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1 Intr oduction

In recentyearsa wide varietyof intensionalmodal-like logicswith thepropositionaloperatorsdeter-

minedby relationsplay animportantrole in a numberof applicationareassuchasspatialreasoning,

cognitiveagenttechnologies,knowledge-basedsystems,etc.Many of theseapplicationsrequiremuch

moreinvolved logical systemsthanthe ordinarymodal logics canoffer. In onedirection,onecon-

sidersoperationswhich areintendedto expresspropertiesnotexpressibleby thepossibilityoperator,

suchastheinaccessibilityof Humberstone[10], or thesuffiency operatorsof Gargov et al. [6]. Such

operatorslead to variousclassesof Booleanalgebraswith operators,and in earlier work we have

introducedtheclassesof sufficiencyalgebras (SUA) andmixedalgebras (MIA) andhave startedan

investigationof their properties[5].

Othernovel featuresof the logics thathave beenconsideredin connectionwith informationsystems

are– onthelevel of semantics– frameswith afamily
�
RQ : Q � PAR� of relativerelations. Theseare

relationswhich areindexed by theelementsof thepowersetof a setPAR in sucha way that theset

operationson 2PAR poserestrictionson therelations,for example,

RP � Q � RP � RQ �(1.1)

The needto considersuchsystemsarisesfrom the fact that in the context of informationsystems,

dependenciesamongattributesareusuallypresentin someform whichhave to bemodelled.

In thispaperwecontinuethedevelopmentof algebraiccounterpartsof logicsarisingfrom information

systemswhichwehave begunin [5] andextendsomeresultsto reasoningaboutrelative relations.�
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In Section2 we recall someclassesof frameswith relative relationsderived from an information

systemandtheir abstractcharacterisations.In Section3 we presentsomenew resultson sufficiency

algebras.In Section4weextendthenotionof canonicalextensionof analgebrato sufficiency algebras

andwe investigatepropertiesof thesecanonicalextensions.Section5 is devotedto mixed algebras

which have both modalandsufficiency operatorsin their signature.In Section6 we introducethe

conceptof Booleanalgebraswith relative operators,andwe presentseveralclassesof suchalgebras.

Thesearemeantto provide an abstractcharacterisationof the correspondingalgebrasderived from

informationsystems.

2 Framesand information systems

A frameis a structure	 U 
��� , whereU is a setand � is a family of binaryrelationsonU . If R is a

binaryrelationonU , we let dom� R� � �
x � U : ��� y � U � xRy� , andfor x � U

R� x� � �
y � U : xRy�

is theR-range of x. Theconverseof R is therelation

R˘ � � 	 x 
 y : yRx� �
For laterusewe recallseveralrelationproperties:R is called� weaklyreflexive, if x � dom� R� impliesxRx,� weaklyirreflexive, if x � dom� R� impliesx ��� R� x,� 3–transitive, if wRxRyRzimplieswRz.

If P is apropertyof relations,wesaythatR is co - P, if � RhasthepropertyP.

By an informationsystemwe meana structureS � 	 OB
 AT 
 � VALa : a � AT �� suchthat OB is a

nonemptysetof objects,AT is a finite nonemptysetof attributes,andeachVALa is a setof values

for attribute a. Note that we allow a � x� to be the emptyset,sinceit may be meaningfulin various

applications.For example,if a � x� consistsof thesymptomswhich a medicalexpert x assignsto an

illness, thenonecanallow a � x� � /0 to expressthat the expert doesnot have (or doesnot want to

publicise)anopinion[see3].

Eachattributea definesvariousinformationrelations[14, 16, 17] ontheUniverseOB in thefollowing

way: If T is a relationon 2VALa, we let RT betherelationonU definedby

xRT
a y ��� a � x� Ta � y� �

If A � OB, we let

xRT � s
A y ��� xRT

a y for all a � A 

xRT � w

A y ��� xRT
a y for somea � A �
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At times, we will write a more suggestive namefor RT . Of particularinterestare thoserelations

which arisefrom thesettheoreticoperationsandrelationson 2VALa. We will, in particularconsider

thefollowing relations:

x��� � ay ��� a � x�!� a � y�"
(2.1)

x #$�%�'& ay ��� a � x� � a � y� � /0 
(2.2)

x (*)+�-, ay ��� a � x� � � a � y� �(2.3)

By a framederivedfroman informationsystemS � 	 OB
 AT 
 � VALa : a � AT �� we meana relational

system 	 KS
 R � 	 OB
 � RA : A � AT �� , where
�
RA : A � AT � is a family of informationrelations.

Observe that relationsin theseframesdependon subsetsof AT, andin this sense,they arerelative.

Suchrelationsprovide twofold information,namely, theinformationwhichobjectsarerelatedandthe

informationwith respectto which attributesthoseobjectsarerelated. We concludethat in orderto

representadequatelyall theingredientsof informationprovidedin aninformationsystem,weneedto

considertheframeswith relative relations.In ageneralsetting,wewill dealwith familiesof relations

indexed with subsetsof a set of parameters,that is, structuresof the form 	 U 
 � RP : P � PAR�� .
Relative relationsin theseframesmaysatisfylocal conditionssuchasreflexivity, transitivity etc.,but

alsoconditionsthatsayhow a relationindexedwith a compoundset(suchasRP � Q) dependson the

relationsindexedwith thecomponentsets(suchasRP andRQ). Theseconditionsarerelevant for the

family of relationsasawhole,andthereforethey arereferredto asglobalconditions.Typicalexamples

for suchglobalconditionsare

RP � Q � RP � RQ 
(2.4)

R/0 � U . U 
(2.5)

RP � Q � RP / RQ 
(2.6)

R/0 � /0 �(2.7)

Any family of relative relationssatisfying(2.4)and(2.5) (resp.(2.6)and(2.7)) for all P
 Q � PAR is

calledafamily of strong(resp.weak) relations.With someabuseof notationwewill identify singleton

setswith theelementthey contain;in particular, we will write Ra insteadof R0 a1 for a � PAR.

