
Sorting with Fixed-Length ReversalsTing ChenSteven S. Skiena�Department of Computer ScienceState University of New YorkStony Brook, NY 11794-4400ftichen,skienag@cs.sunysb.eduMarch 25, 19961 IntroductionDue to applications in reconstructing the evolutionary history of the genome [22] and to the designof interconnection networks [14], there has been considerable recent interest in problems of sortingpermutations with reversals. In this paper, we study the problem of sorting permutations andcircular permutations using as few �xed-length reversals as possible.Our problem is implicit in the popular TOP-SPINTM puzzle, manufactured by the Binary ArtsCorporation and illustrated in Figure 1. TOP-SPINTM consists of a permutation of 20 numbereddisks on an oval track, with a turnstile capable of reversing a string of 4 consecutive disks. Thegoal is to sort the disks to the identity permutation using reversals. We consider the more generalproblem, with permutations of n disks and a turnstile of size k.Limiting the transformations to reversals of length exactly k can be very restrictive. Indeed, aneasy parity argument shows that any permutation beginning f1; 3; 2; . . .g cannot be sorted using3-reversals, since 1 and 2 are separated by an odd number of items and any 3-reversal changes thisdistance by either 0 or 2 items. Thus for a given n-permutation it is not obvious whether it can besorted using k-reversals, or if so how many reversals may be required.In this paper,� We give a complete characterization, for all n and k, of the number of equivalence classes ofn-permutations under k-reversal, for both permutations and circular permutations.� We prove upper and lower bounds on the diameter of the circular permutation group inducedby k-reversals. Speci�cally, we give an algorithm to sort all sortable circular n-permutationsusing O(n2=k + kn) k-reversals, while there exist permutations requiring 
(n2=k2 + n) k-reversals to sort. Thus, surprisingly, O(n3=2) reversals su�ce when k � pn.�This work was partially supported by ONR award 400x116yip01.1
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  FLIP Figure 1: The Top-Spin puzzle� We show that, when respecting parity constraints, the complexity of sorting with k-reversalsis equivalent to sorting with (n� k)-reversals.Previous work on sorting with �xed-length reversals has focused on the special case where k = 2.Thus each reversal simply transposes adjacent elements. Bubble sort [19] sorts any permutation �using exactly one transposition for each inversion in �, thus minimizing the number of reversals.Jerrum [15] presented a polynomial algorithm for the much more di�cult problem of sorting circularpermutations using a minimum number of transpositions.Gates and Papadimitriou [9] (also [10]) studied the problem of sorting permutations using pre�xreversals (better known as the pancake-ipping problem), where reversals may be of arbitrary lengthbut each must start from the �rst element of permutation. They showed that 5n=3 + 5=3 pre�x-reversals su�ce to sort any permutation, and there are permutations requiring at least 17n=16reversals. Heydari and Sudborough [13, 14] have tightened these bounds and proved the problemof computing the exact pre�x-reversal distance between two permutations is NP-complete. Relatedwork includes [1, 6].Computing the exact reversal distance of a permutation is of considerable importance in recon-structing the evolutionary history of the genome. Reversal mutations occur often in chromosomes,where each reverses the order of an interval of genes. A shortest reversal sequence sorting onegenome to another corresponds to the most likely evolutionary path between them. This analy-sis has been applied, for example, to drosophila [8, 21], plants [4, 18], viruses [12], and mammals[7, 20]. Kececloglu and Sanko� [16] gave 2-approximation algorithms on reversal distance, whichBafna and Pevzner [3] improved to a factor of 7/4 approximation. Most recently, Hannenhalli andPevzner [11] gave a polynomial-time algorithm for signed reversal distance, although the problem2



for unsigned reversals (as we consider in this paper) remains open. Kececloglu and Sanko� [17]report on the success of heuristics and search in determining reversal distance for chromosomes.Bafna and Pevzner [5] present approximation algorithms for transposition distance, ie. under blockmoves instead of reversals.All of these problems are special cases of determining the diameter of permutation groups.Jerrum [15] showed that the problem of computing the shortest sequence of generators for arbitrarypermutation groups is PSPACE-complete, even when there are only two generators. The generalproblem has seen considerable attention { see the survey of Babai, et. al. [2].The outline of this paper is as follows. In Section 2 we present our notation for describingsequences of reversal operations. In Section 3, we present our notion of equivalent transformations,which is the primary tool we need to understand sorting with �xed-length reversals. Armed withthese results, we characterize the equivalence classes within the permutation groups in Section 4,and the diameter of the group in Section 5. We conclude with a list of open problems in Section 6.2 NotationSorting with reversals is properly described by a permutation group with a speci�c set of generators.We will be interested in both the symmetric group Sym(n) comprising all permutations of size n, andthe corresponding circular permutation group CPG(n). Each permutation in CPG(n) representsa set of n permutations on Sym(n) equivalent under the shift operation:shift =  1 2 ::: i ::: n� 1 n2 3 ::: i+ 1 ::: n 1 !Any permutation of n numbers can be rearranged to exactly n arrangements by shift. Thereare n! permutations in Sym(n) and n!=n = (n� 1)! in CPG(n).The k-reversal operation on a permutation in CPG(n) will generate n di�erent permutations,parameterized by the starting element of the reversal and denoted Rev(1), Rev(2), Rev(3), ...,Rev(n) where: Rev(i) = f1; :::; i� 1; i+ k � 1; i+ k � 2; :::; i+ 1; i; i+ k; :::; ngThe diameter of the group G =< Rev(1); Rev(2); :::;Rev(n) > is the least integer d such thatevery permutation in the group can be expressed as product of generators with length less than orequal to d, denoted diam(G). The Cayley graph �(G) is the graph whose vertices are the elementsof G, with an edge between vertices p and q i� p � gi = q, for some generator gi. Throughout thispaper, fa1; a2; a3; . . . ; ang represents a permutation, while fc1; c2; c3; . . . ; cng represents a circularpermutation. Let I = f1; 2; 3; :::; ng denote the identity permutation or circular permutation.We use the symbol �! to denote the result of applying a generator to the permutation to theleft of the arrow yielding the permutation to the right of the arrow. The generators we will be mostinterested in are described below. For clarity of exposition, we have provided a descriptor for eachgenerator above each �! in our derivations:shift circular shifts the permutation one element to the right:Shiftfa1; a2; :::; an�1; ang �! fan; a1; a2; :::; an�1g3



