3.25) (1) =0
(3.26) ¢’(a-b) = (@) +¢’(b).

Therelationshipof sufiiciengy operatordo framesis asfollows: Supposehat (U, R) is aframe,and
define[[R]] : 2V — 2Y by

(3.27) [[R](X) ={xeU: X CR(X)}.
Then,

x € [[R(X) <= (W)ly € X = xRy,
<=y € X is sufiicient for xRy

which explainsthe name.We denotethe dual operatorof [[R]] by ((R)), andobtain

(3.28) (RY(X) = {{(=R)(=X),
[

(3.29) [RI(X) = [[=RII(=X).
Correspondenceasnclude

(3.30) Risirreflexive <= X C —[[R]](X),

(3.31) Ris co-weaklyreflexive <= [[R]](X) N X C [[R]](U),
(3.32) Ris symmetric <= X C [[R]([[R]](X)).

In analogyto Proposition3.2 we have

Proposition 3.5. SupposehatK = (U,R) is a frame

1. [[R]] is a completesuficiencyoperator on 2V,

2. If g is a suficiencyoperator on 2V, thenthere is exactly onebinary relation S onU sud that

([Sl] =
3. Jry =

We invite the readerto consult[5] for details. The algebraCmsua (K) = (2Y,[[R]]) is calledthe full
suficiencycomple algebra of K.

B. Jénssorill] hasremarledthatMOA is generatedby its finite membersA similarresultis truefor
SUA.



Proposition 3.6. SUA is geneiatedby its finite membes.
Proof. Let (B,g) € SUA. It is ouraimto shaw that (B, g) is a subalgebraf adirectproductof finite
elementof SUA.

Let C bethecollectionof finite Booleansubalgebrasf B with atleasttwo atoms.SupposéhatC € C
with atoms{cy, ... ,cn}. Foreachi < nchooseanultrafilterU; of B which containsc; andnoc;, j #1.
Lethc : B— C bedefinedby

b) = Z{ci :beUi}.

Then,hc is aretractionof B ontoC, seg[13], p. 78. For eachx € B let

Then,gc isanoperatoonC, andhc : (B, g) — (C,gc) isahomomorphismNow, gc(0) = gc(hc(0)) =
he(g(0)) = he(1) = 1, and,for x,y € C,

dc(X+Y) = ge(hc(x+Yy)) sincehc is aretraction
= hc(g(x+Y)) by definitionof gc
= hc(9(X) - 9(y)) sinceg is a SUA operator
= hc(g(x)) - he(a(y)) sincehc is aBooleanhomomorphism
= ge(he(X) - ge(he(y)) by definitionof gc
= 0c(X) - ge(y) sincehc is aretraction

Thus,(C,gc) € SUA, andhc : B— C is a SUA homomorphism.

Next, let (A,ga) = [Tcec(C,oc), andlet e betheprojectionof AtoC. Themappingf : B— Adefined
by 1e(f (X)) = he(X) isa SUA homomorphismsinceeachric andeachhc is a SUA homomorphism.
All thatis left to shav isthat f is one-onelf x,y € B,x # y, we let C bethe Booleansubalgebraf B
generateddy {x,y}. Now,

Tc(f(X) = he(X) = x#y =hc(y) = Tc(f(y),
whichimplies f(x) # f(y). O

4 Canonical extensions

The canonicalextensionof a Booleanalgebra B is a completeandatomic BooleanalgebraB® con-
taininganisomorphiccopy of B asa subalgebravith the properties

4.1) Every atomof B is the meetof elementf B.
4.2) If ACB suchthatz goA = 1, thenthereis afinite subsebf A whosejoin is 1.



ThesetKg = {[1s°M : M C B} is calledthesetof closedelement®f B, and(—K)g = {—x:x € Kg}
is the setof openelementsWe will dropthe subscriptf no confusioncanarise.

It is well known, that eachBooleanalgebrahasa canonicalextensionwhich is uniqueup to iso-
morphism[12]. One suchconstructionis given by Stones representatiotheoremfor Booleanal-
gebras:Let B® be the powersetalgebraof the setof ultrafiltersS(B) of B, andembedB into B° by
h(b) = {U € §(B) : b € U}. Obsere thath neednot presere infinite joins or meets:If, for example,
U € §B) is non-principal,then[]gU = 0, and[]gs h{U] = {U}. Unlessstatedotherwise we will

supposen thesequekhatB is asubalgebraf B°, andthatjoins andmeetsaretakenin B°.