In Table1 we characterisetheabstractrelative counterpartsto the relations(2.1) – (2.3) in termsof

local andglobal properties. Representabilitytheoremswhich exhibit the connectionsbetweenthe

relationsof Table1 canbefoundin [1] and[4].

3 Modal and sufficiencyalgebras

Throughout,welet 	 B 
324
657
8�9
 0 
 1 beaBooleanalgebra,whichwewill justcallB. If A is any Boolean

algebra,thenAt � A� is thesetof all atomsof A, andwe setAt0 � A� � At � A� / �
0 � . An operator on B

is just a mappingf : B : B; observe thatthis is moregeneralthantheterminologyin [12]. If f is an

operatoronB, thenits dual operator f ∂ is definedby

f ∂ � x� � � f ��� x�"
(3.1)
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Table1: Familiesof informationrelations

Strongsimilarity Weaksimilarity
Strong,symmetric,weaklyreflexive Weak,symmetric,eachRa is weaklyreflexive

Strong disjointness Weakdisjointness
Strong,symmetric,co-weaklyreflexive Weak,symmetric,eachRa is co-weaklyreflexive,

Strong complementarity Weakcomplementarity
Strong,irreflexive,symmetric,3-transitive Weak, symmetric, eachRa is irreflexive and 3-

transitive.

andits complementarycounterpartf ; by

f ; � x� � � f � x� �(3.2)

Thenext Lemmais easilyestablished:

Lemma 3.1. If f 
 g areoperators on B then

f ∂∂ � f 
(3.3)

f ;3; � f 
(3.4)

f ; ∂ � f ∂; 
(3.5) � f � x�<2 g � x�6� ∂ � f ∂ � x�=5 g∂ � x�"
(3.6) � f � x�<2 g � x�6� ; � f ; � x�=5 g; � x� �(3.7) >
An operatorh : B : B is called

1. completelyadditive, if

If ∑
i ? I

bi exists,then∑
i ? I

h � bi � exists,andis equalto h

@
∑
i ? I

bi A �(3.8)

2. completelyco-additive, if

If ∑
i ? I

bi exists,then∑
i ? I

h � bi � exists,andis equalto h

@
∏
i ? I

bi A �(3.9)

A modaloperator on B is amappingf : B : B for which

f � 0� � 0 
 Normal(3.10)

f � a 2 b� � f � a�<2 f � b� � Additive(3.11)
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If f is amodaloperator, then

f ∂ � 1� � 1 
(3.12)

f ∂ � a 5 b� � f ∂ � a�'5 f ∂ � b� �(3.13)

The dual of a modaloperatoris often calleda necessityoperator. Observe that eachmodaloper-

ator andits dual are isotone. A modalalgebra (MOA) is a Booleanalgebrawith additionalmodal

operators.With someabuseof language,wedenotetheclassof thesealgebrasby MOA aswell.

Let usbriefly recalltheconnectionbetweenframesandmodalalgebras:If 	 U 
 R is aframe,wedefine

two mappings	 R"
CB RD : 2U : 2U by	 RE� X � � �
x � U : R� x� � X F� /0 �G
(3.14) B RD3� X � � �
x � U : R� x�H� X � �(3.15)

In otherwords,

	 RE� X � � �
x � U : ��� y � X � xRy�G
(3.16) B RD3� X � � �
x � U : �JI y � U �EB xRy � y � X DK�G
(3.17)

Proposition 3.2. [12] SupposethatK � 	 U 
 R is a frame.

1. 	 R is a completemodaloperator on 2U , B RD is a necessityoperator, andbothare dual to each

other.

2. If f is a modaloperator on 2U , then there is exactly onebinary relation Sf on U such that	 Sf  � f , and B Sf D � f ∂.

3. SL RM � R.

ThealgebraCmMOA � K � � 	 2U 
C	 R6 is calledthe full modalcomplex algebra of K.

Correspondencetheoryinvestigatestherelationshipbetweenpropertiesof therelationsof a frameand

propertiesof its complex algebra[18]. Examples,which we will needlater – andwhich areeasily

proved–, are

R is reflexive ���NB RD3� X �O� X 
(3.18)

R is weaklyreflexive ���N	 RE� U � � X �P	 RE� X �"
(3.19)

R is symmetric ���N	 REB RD3� X �O� X 
(3.20)

R is 3-transitive ���N	 RE	 RE	 RE� X �O�P	 RE� X �(3.21)

Severalsimplepropertiesof binary relations,however, cannotbeexpressedby modalsentences,for

example,irreflexivity. Noting thata relationis irreflexive if andonly if its complementis reflexive –

andreflexivity is modallyexpressible– Humberstone[10] introducedan“inaccessibility” operator,
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which wasdeterminedby thecomplementof a framerelation;a similar ideawasput forward in [6]

wherea “sufficiency” operatoris used. Theseconsiderationslead to the following definitions: A

sufficiencyoperator on B is a functiong : B : B whichsatisfies

g � 0� � 1 
 Co-normal(3.22)

g � a 2 b� � g � a�'5 g � b�"
 Co-additive(3.23)

for all a 
 b � B.

A sufficiencyalgebra (SUA) is a Booleanalgebrawith additionalsufficiency operators[5]. With

someabuseof language,we denotetheclassof thesealgebrasby SUA aswell. It is easyto seethat

Booleancomplementationis a sufficiency operator, andthata sufficiency operatoraswell asits dual

areantitone.Thegeneralconnectionbetweenmodaloperatorsandsufficiency operatorsis givenby

thenext Proposition,theeasyproofof which is left to thereader.

Proposition 3.3. f is a modaloperator if andonly if f ; is a sufficiencyoperator.

If Q � 	 B 
 f1 
 �6�6� 
 fn R� MOA we let QS; � 	 B 
 f ;1 
 �6�6� f ;n  , which is in SUA by theprecedingresult.