k-reversal reverses a sequence of k elements. Revk(i) denotes the k-reversal beginning at the ithposition: Revk(i)fa1; :::; ai�1; ai; ai+1; :::; ai+k�1; ai+k; :::g �! fa1; :::; ai�1; ai+k�1; :::; ai+1; ai; ai+k; :::gtransposition �s;t moves a sequence of s elements right over the subsequent t elements. �s;t(i)denotes transposing s and t elements beginning with the ith position.�s;t(i)fa1 . . .ai; ai+1; . . . ; ai+s; ai+s+1; . . . ; ai+s+t; . . .g �! fa1 . . .ai; ai+s+1; . . . ; ai+s+t; ai+1; . . . ; ai+s; . . .gMost frequently used in this paper are �2;k�1, �1;k, �1;2, �1;1, �2;2, �2;4 and their inversepermutations �k�1;2, �k;1, �2;1, �1;1, �2;2, �4;2. Transposition �1;1 is the 2-reversal or adjacenttransposition.3-Cycle rotates the values of three elements. Cyc(i; j; k) denotes transforming the ith ai, jth aj ,kth ak elements into ith aj , jth ak, kth ai elements:Cyc(i; j; k)f:::; ai�1; ai; :::; aj�1; aj ; :::; ak�1; ak; :::g �! f:::; ai�1; aj; :::; aj�1; ak; :::; ak�1; ai; :::gTransposition �1;2 is the same as the adjacent 3-Cycle Cyc(i; i+ 1; i+ 2).3 Equivalent TransformationsLet P and Q be two sets of permutations (or generators) in a group. We use P =) Q to denotethat the permutations of Q can be implemented using multiple applications of P . For example�1;1 =) �1;2; �2;1since �1;1(i)fa1; :::; ai�1; ai; ai+1; ai+2; ai+3; :::; ang �! fa1; :::; ai�1; ai+1; ai; ai+2; ai+3; :::; ang�1;1(i+ 1)fa1; :::; ai�1; ai+1; ai; ai+2; ai+3; :::; ang �! fa1; :::; ai�1; ai+1; ai+2; ai; ai+3; :::; angThus =) is by de�nition a transitive relation. We say two permutations (or generators) P andQ are equivalent transformations P () Q i� P =) Q and Q =) P . We introduce the relation=) to derive useful transformations from k-reversal. If P () Q, then any permutation that canbe sorted by P can be sorted by Q too.The simplest transformation capable of sorting is the 2-reversal or adjacent transposition. Bub-ble sort (or insertion sort) [19] demonstrates that each permutation can be sorted in O(n2) stepsof 2-reversals. We also can use it to establish whether a set of generators is su�cient for sorting.4



Lemma 1 A set of generators P is su�cient for sorting i� P =)2�reversalProof: 2-reversal is su�cient to sort both permutations and circular permutations. If 2-reversalcan be implemented by composition of P , we can repeat these operations to generate a sequenceof 2-reversals to sort any permutations.To show that 2-reversal is necessary, observe that any transformation T in a permutation groupmust have an inverse transformationT 0. Let P1 and P2 be permutations which di�er by a 2-reversal.If P is su�cient to sort, then there is a sequence of transformations from P1 and P2 to the identity,and vice-versa, giving an implementation of 2-reversal.3.1 Equivalent transformations for Sym(n)In this section, we consider transformations equivalent to k-reversal for Sym(n), and hence whichcan be used in algorithms to sort either permutations or circular permutations. We will assumethat n > k + 2, to allow su�cient freedom to ignore certain boundary conditions. Equivalenttransformations for CPG(n) will be discussed in Section 3.2.Theorem 1 The following equivalent transformations exist for permutation groups:(2 + 4l)� reversal() 2� reversal() �1;14l � reversal() 4� reversal() �1;2; �2;1(3 + 4l)� reversal() 3� reversal(5 + 8l)� reversal() 5� reversal() �2;2(9 + 8l)� reversal() 9� reversal() �2;4; �4;2The rest of this section gives the proofs of these equivalent transformations.Lemma 2 Two steps of k-reversal can generate transpositions �2;k�1 and �k�1;2, ie. k�reversal =)�2;k�1; �k�1;2.Proof: We give the proof for transposition �2;k�1(1). Other starting positions follow analogously:Revk(2)fa1; a2; a3; :::; ak; ak+1; ak+2; :::g �! fa1; ak+1; ak; :::; a3; a2; ak+2; :::gRevk(1)fa1; ak+1; ak; :::; a3; a2; ak+2; :::g �! fa3; :::; ak; ak+1; a1; a2; ak+2; :::gTo implement the inverse transposition �k�1;2, simply reverse these two operations.Observe that applying transpositions �2;k�1 and �k�1;2 will maintain the order of all the elementsin a permutation except the two elements moved.5



Lemma 3 k steps of 2l-reversal (k = 2l) can generate transpositions �1;k and �k;1. 8k steps of2l-reversal can generate adjacent 3-cycle transpositions �1;2 and �2;1, ie.:2l � reversal =) �1;2l; �2l;1 =) �1;2; �2;1Proof: Lemma 2 provides transpositions �2;2l�1 and �2l�1;2 from 2l-reversal. We use them toconstruct �1;2l. �2l�1;2(1)fa1; a2; a3; :::; a2l�1; a2l; a2l+1; :::g �! fa2l; a2l+1; a1; a2; a3; :::; a2l�1; :::g�2l�1;2(1)fa2l; a2l+1; a1; :::; a2l�3; a2l�2; a2l�1; :::g �! fa2l�2; a2l�1; a2l; a2l+1; a1; :::; a2l�3; :::gRepeat a total of k=2 times�2l�1;2(1)fa4; a5; :::; a2l; a2l+1; a1; a2; a3; :::g �! fa2; a3; a4; a5; :::; a2l; a2l+1; a1; :::gReaching the target permutation �1;2 uses k=2 steps of �2l�1;2, each �2l�1;2 using 2 steps of2l-reversal, for a total of k reversals. We emphasize that this transformation holds only for even k.The inverse permutation, as always, follows by reversing the construction.Using �1;2l and �2l;1 we can generate transposition �1;2, and its inverse �2;1:�1;2l(2)fa1; a2; a3; a4; :::; a2l+2; :::g �! fa1; a3; a4; :::; a2l+2; a2; :::g�1;2l(2)fa1; a3; a4; :::; a2l+2; a2; :::g �! fa1; a4; :::; a2l+2; a2; a3; :::g�2l;1(1)fa1; a4; :::; a2l+2; a2; a3; :::g �! fa2; a1; a4; :::; a2l+2; a3; :::g�2l;1(2)fa2; a1; a4; :::; a2l+2; a3; :::g �! fa2; a3; a1; a4; :::; a2l+2; :::gFour steps of �1;2l su�ce to reach the target �1;2, costing a total of 4 � 2l = 4k k-reversals.These transformations only require n � k + 2 or n � 2l+ 2.Special care must be taken when �1;2l or �21;1 is restricted by the left or right boundaries of thepermutation. Consider transposing ai, ai+1 and ai+2 in a segment of length 2l + 2:fa1; a2; :::; ai�1; ai; ai+1; ai+2; ai+3; :::; a2l+1; a2l+2g6