If f:B— B,welet

(4.3) f°(x):2{|‘|{f(z):zeB, p<z}:peK, p<x},
(4.4) f(x) = H{Z{f(z): zeB, p<z}: peK, p<x}.

If fisamodalrespectiely, asufiiciencgy operatortheequationg4.3)and(4.4) havethesimplerform

(4.5) f°x) =Y {[|{f(@:2€B, p<z}:peA(B%), p< X},
(4.6) fT(x) = H{Z{f(z): zeB, p<z}: peAt(B°), p<x}.

In particular if p € At(B°), thenwe have

(4.7) °(p) =[{f(2 :z€ B, p< 2},

(4.8) "(p) =S {f(9:2€B, p< 2.

The proof of thefollowing Lemmais doneby simplecomputation:
Lemma4.1. If f isa modalopentor, andg a suficiencyopemtor on B, then
(4.9) (F)" = ()7,

(4.10) (9" =(g")°.
Resultsanalogoudo thosefor MOA, hold for sufiiciency operators:

Proposition4.2. (Duntsd & Ortowska[5])

1. ExtensionTheoem: If g is antitone theng™ is antitoneandg™ | B = g. If g is a suficiency
opeiator, theng™ is a completelyco-additivesuficiencyopemtor.

2. RepesentatioriTheoem: If (B, g) is a suficiencyalgebra, thenthere is (up to isomorphismp
uniqueframeK = (U, R), sud thatCmgua (K) = (B%,g™).

If B = (B, f1,..., fn) € MOA, we denoteby B° the MOA (B, f2,..., f), andcall it the canonical
extensionof 9B. Similarly, we definethe canonicalextensionof a SUA B anddenoteit by 8™ =
(BY, f%,..., f.0. Notethattheuniversesof B° and®8™ arethe same.
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Proposition4.3. If %8 € MOA, then®B8%* = 95*™,

Proof. Since* doesnot changethe Booleanpart of an algebraandthe canonicalextensionsof the
Booleanpart are the sameboth for modaland sufiiciency algebrasall we needto shaw is that for

eachmodaloperatorf on A we have 1o = f*™, Thisis just (4.9).

Therelationshipdetweercanonicakextensionanddual operatorss asfollows:

Proposition4.4. [11] Supposehat f : B— B is isotone

1. f99 < f99,

2. If f isamodalopetor, thenf? = {99,

A similar resultholdsfor antitone- resp.sufficiency - operators:

Proposition4.5. Suppose¢hatg: B — B is antitone Then,
1. g° < g
2. If gis a suficiencyopenator, theng®™ = g™®.

Proof. 1. Letg: B — B beantitone.Then,for all x € B,

g™ (x) < g”(x) <= —g""(x) < —g™(x)
g™ ()
g’ (x) by (3.5),

= ¢"™(x) <
= g(x) <

whichis trueby Lemma4.4(1).
2. Letg: B — B beasuficiengy operator Then,for all x € B,
g7 (%) = —g"(—x) =g™(—x) =g°(-X)
=—g"%(x)= —g%°(x) byLemma4.4(2)
=g (® =g*"(x by (4.10)
=g"(v),

which wasto beshawn.

Proposition4.6. 1. Let f,gbemodaloperators onB andh: B — B sud thath(x) = f(x) +
Then,h is a modalopefator, andhd(x) = f°(x) +g°(x). Furthermoe, h%(x) = f99(x) - g?9(x).

2. Let f,g besuficiencyopertors on B andh : B — B sud that h(x)

=f
suficiencyopertor, andh™(x) = f™(x) - g™(x). Furthermoe, h%™(x) = f

10

X)-g(x). Then,hisa
() +¢™(x).