Supposethat T is a languagecontainingsymbolsfor theBooleanoperationsandconstantsaswell as

unaryoperatorsh1 
 �6�6� 
 hn. If τ is a termin T , we let τ; beobtainedby replacingeachoccurrenceof

hi in τ with � hi .

ThefundamentalpropertiesrelatingMOA to SUA aregivenby

Proposition 3.4. Supposethat UV
WQX� MOA.

1. Let α : UY:ZQ bea MOA homomorphism.Then,theassignment

(a) U\[:]U^; ,

(b) α [: α

definesa bijectiveco-variantfunctorbetweenMOA andSUA.

2. For all termsτ 
 σ of T Q`_ � τ � σ ���ZQ ; _ � τ; � σ; �(3.24)

Proof. 1. It is clearly sufficient to show that for eachmodaloperatorf on A we have α � f ; � x�6� �
f ; � α � x�6� :

α � f ; � x�6� � α ��� f � x�6�� � α � f � x�6�� � f � α � x�6�� f ; � α � x�6�"
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whichwasto beshown.

2. Supposethat v is a valuationof variablesof Q for which τ aV� v� � σ aV� v� is true in Q . Since�b� fi � x�6� � fi � x� holdsfor all x � B, wehaveτ aV� v� � � τ cd�ea!fg� v� from which“ � ” follows. Theother

directionis analogous.

If g is asufficiency operator, then

g∂ � 1� � 0 
(3.25)

g∂ � a 5 b� � g∂ � a�h2 g∂ � b� �(3.26)

Therelationshipof sufficiency operatorsto framesis asfollows: Supposethat 	 U 
 R is a frame,and

define B7B RD7D : 2U : 2U by B7B RD7D3� X � � �
x � U : X � R� x�C� �(3.27)

Then,

x �bB7B RD7D3� X �i���j�JI y�EB y � X � xRyD�
��� y � X is sufficient for xRy

whichexplainsthename.Wedenotethedualoperatorof B7B RD7D by 	6	 R6 , andobtain	 RE� X � � 	6	�� R6E��� X �"
(3.28) B RD3� X � � B7Bk� RD7D3��� X � �(3.29)

Correspondencesinclude

R is irreflexive �l� X �m�+B7B RD7D3� X �"
(3.30)

R is co-weaklyreflexive �l�NB7B RD7D3� X � � X �PB7B RD7D3� U �"
(3.31)

R is symmetric �l� X �PB7B RD7D3�6B7B RD7D3� X �6� �(3.32)

In analogyto Proposition3.2we have

Proposition 3.5. SupposethatK � 	 U 
 R is a frame.

1. B7B RD7D is a completesufficiencyoperator on 2U .

2. If g is a sufficiencyoperator on 2U , thenthere is exactlyonebinary relationSg onU such thatB7B Sg D7D � g.

3. Sn n Ro o � R.

We invite the readerto consult[5] for details. ThealgebraCmSUA � K � � 	 2U 
CB7B RD7Dp is calledthe full

sufficiencycomplex algebra of K.

B. Jónsson[11] hasremarkedthatMOA is generatedby its finite members.A similar resultis truefor

SUA.
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Proposition 3.6. SUA is generatedby its finitemembers.

Proof. Let 	 B 
 g!� SUA. It is our aim to show that 	 B 
 g is a subalgebraof a directproductof finite

elementsof SUA.

Let q bethecollectionof finite Booleansubalgebrasof B with at leasttwo atoms.SupposethatC �rq
with atoms

�
c0 
 �6�6� 
 cn � . For eachi s n chooseanultrafilterUi of B whichcontainsci andnoc j 
 j F� i.

Let hC : B : C bedefinedby

hC � b� � ∑
�
ci : b � Ui � �

Then,hC is a retractionof B ontoC, see[13], p. 78. For eachx � B let

gC � hC � x�6� � hC � g � x�6� �
Then,gC isanoperatoronC, andhC : 	 B 
 g=:Z	 C 
 gC  isahomomorphism.Now, gC � 0� � gC � hC � 0�6� �
hC � g � 0�6� � hC � 1� � 1, and,for x 
 y � C,

gC � x 2 y� � gC � hC � x 2 y�6� sincehC is a retraction� hC � g � x 2 y�6� by definitionof gC� hC � g � x�=5 g � y�6� sinceg is aSUA operator� hC � g � x�6�=5 hC � g � y�6� sincehC is aBooleanhomomorphism� gC � hC � x�6�'5 gC � hC � y�6� by definitionof gC� gC � x�=5 gC � y� sincehC is a retraction�
Thus, 	 C 
 gC O� SUA, andhC : B : C is aSUA homomorphism.

Next, let 	 A 
 gA  � ∏C ?ut 	 C 
 gC  , andlet πC betheprojectionof A toC. Themappingf : B : Adefined

by πC � f � x�6� � hC � x� is a SUA homomorphism,sinceeachπC andeachhC is aSUA homomorphism.

All that is left to show is that f is one-one:If x 
 y � B 
 x F� y, we let C betheBooleansubalgebraof B

generatedby
�
x 
 y � . Now,

πC � f � x�6� � hC � x� � x F� y � hC � y� � πC � f � y�6�"

which implies f � x�vF� f � y� .
4 Canonicalextensions

Thecanonicalextensionof a Booleanalgebra B is a completeandatomicBooleanalgebraBσ con-

taininganisomorphiccopy of B asasubalgebrawith theproperties

Everyatomof Bσ is themeetof elementsof B �(4.1)

If A � B suchthat∑BσA � 1, thenthereis afinite subsetof A whosejoin is 1.(4.2)
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ThesetKB � �
∏BσM : M � B � is calledthesetof closedelementsof Bσ, and ��� K � B � � � x : x � KB �

is thesetof openelements. Wewill dropthesubscriptif no confusioncanarise.