If (i� 1) is even, we apply �2;2l�1(1) to this segment (i� 1)=2 times, moving the three elementsto the left boundary so we can use �2l;1 and �1;2l to generate �1;2 and �2;1. Afterwards, we apply�2l�1;2(1) (i� 1)=2 times to move a1, ..., ai�1 back to their original positions.If (i� 1) is odd, we perform an initial step of �1;2l(1):�1;2l(1)fa1; a2; a3; :::; ai; :::; a2l+1; a2l+2g �! fa2; a3; :::; ai; :::; a2l+1; a1; a2l+2gand proceed with the sequence when (i� 1) is even, concluding with an extra �2l;1(1) as the laststep. This adds (i � 1) steps of �2;2l�1 and 2 steps of �1;2l, a total of k � 2 + 2 � k + 4k = 8kk-reversals.Now we give the �rst two transformations of Theorem 1:Lemma 4 The following equivalent transformations exist for permutation groups:2� reversal() (2 + 4l)� reversal�1;2; �2;1 () 4� reversal() 4l � reversalProof: We can reverse the �rst 2l + 4 elements of a permutation using 2l-reversals, and Lemmas2 and 3 as follows: Rev2l(5)fa1; a2; a3; a4; a5; :::; a2l+3; a2l+4; a2l+5; :::g �! fa1; a2; a3; a4; a2l+4; a2l+3; :::; a5; a2l+5; :::g�2;2l�1(3)fa1; a2; a3; a4; a2l+4; a2l+3; :::; a6; a5; a2l+5; :::g �! fa1; a2; a2l+4; a2l+3; :::; a6; a3; a4; a5; a2l+5; :::g�2;2l�1(1)fa1; a2; a2l+4; a2l+3; :::; a6; a3; a4; a5; a2l+5; :::g �! fa2l+4; a2l+3; :::; a6; a1; a2; a3; a4; a5; a2l+5; :::g�2;1(2l+ 2)fa2l+4; a2l+3; :::; a6; a1; a2; a3; a4; a5; a2l+5; :::g �! fa2l+4; a2l+3; :::; a6; a1; a2; a5; a3; a4; a2l+5; :::g�2;1(2l)fa2l+4; a2l+3; :::; a6; a1; a2; a5; a3; a4; a2l+5; :::g �! fa2l+4; a2l+3; :::; a6; a5; a1; a2; a3; a4; a2l+5; :::g�1;2(2l+ 1)fa2l+4; a2l+3; :::; a6; a5; a1; a2; a3; a4; a2l+5; :::g �! fa2l+4; a2l+3; :::; a6; a5; a2; a3; a1; a4; a2l+5; :::g�2;1(2l+ 2)fa2l+4; a2l+3; :::; a6; a5; a2; a3; a1; a4; a2l+5; :::g �! fa2l+4; a2l+3; :::; a6; a5; a2; a4; a3; a1; a2l+5; :::g7



�1;2(2l+ 1)fa2l+4; a2l+3; :::; a6; a5; a2; a4; a3; a1; a2l+5; :::g �! fa2l+4; a2l+3; :::; a6; a5; a4; a3; a2; a1; a2l+5; :::gTo show equivalence the other way, we reverse the �rst 2l elements of a permutation using(2l+ 4)-reversals, as follows: Rev2l+4(1)fa1; :::; a2l; a2l+1; a2l+2; a2l+3; a2l+4; a2l+5; :::g �! fa2l+4; a2l+3; a2l+2; a2l+1; a2l; :::; a1; a2l+5; :::g�2;2l+3(1)fa2l+4; a2l+3; a2l+2; a2l+1; a2l; :::; a1; a2l+5; :::g �! fa2l+2; a2l+1; a2l; :::; a1; a2l+5; a2l+4; a2l+3; :::g�2;2l+3(1)fa2l+2; a2l+1; a2l; :::; a1; a2l+5; a2l+4; a2l+3; :::g �! fa2l; :::; a1; a2l+5; a2l+4; a2l+3; a2l+2; a2l+1; :::g�1;2(2l+ 1)fa2l; :::; a1; a2l+5; a2l+4; a2l+3; a2l+2; a2l+1; :::g �! fa2l; :::; a1; a2l+4; a2l+3; a2l+5; a2l+2; a2l+1; :::g�1;2(2l+ 3)fa2l; :::; a1; a2l+4; a2l+3; a2l+5; a2l+2; a2l+1; :::g �! fa2l; :::; a1; a2l+4; a2l+3; a2l+2; a2l+1; a2l+5; :::g�1;2(2l+ 1)fa2l; :::; a1; a2l+4; a2l+3; a2l+2; a2l+1; a2l+5; :::g �! fa2l; :::; a1; a2l+3; a2l+2; a2l+4; a2l+1; a2l+5; :::g�2;1(2l+ 2)fa2l; :::; a1; a2l+3; a2l+2; a2l+4; a2l+1; a2l+5; :::g �! fa2l; :::; a1; a2l+3; a2l+1; a2l+2; a2l+4; a2l+5; :::g�1;2(2l+ 1)fa2l; :::; a1; a2l+3; a2l+1; a2l+2; a2l+4; a2l+5; :::g �! fa2l; :::; a1; a2l+1; a2l+2; a2l+3; a2l+4; a2l+5; :::gBy cascading these transformations, we can prove the equivalence of 2l-reversals and (2l+ 4i)-reversals for all i, which implies 2-reversal () (2+ 4l)-reversal and 4-reversal () 4l-reversal.For the second part of the lemma, we note that �1;2; �2;1 (= 4-reversal follows from Lemma 3.To implement the 4-reversal using �1;2: �1;2(1)fa1; a2; a3; a4; :::g �! fa2; a3; a1; a4; :::g�2;1(2)fa2; a3; a1; a4; :::g �! fa2; a4; a3; a1; :::g8



�1;2(1)fa2; a4; a3; a1; :::g �! fa4; a3; a2; a1; :::gWith the equivalence of 4-reversals and 4l-reversals, the general result follows.This concludes all transformations of even reversals. The remainder of this section deals withodd reversals.Lemma 5 The following transformations exist for Sym(n):k � reversal =) �2;4; �4;2 =) �4p;2q; �2q;4pProof: By Lemma 2, we know �2;k�1,�k�1;2 can be derived using k-reversals. We show k-reversal =) �2;4; �4;2: �2;k�1(3)fa1; a2; a3; a4; a5; a6; a7; :::; ak+3; :::g �! fa1; a2; a5; a6; a7; :::; ak+3; a3; a4; :::g�2;k�1(1)fa1; a2; a5; a6; a7; :::; ak+3; a3; a4; :::g �! fa5; a6; a7; :::; ak+3; a1; a2; a3; a4; :::g�k�1;2(3)fa5; a6; a7; :::; ak+3; a1; a2; a3; a4; :::g �! fa5; a6; a3; a4; a7; :::; ak+3; a1; a2; :::g�k�1;2(3)fa5; a6; a3; a4; a7; :::; ak+3; a1; a2; :::g �! fa5; a6; a1; a2; a3; a4; a7; :::; ak+3; :::gAlthough we have implemented �4;2(1), the boundary restrictions can be eliminated. When k iseven, it follows from Lemma 3, where 2l-reversal =) �1;2; �2;1, since �1;2 =) �4;2. When k is odd,we can apply �2;k�1(1) repeatly to move the ith element to the left end, as in the proof of Lemma4. When there are an odd number of elements to the left, one initial k-reversal Revk(1) leaves aneven number and the previous analysis su�ces.The inverse follows since �2;4(i)=�4;2(i)�4;2(i). By repeating �4;2, it is easily shown that �4;2 =)�4p;2, and by repeating �4p;2, it is shown that �4p;2 =) �4p;2q.Lemma 6 The following transformations exist for Sym(n):5� reversal() �2;29� reversal() �2;4; �4;23� reversal() 7� reversal9