Proof. 1. Thisfollowsfrom [12], Theorem2.8
2. It is easilychecledthathis asuificiency operator For therest,we needto shav thatfor all x € B®
[ {2 1zeB,p<z:pe A(B%),p<x}=
H{Z{f :z€B,p<z}:peA(BY), p< X}
(> {92 :z€B,p< 2 : pe A(B%), p<x}.
The direction < is obvious, and we just shav >: Supposethatr € At(B°) suchthat for all p €
AL(BY), p<x
(4.11) rgZ{f(z):zeB,pgz}-Z{g(z):zeB,pgz}

andassumehat

r£ [ {2 :zeB,p<z}:peA(B%),p<x}.

Sincer is an atom, thereis someq € At(B°) suchthatr £ S{f(z)-9(2) : z€ B,q < z}, in other
words, we have r - f(2) - g(z) = 0 for all z € B for which g < z. Since, by our hypothesisr <
S{f(2):zeB,q<z}-5{0(2) :ze B,q < z}, thereareu,v € B, q < u,v suchthatr < f(u)-g(v).
Observingthat f andg areantitone,we obtainthatr < f(u-v)-g(u-v). Thefact,thatq<u-ve B
now contradictour assumptiomn - f (u-v) -g(u-v) = 0.

Therestis easilyestablished. O

The preseration of identitiesof a modalalgebraB by its canonicalextensionB® is one of the ma-
jor questiondn the theory of MOA. We will restrictour considerationso algebraswith one extra
operator

Let € beaclassof Booleanalgebraswith operators An equationt = p is saidto be & — canonicalif
for every algebraB € €, if T = pistruein B, thenit is truein the canonicalextensionof B. Obsere
thatwe have thefollowing fact:

Proposition4.7. Let® and® be classe®f Booleanalgebras with opemators sud that® C €. Then,
if an equationt = p is € — canonicalthenit is ® —canonical.

A classC of Booleanalgebraswith operatordgs canonicalif it is closedunderthe appropriatecanon-
ical extension.

Proposition4.8. Lett, p betermsin alanguage £ definedonp. 6. Then,

(4.12) T = p is MOA —canonical <= 1" = p* is SUA — canonical

Proof. Supposa = p is MOA - canonicaland(B, f) =1 = p. Then,

(B, ") FT =p" by (3.24)
(B%, f%) 1= p sincet = p is MOA canonical
(B (f)) =T by (3.24)
(B,(f")") " =p’ by (4.9)

11



Thus,if T = p is MOA - canonicalthent* = p* is SUA - canonical. Corversely by ananalogous
argument,oneshaws thatfor every SUA - canonicalequationt = p the equationt™* = p* is MOA -
canonical. O

It wasshawn in [12] thatfor modaloperatorsf, g on B,
(4.13) feog”=(fog)?,

and the generalform of this resultwas usedto shav that every positve equationwhich holdsin
(B, f) alsoholdsin (B, f°). Several preseration resultsfor MOA arediscussedn[11]. Sincethe
compositiorof sufficiency operatoraisuallyis notasuficiency operatorasimilar resultfor this class
cannotbe obtained Whatonemight hopeto shav would bearesultsuchas

ffog™=(fog)”.

Thefollowing exampleshaws thatthis neednotbetruein SUA:

Letw={0,1,2,...}, U = wU{w}, andB bethesubalgebraf 2V generatedy {{n} : n € w}. Then,

B is isomorphicto thefinite-cofinitesubalgebraf 2°, and2V = B, Definef : B — B by
f(X)=—{n+1:neX}.

Then,f is asufiiciengy operatorandwe have

f({w}) = J{f(X): X €B, we X},
ZU{—{nJrl:neX}:x €B, we X},
= —{w},

and

FH"({w}) = F(—{w}),
=MU{f(X):ne X} ne w},
=MU{~={m+1:meX}:neX}:necw},
=({-{n+1l:necw}},
= {0, w}.

Ontheotherhand,we have for eachX € B

f(f(X))=f(—{n+1:neX}),
=—-{m+1:m¢g{n+1:neX}},
=—-{Mm+1:m-1¢X},
={n+2:neX}.
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Now,
(fof)?({w}) ={f(f(X):X€B, we X},
=({{n+2:neX}:XeB, we X},
= {w}.

Examplesof a similar naturecanbefoundin [7].