It is well known, that eachBooleanalgebrahasa canonicalextensionwhich is uniqueup to iso-

morphism[12]. Onesuchconstructionis given by Stone’s representationtheoremfor Booleanal-

gebras:Let Bσ be thepowersetalgebraof thesetof ultrafiltersS� B� of B, andembedB into Bσ by

h � b� � �
U � S� B� : b � U � . Observe thath neednot preserve infinite joins or meets:If, for example,

U � S� B� is non-principal,then∏BU � 0, and∏Bσ h BU D � �
U � . Unlessstatedotherwise,we will

supposein thesequelthatB is asubalgebraof Bσ, andthatjoins andmeetsaretakenin Bσ.

If f : B : B, we let

f σ � x� � ∑ w ∏ �
f � z� : z � B 
 p s z� : p � K 
 p s x xy
(4.3)

f π � x� � ∏ w ∑ �
f � z� : z � B 
 p s z� : p � K 
 p s x x �(4.4)

If f is amodal,respectively, asufficiency operator, theequations(4.3)and(4.4)havethesimplerform

f σ � x� � ∑ w ∏ �
f � z� : z � B 
 p s z� : p � At � Bσ �"
 p s x x 
(4.5)

f π � x� � ∏ w ∑ �
f � z� : z � B 
 p s z� : p � At � Bσ �"
 p s x x �(4.6)

In particular, if p � At � Bσ � , thenwe have

f σ � p� � ∏
�

f � z� : z � B 
 p s z�G
(4.7)

f π � p� � ∑
�

f � z� : z � B 
 p s z� �(4.8)

Theproof of thefollowing Lemmais doneby simplecomputation:

Lemma 4.1. If f is a modaloperator, andg a sufficiencyoperator on B, then� f σ � c � � f c � π 
(4.9) � gπ � c � � gc � σ �(4.10)

Results,analogousto thosefor MOA, hold for sufficiency operators:

Proposition 4.2. (Düntsch & Orłowska[5])

1. ExtensionTheorem: If g is antitone, thengπ is antitoneand gπ z B � g. If g is a sufficiency

operator, thengπ is a completelyco-additivesufficiencyoperator.

2. RepresentationTheorem: If 	 B 
 g is a sufficiencyalgebra, thenthere is (up to isomorphism)a

uniqueframeK � 	 U 
 R , such thatCmSUA � K ��{� 	 Bσ 
 gπ  .
If Q � 	 B 
 f1 
 �6�6� 
 fn H� MOA, we denoteby Q σ theMOA 	 Bσ 
 f σ

1 
 �6�6� 
 f σ
n  , andcall it thecanonical

extensionof Q . Similarly, we definethe canonicalextensionof a SUA Q anddenoteit by Q π �	 Bσ 
 f π
1 
 �6�6� 
 f π

n  . Notethattheuniversesof Q σ and Q π arethesame.
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Proposition 4.3. If Q|� MOA, then Q σ; � Q ; π.

Proof. Since ; doesnot changethe Booleanpart of an algebraandthe canonicalextensionsof the

Booleanpart are the sameboth for modalandsufficiency algebras,all we needto show is that for

eachmodaloperatorf onA wehave f σ; � f ; π. This is just (4.9).

Therelationshipsbetweencanonicalextensionanddualoperatorsis asfollows:

Proposition 4.4. [11] Supposethat f : B : B is isotone.

1. f ∂σ s f σ∂.

2. If f is a modaloperator, then f ∂σ � f σ∂.

A similar resultholdsfor antitone- resp.sufficiency - operators:

Proposition 4.5. Supposethatg : B : B is antitone. Then,

1. gπ∂ s g∂π.

2. If g is a sufficiencyoperator, theng∂π � gπ∂.

Proof. 1. Let g : B : B beantitone.Then,for all x � B,

gπ∂ � x�Rs g∂π � x�*���j� g∂π � x�Hsm� gπ∂ � x���� g∂π; � x�Rs gπ∂; � x���� g; ∂σ � x�Rs g; σ∂ � x� by (3.5)

which is trueby Lemma4.4(1).

2. Let g : B : B beasufficiency operator. Then,for all x � B,

gπ∂ � x� � � gπ ��� x� � gπ; ��� x� � g; σ ��� x�� � g; σ∂ � x� � � g; ∂σ � x� by Lemma4.4(2)� g; ∂σ; � x� � g; ∂; π � x� by (4.10)� g∂π � x�"

whichwasto beshown.

Proposition 4.6. 1. Let f 
 g bemodaloperators onB andh : B : B such thath � x� � f � x�}2 g � x� .
Then,h is a modaloperator, andhσ � x� � f σ � x�}2 gσ � x� . Furthermore, h∂σ � x� � f ∂σ � x�<5 g∂σ � x� .

2. Let f 
 g besufficiencyoperators on B andh : B : B such that h � x� � f � x�~5 g � x� . Then,h is a

sufficiencyoperator, andhπ � x� � f π � x�=5 gπ � x� . Furthermore, h∂π � x� � f ∂π � x�<2 g∂π � x� .
10



Proof. 1. This follows from [12], Theorem2.8

2. It is easilycheckedthath is asufficiency operator. For therest,weneedto show thatfor all x � Bσ

∏
�
∑

�
f � z�'5 g � z� : z � B 
 p s z� : p � At � Bσ �"
 p s x � �

∏
�
∑

�
f � z� : z � B 
 p s z� : p � At � Bσ �d
 p s x �G5

∏
�
∑

�
g � z� : z � B 
 p s z� : p � At � Bσ �d
 p s x � �

The direction s is obvious, and we just show � : Supposethat r � At � Bσ � suchthat for all p �
At � Bσ �"
 p s x

r s ∑
�

f � z� : z � B 
 p s z�H5 ∑ �
g � z� : z � B 
 p s z�(4.11)

andassumethat

r Fs ∏
�
∑

�
f � z�=5 g � z� : z � B 
 p s z� : p � At � Bσ �"
 p s x � �

Sincer is an atom, thereis someq � At � Bσ � suchthat r Fs ∑
�

f � z�*5 g � z� : z � B 
 q s z� , in other

words, we have r 5 f � z�i5 g � z� � 0 for all z � B for which q s z. Since, by our hypothesis,r s
∑

�
f � z� : z � B 
 q s z�y5 ∑ �

g � z� : z � B 
 q s z� , thereareu 
 v � B 
 q s u 
 v suchthat r s f � u��5 g � v� .
Observingthat f andg areantitone,we obtainthat r s f � u 5 v�~5 g � u 5 v� . The fact, thatq s u 5 v � B

now contradictsourassumptionr 5 f � u 5 v�'5 g � u 5 v� � 0.