Proof: To show 5-reversal =) �2;2, we use �2;4 and �4;2 as generated in Lemma 5:�2;4(2)fa1; a2; a3; a4; a5; a6; a7; :::g �! fa1; a4; a5; a6; a7; a2; a3; :::g�2;4(1)fa1; a4; a5; a6; a7; a2; a3; :::g �! fa5; a6; a7; a2; a1; a4; a3; :::g�2;4(2)fa5; a6; a7; a2; a1; a4; a3; :::g �! fa5; a2; a1; a4; a3; a6; a7; :::gRev5(1)fa5; a2; a1; a4; a3; a6; a7; :::g �! fa3; a4; a1; a2; a5; a6; a7; :::gTo show �2;2 =) 5-reversal: �2;2(2)fa1; a2; a3; a4; a5; a6; :::g �! fa1; a4; a5; a2; a3; a6; :::g�2;2(1)fa1; a4; a5; a2; a3; a6; :::g �! fa5; a2; a1; a4; a3; a6; :::g�2;2(2)fa5; a2; a1; a4; a3; a6; :::g �! fa5; a4; a3; a2; a1; a6; :::gLemma 5 demonstrates that �2;4, �4;2 can be generated by 9-reversal. To show that �2;4 =) 9-reversal: �2;4(2)fa1; a2; a3; a4; a5; a6; a7; a8; a9; :::g �! fa1; a4; a5; a6; a7; a2; a3; a8; a9; :::g�2;4(2)fa1; a4; a5; a6; a7; a2; a3; a8; a9; :::g �! fa5; a6; a7; a2; a1; a4; a3; a8; a9; :::g�4;2(4)fa5; a6; a7; a2; a1; a4; a3; a8; a9; :::g �! fa5; a6; a7; a8; a9; a2; a1; a4; a3; :::g�2;4(2)fa5; a6; a7; a8; a9; a2; a1; a4; a3; :::g �! fa5; a8; a9; a2; a1; a6; a7; a4; a3; :::g�2;4(1)fa5; a8; a9; a2; a1; a6; a7; a4; a3; :::g �! fa9; a2; a1; a6; a5; a8; a7; a4; a3; :::g10



�4;2(2)fa9; a2; a1; a6; a5; a8; a7; a4; a3; :::g �! fa9; a8; a7; a2; a1; a6; a5; a4; a3; :::g�2;4(4)fa9; a8; a7; a2; a1; a6; a5; a4; a3; :::g �! fa9; a8; a7; a2; a1; a6; a5; a4; a3; :::gNote that Lemma 2 implies 3 � reversal =) �2;2. Since 5-reversal () �2;2, we can derive3-reversal =) 5-reversal. To show that 3-reversal =) 7-reversal :Rev5(1)fa1; a2; a3; a4; a5; a6; a7; :::g �! fa5; a4; a3; a2; a1; a6; a7; :::g�4;2(2)fa5; a4; a3; a2; a1; a6; a7; :::g �! fa5; a6; a7; a4; a3; a2; a1; :::gRev3(1)fa5; a6; a7; a4; a3; a2; a1; :::g �! fa7; a6; a5; a4; a3; a2; a1; :::gBy Lemma 5, and Lemma 6, 7-reversal =) 9-reversal. By Lemma 2, 7-reversal =) �6;2. Tocomplete the argument that 7-reversal =) 3-reversal,Rev9(1)fa1; a2; a3; a4; a5; a6; a7; a8; a9; :::g �! fa9; a8; a7; a6; a5; a4; a3; a2; a1; :::gRev7(1)fa9; a8; a7; a6; a5; a4; a3; a2; a1; :::g �! fa3; a4; a5; a6; a7; a8; a9; a2; a1; :::g�6;2(2)fa3; a4; a5; a6; a7; a8; a9; a2; a1; :::g �! fa3; a2; a1; a4; a5; a6; a7; a8; a9; :::gLemma 7 In Sym(n), (2l + 1)-reversal and (2l + 9)-reversal have the following equivalent trans-formations, for all l � 0:3� reversal() 7� reversal() (3 + 4l)� reversal�2;2 () 5� reversal() (5 + 8l)� reversal�2;4; �4;2 () 9� reversal() (9 + 8l)� reversal11



Proof: First, we show that (2l + 1)-reversal () (2l + 9)-reversal. By Lemma 6, �2;4,�4;2 areequivalent to 9-reversal, and by Lemma 5, �2;4, �4;2 can be derived from all reversals. Thus 9-reversalcan be generated by all odd length reversals. To show that (2l+1)-reversal =) (2l+9)-reversal:Rev2l+1(9)fa1; a2; :::; a8; a9; a10; :::; a2l+8; a2l+9; :::g �! fa1; a2; :::; a8; a2l+9; a2l+8; :::; a10; a9; :::g�8;2l(9)fa1; a2; :::; a8; a2l+9; a2l+8; :::; a10; a9; :::g �! fa2l+9; a2l+8; :::; a10; a1; a2; :::; a8; a9; :::gRev9(2l+ 1)fa2l+9; a2l+8; :::; a10; a1; a2; :::; a8; a9; :::g �! fa2l+9; a2l+8; :::; a10; a9; a8; :::; a2; a1; :::gTo show (2l+ 9)-reversal() (2l+ 1)-reversal:Rev2l+9(1)fa1; a2; :::; a2l; a2l+1; a2l+2; :::; a2l+8; a2l+9; :::g �! fa2l+9; a2l+8; :::; a2l+2; a2l+1; a2l; :::; a2; a1; :::gRev9(1)fa2l+9; a2l+8; :::; a2l+2; a2l+1; a2l; :::; a2; a1; :::g �! fa2l+1; a2l+2; :::; a2l+8; a2l+9; a2l; :::; a2; a1; :::g�8;2l(2)fa2l+1; a2l+2; :::; a2l+8; a2l+9; a2l; :::; a2; a1; :::g �! fa2l+1; a2l; :::; a2; a1; a2l+2; :::; a2l+8; a2l+9; :::gThis transformation gives: 3� reversal() (3 + 8l)� reversal5� reversal() (5 + 8l)� reversal7� reversal() (7 + 8l)� reversal9� reversal() (9 + 8l)� reversalCombining these equivalent transformations with Lemma 6, 3-reversal () 7-reversal, 5-reversal() �2;2, and 9-reversal() �2;4, completes the proof.This concludes all transformations of odd reversals and the proof of Theorem 1.3.2 Equivalent transformations for CPG(n)All the relations in Section 3.1 hold for both permutations and circular permutations. In thissection, we develop additional transformations which hold for CPG(k; n). These transformationsare a function of n as well as the reversal-length k.Lemma 8 If S () T in PG(k; n) then S () T in CPG(k; n) when n > k + 2.12



Proof: Clearly any permutation sortable under S or T in PG(k; n) remains sortable in CPG(k; n).Any transformation of T in CPG(k; n) is equivalent to an initial set of circular shifts (so the alteredregion of T does not wrap around the ends of the permutation) followed by the implementationof T using S in PG(k; n). This is true since circular permutations are unchanged under circularshifts.Lemma 9 For CPG(k; n), �2;4 and �4;2 can be generated by 8 steps of k-reversal.Proof: By Lemma 5, k-reversal =) �2;4; �4;2 in Sym(n). If n > k + 2, there are no boundaryconstraints for CPG(k; n). Thus 4 steps of �2;k�1, or 8 steps of k-reversal are su�cient to derive�4;2 or �4;2.Lemma 10 For CPG(k; 2m), the following equivalence transformation exists:4l� reversal =) �1;1Proof: From Theorem 1, we know 4l-reversal () �1;2; �2;1. We may repeatedly apply transpo-sition �1;2 to ci+1, skipping over two elements at time until it arrives in the proper position, sincen = 2m: �1;2(i+ 1)fc1; :::; ci; ci+1; ci+2; ci+3; :::; c2mg �! fc1; :::; ci; ci+2; ci+3; ci+1; :::; c2mgRepeat �1;2((i+ 1 + 2j) mod 2m) for 1 < j < m�1;2(i� 2)fc1; :::; ci�3; ci+1; ci�2; ci�1; ci; ci+2; :::; c2mg �! fc1; :::; ci�3; ci�2; ci�1; ci+1; ci; ci+2; :::; c2mgWe note that for n = 2m+ 1, the transposition �1;1 cannot be generated for all k.Lemma 11 The following transformation exists for CPG(2l+ 1; 2m+ 1):(2l+ 1)� reversal =) �1;2; �2;1Proof: We have proven in Lemma 5 that(2l+ 1)� reversal =) �2q;4p; �4p;2qWe show that we can transpose a1 with a2, a3. Ifm is odd, we can do �2;2m�2 since 2m�2 � 0 mod 4,giving: �2;2m�2(2)fa1; a2; a3; a4; :::; a2m�1; a2m; a2m+1g �! fa1; a4; :::; a2m�1; a2m; a2m+1; a2; a3g13