5 Mixed algebras

Now that we have the conceptof a canonicalextension,we canlook at the algebrasarising from
algebrasof the form (2V, (R), [[R]]) which we have introducedin [5]. A mixedalgebra (MIA) is a
structure(B, f,g), whereB is aBooleanalgebra,f is amodaloperatorg a sufiiciency operatorand

(5.1) f°(p) =gd"(p)

for all atomsp of B°. With someatuseof languagave will denoteheclassof mixedalgebrasy MIA
aswell. Thecanonicakxtensionof (B, f,g) € MIA isthealgebraB®™ = (B, f°,g"). If K= (U,R) is
aframe, the algebraCmya (K) = (2Y, (R),[[R]]) is calledthe full mixedcomple algebra of K. We
have shavn in [5] thatmixedalgebrasarethe appropriatestructuresor mixed comple algebras:

Proposition5.1. For ead MIA (B, f,g) thereis (uptoisomorphismpa uniqueframeK = (U, R) sud
thatCmwia (K) = (B, £9,g") andxRy<=>x € (R)({y}) N[[R]({y}).

A languaye LL for mixedlogic is alanguag€or classicalpropositionalogic enhancedby unaryoper
atorsymbols( ) and[[ ]] which areinterpretedasin (3.14)and(3.27) respectrely. As with modalor
sufiiciengy algebraspnecaneasilyprove thefollowing result:

Proposition5.2. If ¢ is anL - formula,thenthere is atermt, in thelanguage of MIA sud that for
anyframeK = (U,R),

K|:¢(:)CmM|A(K) |:T¢ =U.

Beforewe exhibit somestructural(non-) propertiesof MIA, we prove thefollowing:

Lemma5.3. Let (B, f) € MOA andP bea non-principalideal of B suc that f is theidentityon P.
Then,(B, f,g) & MIA for anyopeiator g onB.

Proof. Supposehat(B, f,g) € MIA for someg: B — B, andsetU = {—x:x € P}. Letx € U; since
P is primeandnon-principal therearey,z € P\ {0} suchthaty-z= 0andy+z < x. Then,

ay) <fly)=yv. 90 <f(9=2
909 <gly+2) =g(y)-9(2) <y-z=0.
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Thus,

g"(U) =S {g(x) : xeU}=0.

Ontheotherhand,f°(U) # O: First, notethatx € U implies f (x) € U; otherwise,f(x) € P, and,since
—X € P, we have

f(1) = f(x+(=x)) = f(X)+ f(—x) = T(X) + (—x) € P.

SinceP is non-principal thereis somez € P suchthat f(1) < z Then,z< landf(1l) < z= f(2), a
contradiction.Thus, f(x) € U for all x € U, andit follows that

f9U) = [{f(¥) :xe U} #0=g"W),
contradicting(5.1). O

If B is anatomicBooleanalgebrawe let gy g) : B — B bethemapping

1, ifx=0,
Oae)(X) = { %, if xisanatom,
0, otherwise

It is not hardto seethatgu g is asufficienyy operatorandthat (B, f,gag)) € MIA if andonly if f
is theidentity on B. We arenow readyto prove

Proposition5.4. 1. MIA is notclosedundersubalgbras.
2. MIA is notclosedunderhomomorphidmages.
3. MIA is not closedunderfinite products.

4. MIAis not closedunderultraproducts.

Proof. 1. Let B be a Booleanalgebrawith exactly threeatomsa, b, c, and f be the identity on B.
Furthermorejet C be the Booleansubalgebraof B with atomsa+b andc. Now, (B, f,gxg)) €
MIA, and(C, f [ C,gas) [ C) is a subalgebraf (B, f,gas)), i-e.closedunderall basicoperations.
However, sincef [ C is theidentityonC, andgug) | C # gay(c), it cannotbein MIA,

2. LetB,C beasabore, andh: B — C beinducedby h(a) = h(b) = a+Db, h(c) =c. Thenhisa
retractiononto C which preseresall basicoperators.Using the sameagumentasabore, the claim
follows.

3. LetU benonemptyandfinite, R beanonemptybinaryrelationonU, andB bethemixedcomplex
algebraof (U,R). SinceU is finite, we have B=B°, (R) = (R)°, [[R]] = [[R]]" andalso(B x B)° =
B x BY. If (R)? and[[R]]? arethe operatorson B? arisingfrom (R) and|[[R]], then, for ary atom
(0,{a}) of B x Bwehave

(RZ((0,{a})) = ((R)(0), (Ri({a})) = (0, (R)({a})) # (U, [[R({a})) = [[RI*((0, {a})),
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which contradictg5.1).