Therestis easilyestablished.

The preservation of identitiesof a modalalgebraB by its canonicalextensionBσ is oneof the ma-

jor questionsin the theoryof MOA. We will restrictour considerationsto algebraswith oneextra

operator.

Let � bea classof Booleanalgebraswith operators.An equationτ � ρ is saidto be � – canonicalif

for every algebraB ��� , if τ � ρ is true in B, thenit is truein thecanonicalextensionof B. Observe

thatwe have thefollowing fact:

Proposition 4.7. Let � and � beclassesof Booleanalgebraswith operators such that ����� . Then,

if an equationτ � ρ is � – canonical,thenit is � – canonical.

A classC of Booleanalgebraswith operatorsis canonicalif it is closedundertheappropriatecanon-

ical extension.

Proposition 4.8. Letτ 
 ρ betermsin a language T definedon p. 6. Then,

τ � ρ is MOA – canonical �l� τ; � ρ; is SUA – canonical(4.12)

Proof. Supposeτ � ρ is MOA - canonical,and 	 B 
 f !_ � τ � ρ. Then,	 B 
 f c H_ � τ c � ρ c by (3.24)	 Bσ 
 f σ H_ � τ � ρ � sinceτ � ρ is MOA canonical	 Bσ 
C� f σ � c H_ � τ c � ρ c by (3.24)	 B 
C� f c � π y_ � τ c � ρ c by (4.9)
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Thus,if τ � ρ is MOA - canonical,thenτ c � ρ c is SUA - canonical.Conversely, by an analogous

argument,oneshows that for every SUA - canonicalequationτ � ρ theequationτ; � ρ; is MOA -

canonical.

It wasshown in [12] thatfor modaloperatorsf 
 g on B,

f σ � gσ � � f � g� σ 
(4.13)

and the generalform of this result was usedto show that every positive equationwhich holds in	 B 
 f  alsoholdsin 	 Bσ 
 f σ  . Several preservation resultsfor MOA arediscussedin[11]. Sincethe

compositionof sufficiency operatorsusuallyis notasufficiency operator, asimilar resultfor thisclass

cannotbeobtained.Whatonemight hopeto show would bea resultsuchas

f π � gπ � � f � g� σ �
Thefollowing exampleshows thatthisneednotbetruein SUA:

Let ω � �
0 
 1 
 2 
 �6�6� �G
 U � ω / �

ω � , andB bethesubalgebraof 2U generatedby
���

n � : n � ω � . Then,

B is isomorphicto thefinite-cofinitesubalgebraof 2ω, and2U {� Bσ. Define f : B : B by

f � X � � � �
n 2 1 : n � X � �

Then, f is asufficiency operator, andwe have

f π � � ω ��� �m� �
f � X � : X � B 
 ω � X �G
�m� � � �

n 2 1 : n � X � : X � B 
 ω � X �G
� � �
ω �G


and

f π � f π � � ω ��� � f π ��� �
ω ���"
�m� � � �
f � X � : n � X � : n � ω �G
�m� � � � � �

m 2 1 : m � X � : n � X � : n � ω �G
�m� � � �
n 2 1 : n � ω ���G
� �

0 
 ω � �
On theotherhand,we have for eachX � B

f � f � X �6� � f ��� �
n 2 1 : n � X ���"
� � �

m 2 1 : m F� �
n 2 1 : n � X ���G
� � �

m 2 1 : m � 1 F� X �G
� �
n 2 2 : n � X � �
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Now,

� f � f � σ � � ω ��� �m� �
f � f � X � : X � B 
 ω � X �G
�m� ���
n 2 2 : n � X � : X � B 
 ω � X �G
� �

ω � �
Examplesof asimilarnaturecanbefoundin [7].

5 Mixed algebras

Now that we have the conceptof a canonicalextension,we can look at the algebrasarising from

algebrasof the form 	 2U 
C	 R"
CB7B RD7Dp which we have introducedin [5]. A mixedalgebra (MIA) is a

structure	 B 
 f 
 g , whereB is aBooleanalgebra,f is amodaloperator, g asufficiency operator, and

f σ � p� � gπ � p�(5.1)

for all atomsp of Bσ. With someabuseof languagewewill denotetheclassof mixedalgebrasby MIA

aswell. Thecanonicalextensionof 	 B 
 f 
 g!� MIA is thealgebraBσπ � 	 B 
 f σ 
 gπ  . If K � 	 U 
 R is

a frame,thealgebraCmMIA � K � � 	 2U 
C	 R"
CB7B RD7Dp is calledthe full mixedcomplex algebra of K. We

have shown in [5] thatmixedalgebrasaretheappropriatestructuresfor mixedcomplex algebras:

Proposition5.1. For each MIA 	 B 
 f 
 g there is (upto isomorphism)a uniqueframeK � 	 U 
 R such

thatCmMIA � K �i{� 	 Bσ 
 f σ 
 gπ  andxRy ��� x ��	 RE� � y ��� � B7B RD7D3� � y ��� .
A language � for mixedlogic is a languagefor classicalpropositionallogic enhancedby unaryoper-

atorsymbols 	� and B7B�D7D whichareinterpretedasin (3.14)and(3.27), respectively. As with modalor

sufficiency algebras,onecaneasilyprove thefollowing result:

Proposition 5.2. If ϕ is an � - formula,thenthere is a termτϕ in thelanguage of MIA such that for

anyframeK � 	 U 
 R ,
K _ � ϕ ��� CmMIA � K �H_ � τϕ � U �

Beforewe exhibit somestructural(non-)propertiesof MIA, we prove thefollowing:

Lemma 5.3. Let 	 B 
 f !� MOA andP bea non-principalideal of B such that f is theidentityon P.