Shiftfa1; a4; :::; a2m�1; a2m; a2m+1; a2; a3g �! fa2; a3; a1; a4; :::; a2m�1; a2m; a2m+1gIf m is even, we can do �2m�4;2, since 2m� 4 � 0 mod 4, so:Shiftfa1; a2; a3; a4; a5; a6; a7; :::; a2m; a2m+1g �! fa4; a5; a6; a7; :::; a2m; a2m+1; a1; a2; a3g�2m�4;2(4)fa4; a5; a6; a7; :::; a2m; a2m+1; a1; a2; a3g �! fa4; a5; a6; a2; a3; a7; :::; a2m; a2m+1; a1gShiftfa4; a5; a6; a2; a3; a7; :::; a2m; a2m+1; a1g �! fa1; a4; a5; a6; a2; a3; a7; :::; a2m; a2m+1g�4;2(1)fa1; a4; a5; a6; a2; a3; a7; :::; a2m; a2m+1g �! fa2; a3; a1; a4; a5; a6; a7; :::; a2m; a2m+1gThus �1;2 can be generated in GCPG(2l + 1; 2m+ 1) and by reversing the derivations, so can�2;1.Lemma 12 The following transformation exists for CPG(4l+ 1; 2m+ 1):(4l+ 1)� reversal() �1;2; �2;1Proof: In Lemma 11, we have proved that (4l+ 1)-reversal =) �1;2; �2;1 in CPG(4l+ 1; 2m+ 1).By Theorem 1, (8l+ 9)� reversal() �2;4; �4;2(8l+ 5)� reversal() �2;2Combining these two transformations, we get(4l+ 1)� reversal(= �2;2To complete the argument, we show �1;2 =) �2;2:�1;2(2)fa1; a2; a3; a4; a5; :::g �! fa1; a3; a4; a2; a5; :::g�1;2(1)fa1; a3; a4; a2; a5; :::g �! fa3; a4; a1; a2; a5; :::gWe conclude with two transformations which are independent of k-reversals, but which willprove useful in establishing bounds for circular permutations.14



Lemma 13 The following equivalent transformation exists: �2;2 =) Cyc(i; i+ 2; i+ 4).Proof: To show �2;2 =) Cyc(i; i+ 2; i+ 4):�2;2(i� 2)f:::; ci�3; ci�2; ci�1; ci; ci+1; ci+2; ci+3; :::g �! f:::; ci�3; ci; ci+1; ci�2; ci�1; ci+2; ci+3; :::g�2;2(i� 1)f:::; ci�3; ci; ci+1; ci�2; ci�1; ci+2; ci+3; :::g �! f:::; ci�3; ci; ci�1; ci+2; ci+1; ci�2; ci+3; :::gLemma 14 The following equivalent transformation exists: �2;4; �4;2 () Cyc(i; i+ 2; i+ 4).Proof: To show Cyc(i; i+ 2; i+ 4) =) �2;4:Cyc(1; 3; 5)fa1; a2; a3; a4; a5; a6; a7; :::g �! fa3; a2; a5; a4; a1; a6; a7; :::gCyc(2; 4; 6)fa3; a2; a5; a4; a1; a6; a7; :::g �! fa3; a4; a5; a6; a1; a2; a7; :::gTo show �2;4 =) Cyc(i; i+ 2; i+ 4): �2;4(2)fa1; a2; a3; a4; a5; a6; a7; :::g �! fa1; a4; a5; a6; a7; a2; a3; :::g�2;4(1)fa1; a4; a5; a6; a7; a2; a3; :::g �! fa5; a6; a7; a2; a1; a4; a3; :::g�2;4(2)fa5; a6; a7; a2; a1; a4; a3; :::g �! fa5; a2; a1; a4; a3; a6; a7; :::g�2;4(1)fa5; a2; a1; a4; a3; a6; a7; :::g �! fa1; a4; a3; a6; a5; a2; a7; :::g
15



4 Connected Components under Fixed-Length ReversalsIn this section, we consider the number of connected components on the Cayley graphs of �xed-length reversals of permutations and circular permutations. We note that each of these connectedcomponents represents a subgroup of Sym(n) or CPG(n; k), and by symmetry each of these sub-groups are isomorphic. Let Sub(G) be the number of connected subgroups of the group generatedby G. Thus the size of each subgroup can be computed from Sub(G), and visa-versa.A set of generators T can be derived from S when each member in T can be generated usinga subset of generators from S. The number of connected subgroups of T , Sub(T ) = m � Sub(S),where m is an integer. If S and T have equivalent transformations,m = 1.Before considering the general case, we resolve the structure of the Cayley graphs for specialcases of k and n. We assume that k > 1, or no elements can be moved in any reversal. Wealso assume that n > k, although larger reversals can be interpreted as n-reversals that simplyreverse the entire permutation. The trivial cases are those of (n � 1)�, and n-reversals. Fork = n, any permutation can be transformed only to its reverse permutation. Thus there are n!=2connected components for Sym(n), k = n > 2, and (n�1)!=2 connected components for CPG(k; n),k = n > 3. For smaller values of k = n, these graphs are connected. For circular permutations,(n � 1)-reversals are functionally equivalent to n-reversals, so the discussion above applies. Forpermutations, (n � 1)-reversals generates components of either n or 2n permutations dependingupon parity.In Section 4.1 we identify the connected components of Sym(n). In Section 4.2 we identify theconnected components of CPG(k; n).4.1 Connected Components in Sym(n)In this section, we consider the connected components of the Cayley graph of the symmetric groupunder k-reversals. All the equivalence transformations in Theorem 1 can be used, since none dependupon circular permutations. For permutations (as opposed to circular permutations), there is nodi�erence between even and odd n.By Lemma 4, 2-reversal() (4l+2)-reversal, so the Cayley graph Sym(4l+2; n) is connected.To show that this is the only connected case, we use the permutation sign function. In grouptheory, the sign F (�) of permutation � = fa1; a2; :::; ang is de�ned by the polynomialF (�) =Yi<j(aj � ai)Any adjacent transposition �1;1(i) = (aiai+1) changes (ai+1�ai) into its negative (ai�ai+1) and sochanges F to �F . By restricting permutations so a1 = 1, we still de�ne F for circular permutationssuch that the sign does not change for Cyc(i; i+ 1; i+ 2):Lemma 15 The adjacent 3-Cycle transposition �2;1(i) does not change the sign of F for permuta-tions and (2m+ 1)-length circular permutation, � = (c1; c2; :::; c2m+1) where c1 = 1.Proof: The permutation �2;1(i) = �1;2(i) �1;2(i), so we only need to show �1;2 does not change thesign of F (�).We distinguish two cases of �1;2(i). For 1 < i < 2m, the position of c1 does not change. Fori 2 f2m; 2m+ 1; 1g c1 is involved. Assume � = ��1;2(i).16