4. Letl ={ne w:2< n}, andBy, bethe finite Booleanalgebrawith exactly n atoms. For each
nel, welet fy betheidentity on B, andgn = gug,)- Then,each(B, fr,gn) € MIA. LetU bea
non-principalultrafilter on |, and (B, f,9) = [nei (Bn, fa,0n) /U be the ultraproductof the algebras
(Bn, fn,gn) overU. Sincefy(x) = xistrueforallne 1, f istheidentity. B is infinite, andthereforejt
containsa non-principalprimeideal. Hence,it cannotbe madeinto a MIA by the preceding_.emma.
It follows thatMIA is notclosedunderultraproducts. O

Sinceaclasswhichis first orderaxiomatisableneedgo be closedunderultraproductsyve obtain
Corollary 5.5. MIA is notfirst order axiomatisable

Proposition5.6. MIA hasaternarydiscriminator
Proof. We have shavn in [5] thatthe mappingm: B — B definedby m(x) = f9(x) - g(—x) satisfies

1, if x=1,

m(x) =
0, otherwise

If x,y,z € B, then
t(x,¥,2) =z-m(—(x®y)) +X-m(—(xey))

is theternarydiscriminator seee.g.[19]. Here,x® Yy is thesymmetricdifference. O

We canusethis to shav a correspondenceesult. SupposehatL is alanguagegor mixed logic. Let
P1 bethesetof all first ordersentenceg in alanguagewith onebinaryrelationsymbolandequality
suchthatthereis someformulay of I with

(52) (U,R) 6 < (UR Fu.

Proposition5.7. Py is closedunderall Booleanconnectives.

Proof. We shav by examplethatP; is closedundernegation. Supposéhat¢ is afirst ordersentence,
¢ aformulawitnessing(5.2), andK = (U,R) aframe. By Proposition5.2 thereis atermty in the
languageof MIA suchthatfor ary frameK = (U, R)

K |: lIJ<:>0mM|A(K) IZTLIJ =1
Now,
KE ¢ <= K d <= Cmyia(K) =Ty # 1= m(1y) = 0= —m(1y) =1,

wheremis theMIA - definableoperatorof Propositiorb.4. O
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A relationalpropertywhich canbe expressedy MIA expressionbut not by MOA or SUA aloneis
antisymmetryseealso9]:

Proposition5.8. LetK = (U, R) beaframe Then,

K = (¥) (¥9) [XRYA YRX=> X = ¥] <= Cmyia (K) = (R ([[RII(~X) NX) C X.

Proof. “=": Supposehatz € (R)([[R]](—X)NX) andz ¢ X. Then,thereis somey € U suchthat
zRy —X C R(y), andy € X. Now, z¢ X and—X C R(y) imply yRx furthermorey € X shows that
Z#Y.

‘<", SupposehatzRy yRz z#y, andsetX =U \ {z}. Sincey # z, we have y € X; furthermore,
yRzimplies —X C R(y), sothaty € [[R]](—X) N X. Finally, zRyshavs thatz € (R)([[R]](—X) N X),
butz¢ X. O

This shavs thatantisymmetnyis MIA expressibleandit follows from a constructiorof [5], Proposi-
tion 18, thatantisymmetnyis not MOA or SUA expressible.

Proposition5.9. Let(B, f,g) € MIA. Then,B = f(g(—X) -X) < ximpliesB°™ = f°(g"(—x) - x) < X.

Proof. Let K = (U,R) suchthatCmy (K) = (B°, f9,g™ andxRy<= x € (R)({y}) N [[R]({y});
theseexist by Propositiorb.1. AssumethatB |= f(g(—x) - x) < x, but B°™ [~ f9(g"(—x) - x) < x; then,
Cmuia (K) = (R)([[R]](—X) N X) C X. By Propositiorb.8,Ris notantisymmetricandthus,thereare
a,b € U suchthataRh bRa anda# b. In particular a € (R)({b}) andb € [[R]]({a}), andit follows
thattherearep, q € At(B°™) suchthatp # q and

(5.3) p< 90,
(5.4) a<d"(p).
From(4.7)and(5.3) we obtain

(5.5) (VzeB)lg<z=p< f(2)],
and(4.8)and(5.4)give us
(5.6) (3t € B)[p< —~tandq < g(-t)].