Then, 	 B 
 f 
 g�F� MIA for anyoperator g onB.

Proof. Supposethat 	 B 
 f 
 gH� MIA for someg : B : B, andsetU � � � x : x � P � . Let x � U ; since

P is primeandnon-principal,therearey
 z � P � �
0� suchthaty 5 z � 0 andy 2 z s x. Then,

g � y�Rs f � y� � y
 g � z�Rs f � z� � z

g � x�!s g � y 2 z� � g � y�'5 g � z�!s y 5 z � 0 �

13



Thus,

gπ � U � � ∑
�
g � x� : x � U � � 0 �

Ontheotherhand,f σ � U �yF� 0: First,notethatx � U implies f � x��� U ; otherwise,f � x�i� P, and,since� x � P, we have

f � 1� � f � x 2���� x�6� � f � x�h2 f ��� x� � f � x�<2���� x�R� P�
SinceP is non-principal,thereis somez � P suchthat f � 1�!� z. Then,z s 1 and f � 1�H� z � f � z� , a

contradiction.Thus, f � x�R� U for all x � U , andit follows that

f σ � U � � ∏
�

f � x� : x � U �+F� 0 � gπ � U �"

contradicting(5.1).

If B is anatomicBooleanalgebra,we let gAt � B � : B : B bethemapping

gAt � B� � x� ������ ���
1 
 if x � 0 

x 
 if x is anatom 

0 
 otherwise�

It is not hardto seethatgAt � B � is a sufficiency operator, andthat 	 B 
 f 
 gAt � B� !� MIA if andonly if f

is theidentity onB. Wearenow readyto prove

Proposition 5.4. 1. MIA is not closedundersubalgebras.

2. MIA is not closedunderhomomorphicimages.

3. MIA is not closedunderfiniteproducts.

4. MIA is not closedunderultraproducts.

Proof. 1. Let B be a Booleanalgebrawith exactly threeatomsa 
 b 
 c, and f be the identity on B.

Furthermore,let C be the Booleansubalgebraof B with atomsa 2 b andc. Now, 	 B 
 f 
 gAt � B � ��
MIA, and 	 C 
 f z C 
 gAt � B � z C  is a subalgebraof 	 B 
 f 
 gAt � B �  , i.e.closedunderall basicoperations.

However, since f z C is theidentity onC, andgAt � B � z C F� gAt � C � , it cannotbein MIA.

2. Let B 
 C be asabove, andh : B : C be inducedby h � a� � h � b� � a 2 b, h � c� � c. Thenh is a

retractionontoC which preservesall basicoperators.Using thesameargumentasabove, theclaim

follows.

3. LetU benonemptyandfinite, RbeanonemptybinaryrelationonU , andB bethemixedcomplex

algebraof 	 U 
 R . SinceU is finite, we have B � Bσ 
y	 R � 	 R σ 
yB7B RD7D � B7B RD7D π andalso � B . B� σ �
Bσ . Bσ. If 	 R 2 and B7B RD7D 2 are the operatorson B2 arising from 	 R and B7B RD7D , then, for any atom	 /0 
 � a �� of B . B wehave	 R 2 �6	 /0 
 � a ��6� � 	6	 RE� /0 �"
C	 RE� � a ���6 � 	 /0 
C	 RE� � a ���6$F� 	 U 
CB7B RD7D3� � a ���6 � B7B RD7D 2 �6	 /0 
 � a ��6�"
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whichcontradicts(5.1).

4. Let I � �
n � ω : 2 s n � , andBn be the finite Booleanalgebrawith exactly n atoms. For each

n � I , we let fn be the identity on Bn, andgn � gAt � Bn � . Then,each 	 Bn 
 fn 
 gn ^� MIA. Let U be a

non-principalultrafilter on I , and 	 B 
 f 
 g � ∏n ? I 	 Bn 
 fn 
 gn 6� U be the ultraproductof the algebras	 Bn 
 fn 
 gn  overU . Since fn � x� � x is truefor all n � I , f is theidentity. B is infinite, andtherefore,it

containsa non-principalprimeideal.Hence,it cannotbemadeinto a MIA by theprecedingLemma.

It follows thatMIA is not closedunderultraproducts.

Sinceaclasswhich is first orderaxiomatisableneedsto beclosedunderultraproducts,weobtain

Corollary 5.5. MIA is notfirst orderaxiomatisable.

Proposition 5.6. MIA hasa ternarydiscriminator.

Proof. Wehave shown in [5] thatthemappingm : B : B definedby m� x� � f ∂ � x�=5 g ��� x� satisfies

m� x� � �� �
1 
 if x � 1 

0 
 otherwise�

If x 
 y
 z � B, then

t � x 
 y
 z� � z 5 m���+� x � y�6�h2 x 5 m����� x � y�6�
is theternarydiscriminator, seee.g.[19]. Here,x � y is thesymmetricdifference.

We canusethis to show a correspondenceresult. Supposethat � is a languagefor mixed logic. Let

P1 bethesetof all first ordersentencesϕ in a languagewith onebinaryrelationsymbolandequality,

suchthatthereis someformulaψ of � with	 U 
 R!_ � ϕ ���N	 U 
 R!_ � ψ �(5.2)

Proposition 5.7. P1 is closedunderall Booleanconnectives.