In the �rst case, function F (�) only changes three terms of F (�). The sign does not change,because (ci+1 � ci)(ci+2 � ci)(ci+2 � ci+1) = (ci+2 � ci+1)(ci � ci+1)(ci � ci+2)In the second case, c1 is among any of the ci, ci+1, and ci+2, For i = 1,� = (c1; c2; c3; c4; c5; :::; c2m+1)� = (c1; c4; c5; :::; c2m+1; c2; c3)The di�erence between F (�) and F (�) is the product of these terms which changed signs:(c4 � c2)(c5 � c2):::(c2m+1� c2)(c4� c3)(c5 � c3):::(c2m+1� c3) = (�1)4m�4 = 1so F (�) = F (�). If ci = c2m, ci+1 = c2m+1, and ci+2 = c1, this is just the reverse permutation from� to �, so we still have F (�) = F (�).The �nal case is ci = c2m+1, ci+1 = c1, and ci+2 = c2,� = (c1; c2; c2m+1; c3; :::; c2m)where F (�) changes the signs of following 2m� 2 terms,(cn � c3)(c2m+1 � c4):::(c2m+1� c2m) = (�1)2m�2 = 1so F (�) = F (�).Corollary 2 Adjacent 3-cycle transposition cannot sort permutation � = (a1; :::; ai�1; ai+1; ai; ai+2; :::; an)and circular permutation � = (c1; :::; ci�1; ci+1; ci; ci+2; :::; c2m+1)By Corollary 2, �2;1 cannot change the sign of an (odd length circular) permutation. Theidentity (circular) permutation has positive sign, so (circular) permutations with negative signscannot be sorted.Lemma 16 �2;1 can sort exactly half of Sym(n).Proof: It is easily shown that �2;1 =) �2m;1. The following algorithm sorts � = fa1; a2; :::; ang,using �2m;1:1. for i = 1 to n � 22. �nd j such that aj = i (j = ��1(i))3. if (j � i) is even, apply �j�i;1(i)4. else apply �j�i�1;1(i+ 1) then �1;2(i)5. end for 17



The ith iteration places aj into ith position, where aj = i. At termination, either � =f1; 2; :::; n�2; n�1; ng or � = f1; 2; :::; n�2; n; n�1g. Because they have di�erent sign, Lemma 15shows that f1; 2; :::; n� 2; n; n� 1g cannot be transformed into f1; 2; :::; n� 2; n� 1; ng using �1;2,thus �1;2 divides the permutation group into two equal-sized subgroups, and �1;2 sorts just half ofSym(n).By item 2 in Theorem 1, 4l-reversal () �1;2; �2;1 and Lemma 15, sorting (2m + 1) circularpermutation is the same as sorting a permutation by �1;2 andCorollary 3 The Cayley graphs PG(4l; n) and CPG(4l; 2m+ 1) both consist of two disjoint sub-graphs.Lemma 17 The Cayley Graph PG(4l+ 3; n) has � nbn=2c� connected components.Proof: By Theorem 1, (4l + 3)-reversal () 3-reversal. Applying a 3-reversal Rev3(i) to apermutation � simply exchanges ai with ai+2. Thus for all i = 2j, Rev3(i) exchanges adjacent evenpositions, while for all i = 2j + 1, Rev3(i) exchanges adjacent odd positions. There is no way tomove elements from even to odd position.Therefore all elements of � can be partitioned into sets of dn=2e odd and bn=2c even elements.Any permutation on each partition can be generated using 3-reversals as transpositions, so eachconnected component contains V = dn=2e � bn=2c vertices, and hence N !=V = � nbn=2c� connectedcomponents.Lemma 18 The Cayley Graph PG(8l + 5; n) has 2 � nbn=2c� connected components. The Cayleygraph CPG(8l+ 5; 2m) has 2 �2m� 1m � connected components.Proof: By Theorem 1, �2;2 has equivalent transformation with (8l+5)-reversal, and by Lemma 13,�2;2 =) Cyc(i; i+2; i+4), the interval 3-cycle. We use the following algorithm to sort permutations,and thus circular permutations:1. Sort fc1; c3; :::; c2m�1g into f1; 3; 5; :::; 2m� 1g using �2;2.2. Sort fc2; c4; :::; c2mg into f2; 4; 6; :::; 2mg using Cyc(i; i+ 2; i+ 4).The odd elements can be sorted in the �rst step, because �2;2 transposes c2i�1, c2i with c2i+1,c2i+2, realizing adjacent transposition of neighboring odd elements without changing the orderof any other odd numbers. There are (m � 1)! arrangements of 3, 5, ..., 2m � 1 (in a circularpermutation, we �x the position of 1), which can thus be sorted with �2;2.However, only m!=2 arrangements of the even elements can be sorted using interval 3-cycle.Consider the permutation � = f1; 4; 3; 2; 5; 6; ::::; 2m; 2m + 1g. It is easily veri�ed that �2;2 (orthe weaker Cyc(i; i+ 2; i+ 4)) will not change the sign of polynomial sign function F . However,F (�) is equal to �F (I), where I is identity permutation. So while � can be sorted with one 3-reversal, it cannot be sorted by �2;2. Thus, Cyc(i; i+ 2; i+ 4) can only sort half of permutations infc2; c4; :::; c2mg.The number of vertices in each component is V = (m � 1)! � m!=2., so the total number ofconnected components is (2m � 1)!=V = 2 �2m� 1m �. The equivalence for circular permutationsfollows from Lemma 8. 18



Lemma 19 CPG(8l+9; 4m) has 2 �4m� 12m � connected components, while CPG(8l+9; 4m+2) has4 �4m+ 12m � connected components. For permutations, the Cayley Graph PG(8l+ 9; n) has 4 � nbn=2c�Proof: By Lemma 5 (8l+ 9)-reversal =) �(2q; 4p). To generate �2;2 in GCPG(8l+ 9; 4m):�2;4m�4(2)fc1; c2; c3; c4; c5; :::; c4m�1; c4mg �! fc1; c2; c5; :::; c4m�1; c4m; c3; c4gShiftfc1; c2; c5; :::; c4m�1; c4m; c3; c4g �! fc3; c4; c1; c2; c5; :::; c4m�1; c4mgThus the number of connected components is 2 �4m� 12m � by the same argument as Lemma 18.By Lemma 14, �2;4; �4;2 () Cyc(i; i+ 2; i + 4) for circular permutations of n = 4m + 2. Wemay sort with the following algorithm:1. Sort fc1; c3; :::; c2m�1g into f1; 3; 5; :::; 2m� 1g using Cyc(i; i+ 2; i+ 4).2. Sort fc2; c4; :::; c2mg into f2; 4; 6; :::; 2mg using Cyc(i; i+ 2; i+ 4).As shown above, we �x the position of 1, so (2m)!=2 permutations of 3, 5, ..., 4m+ 1 may besorted. The second step can sort (2m+ 1)!=2 permutations of 2, 4, ..., 4m + 2, leading to a totalof (4m+ 1)!=((2m+ 1)!(2m)!=4) = 4 �4m+ 12m � connected components in GCPG(8l+ 9; 4m+ 2). Forpermutations, the Cayley Graph PG(8l+ 9; n) has 4 � nbn=2c�In summary:Theorem 4 The number of connected components in the Cayley graph of Sym(n) under k-reversalsis: k � 0 mod 4 2k � 5 mod 8 2 � nbn=2c�k � 1 mod 8 4 � nbn=2c�k � 2 mod 4 1k � 3 mod 4 � nbn=2c�4.2 The Connected Components of CPG(k; n)Several equivalence transformations for circular permutations have been introduced in Section 3.2.These demonstrate that the connectivity of CPG(k; n) depends upon both n and k. In Section4.2.1, we establish the relationship between k-reversals and (n� k)-reversals. In Section 4.2.2, weconsider the case where k is even, and in Section 4.2.3 the more complicated case when k is odd.19