Furthermorep # qimpliesthatthereis somes € B suchthat
(5.7) q<s p<-s
Now, we setx = s+t. Then,from (5.6)and(5.7),

(5.8) q<x p<—x

Sincet < x, andg is antitonewe have g(—t) < g(—x), andthus,(5.6)and(5.8)imply thatq < g(—x) -
x. It follows from (5.5) andour hypothesisf (g(—x) - x) < xthatp < f(g(—x) - x) < X, contradicting
(5.8). O
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Table2: Subclassesef BARO

SMOA Strongmodalalgebras WMO A Weakmodalalgebras

1. fpisamodaloperator 1. fpisamodaloperator
2. If x#0,thenfp(x) = 1. 2. fo(x) =0.
3. feua(P) = f8(p)- f3(p) forall pe At(B°). | 3. fruq(X) = fp(X) + fo(X)

SDMOA Strongdualmodalalgebras WDMO A Weakdualmodalalgebras
1. fpisadualmodaloperator 1. fpisadualmodaloperator
2. If x# 1,thenfp(x) = 0. 2. fp(x) = 1.
3. fouo(—=p) = f8(=p)+ fg(—p) forall pe | 3. frua(X) = fr(X) - fa(x)

At(BO).

SSWA Strongsufiiciencgy algebras WSUA Weaksufiiciengy algebras

1. gp is asufiiciency operator 1. gp is asuficiency operator

2. go(x) =1. 2. If x# 0,thengp(x) = 0.

3. gruq(X) = gp(X) - 9o (X). 3. oua(P) = gp(p) +gg(p) for all p e
At(B?).

SDSLA Strongdualsuficiency algebras WDSUA Weakdualsufiiciencgy algebras

1. gp isadualsufiiciency operator 1. gpisadualsufiiciency operator

2. go(x) =0. 2. If x# 1,thengp(x) = 1.

3. gpuq(X) = gp(X) + 9gq(X). 3. Gpuo(—P) =gi(—p)-gg(—p) forall pe
At(B?).

SMIA Strongmixedalgebras WMIA Weakmixedalgebras

1. (B,{fp: P C A})isin SMOA. 1. (B,{fp: P C A})isin WMOA.
. (B,{gp: PC A})isin SSLA. 2. (B,{gp:PCA})isin WSUA.
3. fg =gpforall pe At(B?). 3. fg =gpforall pe At(B?).

N

6 Relative operators

A Booleanalgebra with relativeoperators (BARO) is astructure = (B, +,-,—, 0,1, {hp : P C PAR})
suchthat(B, +,-,—,0,1) is a Booleanalgebraandeachhp is a unaryoperatoron B. We will usually
identify algebraswith their underlyingset; for example,we will write (B, {hp : P C PAR}) for a
BARO. With somealuseof languagewe denotethe classof all Booleanalgebraswith relative op-
eratorsby BARO aswell. The operatordp will usuallybe modalor suficiengy operatorswe will
assumehe convention,thatwe write fp for modaloperatorsandgp for suficiency operatorsThere
will be certainconnectiondetweerthe setoperationson the set2™R andthe propertiesof the corre-
spondingoperators.We have alreadyencounteredheseglobal conditionswith the strongandweak
frameson p. 3. Severalsubclassesf BARO aredefinedin Table2.