Proof. Weshow by examplethatP1 is closedundernegation.Supposethatϕ is afirst ordersentence,

ψ a formula witnessing(5.2), andK � 	 U 
 R a frame. By Proposition5.2 thereis a term τψ in the

languageof MIA suchthatfor any frameK � 	 U 
 R
K _ � ψ ��� CmMIA � K �H_ � τψ � 1 �

Now,

K _ �P� ϕ ��� K F_ � ϕ �l� CmMIA � K �H_ � τψ F� 1 ��� m� τψ � � 0 ���j� m� τψ � � 1 

wherem is theMIA - definableoperatorof Proposition5.4.
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A relationalpropertywhich canbeexpressedby MIA expression,but not by MOA or SUA aloneis

antisymmetry[seealso9]:

Proposition 5.8. LetK � 	 U 
 R bea frame. Then,

K _ � �JI x�E�JI y�EB xRy� yRx � x � yD���� CmMIA � K �H_ � 	 RE�6B7B RD7D3��� X � � X �i� X �
Proof. “ � ”: Supposethatz ��	 RE�6B7B RD7D3��� X � � X � andz F� X. Then,thereis somey � U suchthat

zRy
 � X � R� y� , andy � X. Now, z F� X and � X � R� y� imply yRx; furthermore,y � X shows that

z F� y.

“ � ”: SupposethatzRy
 yRz
 z F� y, andsetX � U � �
z� . Sincey F� z, we have y � X; furthermore,

yRzimplies � X � R� y� , so thaty �¡B7B RD7D3��� X � � X. Finally, zRyshows thatz �¢	 RE�6B7B RD7D3��� X � � X � ,
but z F� X.

This shows thatantisymmetryis MIA expressible,andit follows from a constructionof [5], Proposi-

tion 18, thatantisymmetryis notMOA or SUA expressible.

Proposition 5.9. Let 	 B 
 f 
 gH� MIA . Then,B _ � f � g ��� x�'5 x�ys x impliesBσπ _ � f σ � gπ ��� x�'5 x�Rs x.

Proof. Let K � 	 U 
 R suchthatCmMIA � K �H{� 	 Bσ 
 f σ 
 gπ  andxRy ��� x �£	 RE� � y ��� � B7B RD7D3� � y ��� ;
theseexist by Proposition5.1.AssumethatB _ � f � g ��� x��5 x�Rs x, but Bσπ F_ � f σ � gπ ��� x��5 x�Os x; then,

CmMIA � K �!F_ � 	 RE�6B7B RD7D3��� X � � X �*� X. By Proposition5.8,R is notantisymmetric,andthus,thereare

a 
 b � U suchthataRb
 bRa, anda F� b. In particular, a ��	 RE� � b��� andb �¤B7B RD7D3� � a ��� , andit follows

thattherearep 
 q � At � Bσπ � suchthat p F� q and

p s f σ � q�"
(5.3)

q s gπ � p� �(5.4)

From(4.7)and(5.3)weobtain �JI z � B�EB q s z � p s f � z�WD�
(5.5)

and(4.8)and(5.4)giveus ��� t � B�EB p s\� t andq s g ��� t �WD �(5.6)

Furthermore,p F� q impliesthatthereis somes � B suchthat

q s s
 p s\� s�(5.7)

Now, we setx � s 2 t. Then,from (5.6)and(5.7),

q s x 
 p s\� x �(5.8)

Sincet s x, andg is antitone,wehaveg ��� t ��s g ��� x� , andthus,(5.6)and(5.8)imply thatq s g ��� x�h5
x. It follows from (5.5) andour hypothesisf � g ��� x�~5 x�!s x that p s f � g ��� x�~5 x�^s x, contradicting

(5.8).

16



Table2: Subclassesof BARO

SMOA Strongmodalalgebras WMOA Weakmodalalgebras

1. fP is amodaloperator. 1. fP is amodaloperator.

2. If x F� 0, then f /0 � x� � 1. 2. f /0 � x� � 0.

3. f σ
P � Q � p� � f σ

P � p�h5 f σ
Q � p� for all p � At � Bσ � . 3. fP � Q � x� � fP � x�h2 fQ � x�

SDMOA Strongdualmodalalgebras WDMOA Weakdualmodalalgebras

1. fP is adualmodaloperator. 1. fP is adualmodaloperator.

2. If x F� 1, then f /0 � x� � 0. 2. f /0 � x� � 1.

3. f σ
P � Q ��� p� � f σ

P ��� p�<2 f σ
Q ��� p� for all p �

At � Bσ � . 3. fP � Q � x� � fP � x�=5 fQ � x�
SSUA Strongsufficiency algebras WSUA Weaksufficiency algebras

1. gP is asufficiency operator. 1. gP is asufficiency operator.

2. g/0 � x� � 1. 2. If x F� 0, theng/0 � x� � 0.

3. gP� Q � x� � gP � x�'5 gQ � x� . 3. gπ
P � Q � p� � gπ

P � p�i2 gπ
Q � p� for all p �

At � Bσ � .
SDSUA Strongdualsufficiency algebras WDSUA Weakdualsufficiency algebras

1. gP is adualsufficiency operator. 1. gP is adualsufficiency operator.

2. g/0 � x� � 0. 2. If x F� 1, theng/0 � x� � 1.

3. gP� Q � x� � gP � x�<2 gQ � x� . 3. gπ
P � Q ��� p� � gπ

P ��� p�¥5 gπ
Q ��� p� for all p �

At � Bσ � .
SMIA Strongmixedalgebras WMIA Weakmixedalgebras

1. 	 B 
 � fP : P � A �� is in SMOA. 1. 	 B 
 � fP : P � A �� is in WMOA.

2. 	 B 
 � gP : P � A �� is in SSUA. 2. 	 B 
 � gP : P � A �� is in WSUA.

3. f σ
p � gπ

p for all p � At � Bσ � . 3. f σ
p � gπ

p for all p � At � Bσ � .
6 Relativeoperators

A Booleanalgebra with relativeoperators (BARO) isastructureQ � 	 B 
32¦
657
8�9
 0 
 1 
 � hP : P � PAR ��
suchthat 	 B 
324
657
8�9
 0 
 1 is a BooleanalgebraandeachhP is a unaryoperatoron B. We will usually

identify algebraswith their underlyingset; for example,we will write 	 B 
 � hP : P � PAR �� for a

BARO. With someabuseof language,we denotetheclassof all Booleanalgebraswith relative op-

eratorsby BARO aswell. The operatorshP will usuallybe modalor sufficiency operators;we will

assumetheconvention,thatwe write fP for modaloperators,andgP for sufficiency operators.There

will becertainconnectionsbetweenthesetoperationson theset2PAR andthepropertiesof thecorre-

spondingoperators.We have alreadyencounteredtheseglobalconditionswith thestrongandweak

frameson p. 3. Severalsubclassesof BARO aredefinedin Table2.