4.2.1 Similarity of CPG(k; n) and CPG(n� k; n)For circular n-permutations, k-reversals are similar to (n� k)-reversals, which can be exploited tobound the diameter and count the components of related instances.Lemma 20 In CPG(k; n), if � can be sorted in 2p k-reversals, then it can be sorted with 2p (n�k)-reversals. If � can be sorted in 2p+1 k-reversals, it can be transformed into I�1 = fn; n�1; :::; 2; 1gusing 2p+ 1 (n� k)-reversals.Proof: In the sequence of reversals which sorts �, replace each k-reversal Revk(i) with the (n�k)-reversal Revn�k(i+ k). The result of each substitution is an order-reversal of the desired permuta-tion: Revk(1)fc1; c2; :::; ck; ck+1; :::; cn�1; cng �! fck; :::; c2; c1; ck+1; :::; cn�1; cngRevn�k(k + 1)fc1; c2; :::; ck; ck+1; :::; cn�1; cng �! fc1; c2; :::; ck; cn; cn�1; :::; ck+1gThus after an even number of substitute (n � k)-reversals, we obtain the same result as withthe original k-reversals. With an odd number of substitute reversals, the �nal result is reversed, sothe sorting sequence returns I�1.Theorem 5 Let Vk be the number of vertices in one component of CPG(k; n) and Vn�k be that ofCPG(n� k; n). If Vk � Vn�k, then either Vk = Vn�k or Vk = 2Vn�k.Proof: Let Ck and Cn�k denote the components of CPG(k; n) and CPG(n� k; n) containing theidentity permutation. Performing a breadth-�rst search from I in CPG(k; n) partitions Ck intosets Se and So, denoting the vertices on even and odd levels.By Lemma 20, Se � Cn�k . In So, any circular permutation � can be transformed into anyother circular permutation � using an even number of reversals: � �! I �! �. Thus either everycircular permutation in So belongs to Cn�k or none belongs to Cn�k .If So belongs to Cn�k , under the assumption Vk � Vn�k , then Vk = Vn�k. Otherwise, So doesnot belong to Cn�k, and we have following features of So and Se:1. All the circular permutations in Se can only be sorted in even steps of k-reversals. If thereexists an odd steps sorting, it will reach all the circular permutations in So by even steps,which will lead to So belonging to Cn�k.2. All the circular permutation in So can only be sorted in odd steps of k-reversals.3. The size of So equals to the size of Se. This can be proven by the symmetric feature of Ck.Now repeat the analysis on Cn�k, partitioning Cn�k into Te and To. If To belongs to Ck, we haveCn�k = Se, or Vk = 2Vn�k by the third item above. Otherwise, we have Te = Se, and Vk = Vn�k .The number of connected components is (n�1)! over the number of vertices in each components,soCorollary 6 Let Nk be the number of connected components of CPG(k; n) and Nn�k be that ofCPG(n� k; n). If Nk � Nn�k, either Nk = Nn�k or Nk = 2Nn�k.20



4.2.2 Connected Components of CPG(k; n) for even kBy Lemma 4, 2-reversal () (4l + 2)-reversal for Sym(n), so by Lemma 1 the Cayley graphCPG(4l + 2; n) must be connected. By Lemma 10, 4l-reversal =) 2-reversal for n = 2m, soCPG(4l; 2m) must also be connected. This completes the argument that we can sort for all evenk and even n.What remains is the case for k � 0 mod 4 and odd n. By Theorem 1 item 2, we know that:�1;2; �2;1() 4l � reversalwhere �1;2, �2;1 divides Sym(n) into two subgroup. By Lemma 15, �1;2 and �2;1 cannot change thesign of F for (2m+1)-length circular permutation, thus the Cayley graph CPG(4l; 2m+1) consistsof two disjoint connected subgraphs. In summary:Theorem 7 The number of disjoint connected components in Circular Permutation Group witheven length reversals (n � k + 2) are:k n n n=2m n=2m+1k � 0 mod 4 1 2k � 2 mod 4 1 14.2.3 Connected components of GCPG(k; n) for odd kIn this section, we complete the analysis of connected components of circular permutations underodd-length reversals. Several subcases have been covered in previous sections.Lemma 21 The Cayley Graph CPG(4l+ 3; 2m+ 1) is connected.Proof: By Theorem 1, 3-reversal() (4l + 3)-reversal. We claim that �1;1 can be generated by3-reversal for odd circular permutations, since �1;2, �2;1 can be generated by Lemma 11:Rev3(i� 1)fc1; :::; ci�2; ci�1; ci; ci+1; ci+2; :::g �! fc1; :::; ci�2; ci+1; ci; ci�1; ci+2; :::g�2;1(i� 1)fc1; :::; ci�2; ci+1; ci; ci�1; ci+2; :::g �! fc1; :::; ci�2; ci�1; ci+1; ci; ci+2; :::gBy Lemma 1, �1;1 is equivalent to sorting.By Lemma 16, �1;2 partitions odd-length circular-permutations into 2 connected components,depending upon the sign function. Thus the Cayley Graph CPG(4l+1; 2m+1) has two connectedsubgraphs.Lemma 22 The Cayley Graph GCPG(4l+ 3; 2m) has �2m� 1m � connected components.Proof: By Theorem 1, all (4l+3)-reversals have equivalent transformations with 3-reversal. Thusevery reversal leaves the partition between even and odd-numbered elements unchanged, and thenumber of components follows from the proof of Lemma 17.The cases for (k � 5 mod 8) and (k � 1 mod 8) follow from Section 4.1. In summary:21



Theorem 8 The number of disjoint connected components in CPG(k; n) (for n � k + 2) are:k n n n=2m+1 n � 0 mod 4 n � 2 mod 4k � 0 mod 4 2 1 1k � 5 mod 8 2 2 �n � 1n=2 � 2 �n� 1n=2 �k � 1 mod 8 2 2 �n � 1n=2 � 4 �n� 1n=2 �k � 2 mod 4 1 1 1k � 3 mod 4 1 �n� 1n=2 � �n � 1n=2 �The result holds for n = k+ 2, since �k�1;2 = �1; 2 in CPG(k; k+ 2), which su�ces by Lemma2.5 Diameter of CPG(k; n)In this section, we consider the diameter of the Cayley graphs of circular permutations under �xed-length reversals. For the special case k = 2, bubble sort removes exactly one inversion per reversal,giving an �(n2) diameter. As we shall see, we can do substantially better for larger reversals.5.1 An Upper Bound on DiameterOur upper bound rely on a particularly e�cient equivalence relation:Lemma 23 The 3-cycle Cyc(i; i + 1; j) can be implemented in 9k + 2n=k + 2 k-reversals forCPG(k = 2l; n), where k + 2 < n. Cyc(i,i+1,j)fa1; :::; ai�1; ai; ai+1; ai+2; :::; aj�1; aj; aj+1 ; :::; ang �! fa1; :::; ai�1; aj; ai; ai+2 ; :::; aj�1; ai+1 ; aj+1; :::; angProof: Without loss of generality, we show Cyc(1; 2; j). There are two cases, depending upon theposition of j.First, consider 3 � j � k+2. If (j�3) is even, there are an even number of elements between 2and j. By Lemma 9, k-reversal =) �2;4; �4;2 using 8 reversals. Thus �2p;4 and �4;2p can be derivedby p steps of �2;4, or 8p steps of k-reversals. We let p = (j � 3)=2 < k=2:�2p;4(3)fa1; a2; a3; :::; aj�1; aj; aj+1 ; aj+2 ; aj+3; aj+4; :::g �! fa1; a2; aj; aj+1; aj+2; aj+3 ; a3; :::; aj�1; aj+4; :::gThen we apply �2;1(1) derived from Lemma 3 using k steps of (k = 2l)-reversals.�2;1(1)fa1; a2; aj; aj+1; aj+2 ; aj+3 ; a3; a4; :::; aj�1; aj+4; :::g �! faj ; a1; a2; aj+1; aj+2; aj+3 ; a3; a4; :::; aj�1; aj+4; :::gFinally, we apply �4;2p, moving a2, aj+1, aj+2, and aj+3 back to jth position.�4;2p(3)faj ; a1; a2; aj+1; aj+2 ; aj+3; a3; a4; :::; aj�1; aj+4; :::g �! faj; a1; a3; a4; :::; aj�1 ; a2; aj+1 ; aj+2 ; aj+3 ; aj+4; :::g22