Proposition 6.1. If (B,{hp : P C A}) is in oneof the classesof Table 2, thensois its appopriate
canonicalextension.
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Proof It follows from Proposition4.2,thatfor eachtypeaborve, f° or g™ is in the sameclassof oper
atorsasf or g. Thereforeconditionl. of the definition of the classess fulfilled for the operatorsn
questionWe will only prove severalexemplarycasestheothersareeitheranalogousrimmediately
clear

WMOA: Letx € B°. Then,
fg(x) =3 {[]{fe(2:2€B, p<z}:peA(B%),p<x},
=0,
sinceby ourassumptionfp(z) = 0 for all z€ B.
Condition3. follows from Lemma4.6.1and fpug(x) = fp(X) + fo(X).
SDMOA Let1# x e B°. Then,

(09 =[1{3{-1@:2€8, p<2: peA(E),p<
=[{S {fo(~2):2€B, p<z:peM(B°),p< —x}
=0,
sincethereis somep € At(B9) with p< —xbyx# 1,andfp(—z) =0forall 0#£ p< z
Condition3. follows from the factthatthe operatorof taking canonicalextensionds idempotent.
SSWA Letx € B°. Then,
%) =[11> {902 : z€B, p<z}: peA(B°),p<x},
=1,
sinceby ourassumptiongy(z) = 1 for all z€ B.
Condition3. follows from Lemmad4.6.1andgpug(X) = gr(X) - 9o(X).

SMIA, WMIA: This follows from the considerationgbove andthe fact that the operatorof taking
canonicakxtensionds idempotent. O

Algebraiccounterpart$o informationframesare

B = (B,{fp: PCA}) € MOA,
B =(B,{gp: PC A}) € SUA,
%:<Ba{fPPgA}a{gPPgA}> € MIA,

wherethefunctionsfp (gp) aremodal(sufiiciengy) operatorsTheclassesorrespondingo theframes
with therelationsof Tablel arelistedin Table3, andwe have

Proposition 6.2. Eac classof algebraslistedin Table 3 is canonical.
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Table3: Examplesof BARO classes

Strong similarity algebras

Weak similarity algebras

. B € SMOA.
. x < f8fp(X).

. fp(l)-XS fp(X).

. B € WMOA.
. x < f8fp(X).

. fp(l)-XS fp(X).

Strong disjointnessalgebras

Weak disjointnessalgebras

. B € SSLA.
- X< gpgp(X).

- 9p(X) - x < gp(1).

. B € WSUA.
. X< gpgp(X).

. Ga(X) - X< ga(1).

Strong complementarity algebras

Weak complementarity algebras

. B € SMIA.

- X< gpgp(X).
. Op(X) < —x,if P#£0.

. fp fp fp(X) < fp(X).

B eWMIA .
. X< gpgp(X).
. Op(X) < —X.

. fafafa(x) < fa(x).
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Proof. Obsene that eachof the axiomsfor the classesf algebrasn Table 3 canbe presentedas
an equationwhich is MOA — canonical[8, 11], or it leadsto a SUA canonicalequationafter the
transformatiort, definedon p. 3. For example,

x < f8fp(X)
is canonical sincetheinequalities

(6.1) < f(x),
(6.2) x< f2(x)

arecanonical:Observingthat f(x) is a positve term, henceexpandingby Theorem5.5 of [11], and
X is a contractingterm, we concludefrom Propositionl.3 of [11] that(6.1) is canonical.Sincef is
a modaloperator f(x) is isotone,andthus, Theorem5.3. of [11] tells usthat (6.2) is canonicalas
well. O

7 Conclusionand outlook

In this paperwe have continuedthe study of extensionsof the classicaltheoryof Booleanalgebras
with normalandadditive operatorgBAO). The extensionswe proposeare motivatedby a questfor
algebraidoolsfor representationf andreasoningaboutincompleta@nformation. We have shavn that
variousclassef relationsthat canbe derived from ary collectionof datain the form of an object
- propertiesassignmenteadsin a naturalway to the correspondinglasseof Booleanalgebrasen-
dowedwith relative (i.e. indexedwith subset®f aset)modal,sufiiciency or mixedoperatorsWe have
investigatedheunderlyingclasse®f algebraslongthelinesof themethodologyof theclassicaBAO
theory Furtherwork on the problemof closureof variousclasse®f suficienoy andmixed algebras
derived from informationsystemaunderthe appropriatecanonicalextensionss needed Proposition
4.8 opensthe way to obtaingeneralclosureresultsfor classeof suficiengy algebraghroughrefor
mulationof the correspondingesultsfor modalalgebrase.g. a Sahlqgvistresult. The closureresults
for mixedalgebrasareanopenproblem.An extendedist of Booleanalgebraswith relative operators
aswell astheassociatetbgics,canbefoundin [2].
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