Proposition 6.1. If 	 B 
 � hP : P � A �� is in oneof the classesof Table 2, thenso is its appropriate

canonicalextension.
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Proof. It follows from Proposition4.2,thatfor eachtypeabove, f σ or gπ is in thesameclassof oper-

atorsas f or g. Therefore,condition1. of thedefinitionof theclassesis fulfilled for theoperatorsin

question.Wewill only prove severalexemplarycases;theothersareeitheranalogousor immediately

clear.

WMOA: Let x � Bσ. Then,

f σ
/0 � x� � ∑

�
∏

�
f /0 � z� : z � B 
 p s z� : p � At � Bσ �"
 p s x �G
� 0 


sinceby ourassumption,f /0 � z� � 0 for all z � B.

Condition3. follows from Lemma4.6.1and fP� Q � x� � fP � x�<2 fQ � x� .
SDMOA Let 1 F� x � Bσ. Then,

f σ
/0 � x� � ∏ § ∑

� � f ∂
/0 � z� : z � B 
 p s z� : p � At � Bσ �"
 p s\� x ¨� ∏ w ∑ �

f /0 ��� z� : z � B 
 p s z� : p � At � Bσ �"
 p sm� x x� 0 

sincethereis somep � At � Bσ � with p sm� x by x F� 1, and f /0 ��� z� � 0 for all 0 F� p s z.

Condition3. follows from thefactthattheoperatorof takingcanonicalextensionsis idempotent.

SSUA Let x � Bσ. Then,

gσ
/0 � x� � ∏ w ∑ �

g/0 � z� : z � B 
 p s z� : p � At � Bσ �"
 p s x xy
� 1 

sinceby ourassumption,g/0 � z� � 1 for all z � B.

Condition3. follows from Lemma4.6.1andgP � Q � x� � gP � x�=5 gQ � x� .
SMIA, WMIA: This follows from theconsiderationsabove andthe fact that theoperatorof taking

canonicalextensionsis idempotent.

Algebraiccounterpartsto informationframesareQ � 	 B 
 � fP : P � A ��H� MOA 
Q � 	 B 
 � gP : P � A ��O� SUA 
Q � 	 B 
 � fP : P � A �G
 � gP : P � A ��O� MIA 

wherethefunctionsfP (gP) aremodal(sufficiency) operators.Theclassescorrespondingto theframes

with therelationsof Table1 arelistedin Table3, andwe have

Proposition 6.2. Each classof algebraslistedin Table3 is canonical.
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Table3: Examplesof BARO classes

Strong similarity algebras Weaksimilarity algebras

1. Q`� SMOA.

2. x s f ∂
P fP � x� .

3. fP � 1�=5 x s fP � x� .
1. Q`� WMOA.

2. x s f ∂
P fP � x� .

3. fP � 1�=5 x s fP � x� .
Strongdisjointnessalgebras Weakdisjointnessalgebras

1. Q`� SSUA.

2. x s gPgP � x� .
3. gP � x�'5 x s gP � 1� .

1. Q`� WSUA.

2. x s gPgP � x� .
3. ga � x�'5 x s ga � 1� .

Strong complementarity algebras Weakcomplementarity algebras

1. Q`� SMIA .

2. x s gPgP � x� .
3. gP � x�!s\� x, if P F� /0.

4. fP fP fP � x�Rs fP � x� .

1. Q`� WMIA .

2. x s gPgP � x� .
3. gP � x�Rsm� x.

4. fa fa fa � x�Rs fa � x� .

19



Proof. Observe that eachof the axiomsfor the classesof algebrasin Table3 canbe presentedas

an equationwhich is MOA – canonical[8, 11], or it leadsto a SUA canonicalequationafter the

transformation; , definedon p. 3. For example,

x s f ∂
P fP � x�

is canonical,sincetheinequalities

x s f � x�"
(6.1)

x s f ∂ � x�(6.2)

arecanonical:Observingthat f � x� is a positive term,henceexpandingby Theorem5.5 of [11], and

x is a contractingterm,we concludefrom Proposition1.3 of [11] that (6.1) is canonical.Since f is

a modaloperator, f � x� is isotone,andthus,Theorem5.3. of [11] tells us that (6.2) is canonicalas

well.

7 Conclusionand outlook

In this paperwe have continuedthestudyof extensionsof the classicaltheoryof Booleanalgebras

with normalandadditive operators(BAO). Theextensionswe proposearemotivatedby a questfor

algebraictoolsfor representationof andreasoningaboutincompleteinformation.Wehaveshown that

variousclassesof relationsthat canbe derived from any collectionof datain the form of an object

- propertiesassignmentleadsin a naturalway to thecorrespondingclassesof Booleanalgebrasen-

dowedwith relative(i.e. indexedwith subsetsof aset)modal,sufficiency or mixedoperators.Wehave

investigatedtheunderlyingclassesof algebrasalongthelinesof themethodologyof theclassicalBAO

theory. Furtherwork on theproblemof closureof variousclassesof sufficiency andmixedalgebras

derivedfrom informationsystemsundertheappropriatecanonicalextensionsis needed.Proposition

4.8 openstheway to obtaingeneralclosureresultsfor classesof sufficiency algebrasthroughrefor-

mulationof thecorrespondingresultsfor modalalgebras,e.g. a Sahlqvistresult. Theclosureresults

for mixedalgebrasareanopenproblem.An extendedlist of Booleanalgebraswith relative operators

aswell astheassociatedlogics,canbefoundin [2].
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