We have realized Cyc(1; 2; j) using at most 4k + k + 4k = 9k steps of k-reversals. If (j � 3) isodd, we apply one extra Revk(3) in the beginning, such that the 2th and jth position are an evendistance apart and use the same method as above, performing one �nal Revk(3) on the last step.If a1 is one of aj+1, aj+2, or aj+3, we can realize Cyc(1; 2; j) in 9k reversals by a similar method.Thus the total cost is at most 9k + 2 reversals.The second case is j > k+2. We apply Revk(j�(k�1)), Revk(j�2(k�1)), Revk(j�3(k�1)),..., until aj is moved to the position between 3 and k + 2. Then we proceed as above and applyk-reversals in reverse sequence. This costs 2n=k extra reversals, for a total of 9k + 6 + 2n=k.Theorem 9 The diameter of CPG(k; n) is O(n2=k + nk), if k = 2l, n = 2m, and k + 2 � n.Proof: To sort a circular permutation � = fc1; c2; :::; cng using Cyc(i; i+1; j), consider the followingvariation of selection sort:1. Set c1 = 12. For i = 2 to n� 23. Find j such that cj = i4. If j > i+ 1 then do 3-cycle Cyc(i; i+ 1; j) to transform ci, ci+1, cj into cj, ci, ci+15. If j = i+ 1 then do �1;2(i)6. End ForIt is apparent that the �rst n� 2 elements are sorted using this algorithm. At the start of Step5, there remain two possibilities:f1; 2; :::; n� 2; n� 1; ng; f1; 2; :::; n� 2; n; n� 1gReaching this point used (n � 2) � (9k + 2 + 2n=k) reversals. From f1; 2; :::; n� 2; n; n� 1g wemay use n=2 �2;1 to move n to reach fn; 1; 2; :::; n� 2; n � 1g, which can be shifted into identitypermutation. This takes an additional (n=2) � 4k = 2nk steps, for a total of O(n2=k+nk) reversals.Theorem 10 The diameter of each connected component of CPG(k; n) is O(n2=k+nk), if k = 2land n > k + 2.Proof: We use the same algorithm as above, sorting permutations intof1; 2; :::; n� 2; n� 1; ng; f1; 2; :::; n� 2; n; n� 1gNow consider all (n� 1)! permutations in CPG(k; n). Those which can be sorted into f1; 2; :::; n�2; n�1; ng by above algorithm form a set S1, while the others form set S2. Any pair of permutationsfrom the same set can be transformed to each other within (n � 2) Cyc(i; i+ 1; j) operations, orO(n2=k + nk) k-reversals, since all operations are symmetric.23
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either ISRQ or ITRQFigure 2: Constructing a short even-length path.If CPG(k; n) is not connected, we have two connected components in CPG(k; n), each withdiameter bounded by O(n2=k + nk). Otherwise CPG(k; n) is connected by Theorem 8, so theremust exist a single k-reversal taking �s1 to �s2, where �s1 2 S1 and �s2 2 S2.Thus we can take any permutation from S2 and transform it to an element of S1 in (n � 2)Cyc(i; i+1; j) operations plus one k-reversal, which can be sorted in an additional (n�2) Cyc(i; i+1; j) operations. The total number of reversals is at most 2(2n2=k+9nk+2n))+1, so the diameterof GCPG(k; n) is O(n2=k + nk).Thus, surprisingly, O(n3=2) reversals su�ce when k � pn.To establish bounds for CPG(4l+3; 2m+1), we show that the diameter of CPG(4l+3; 2m+1)is within a factor of two of the diameter of CPG(2p; 2m+ 1), where 2p = 2m� 4l� 2:Lemma 24 Suppose a graph G contains an odd-length cycle c. Then G has an odd-length cycle oflength � 2d+ 1, where d is the diameter of G.Proof: Let x and y be two antipodal (maximally separated) vertices of c. Thus there are even-and odd-length paths Pe and Po from x to y of length bc=2c and dc=2e. Now consider the shortestpath P (x; y). This path forms a shorter length odd cycle with either Pe or Po unless it is either Peor Po. Thus we can shrink c to length at most 2jP (x; y)j+ 1, where d � jP (x; y)j.Lemma 25 diam(CPG(n�k; n)) � 2diam(CPG(k; n))+2, where diam(G) denotes the diameterthe connected components of graph G.Proof: Let SP (I; Q) denote the length of the shortest path from I to Q in CPG(n � k; n),and let diame(G) denote the length of the longest even-length shortest path in G. Note thatdiam(G) � diame(G) + 1, since the diameter may be even or odd.Consider the pair of vertices I; Q de�ning the even diameter of CPG(n � k; n). By Lemma20, there is an equal length path in CPG(k; n). Now consider the shortest path P from I to Q inCPG(k; n). If P is of even length, then jP j = diame(CPG(n� k; n)) and diam(CPG(n� k; n)) �diam(CPG(k; n)) + 1.If P is of odd-length, we show that there is a short odd-length cycle which, appended to P ,gives a short even-length path from I to Q in CPG(k; n). The union of P and the even-lengthpath from I to Q gives an odd length cycle c, which by Lemma 24 can be shrunk to length� 2diam(CPG(k; n)) + 1. Now consider R, an antipodal vertex from I on c (see Figure 2). Since24



SP (R;Q) � diam(CPG(k; n)) and there are both even and odd length paths from I to R of lengthat most diam(CPG(k; n)) + 1, there must be an even-length path from I to Q in CPG(n � k; n)of length � 2diam(CPG(k; n))+ 1, and so diam(CPG(n� k; n)) � 2diam(CPG(k; n))+ 2Moreover, diam(CPG(n� 2; n)) � 2diam(CPG(2; n))+ 2, soTheorem 11 The diameter of all connected CPG(k; n) is bounded by O(n2=k+nk), for n � k+2.5.2 A Lower Bound on DiameterOur lower bound is based on counting the equivalent of inversions in circular permutations, whichis more complicated than for linear permutations since there are two distinct distances separatingeach pair of elements.Theorem 12 The diameter of CPG(k; n) is 
(n2=k2 + n).Proof: First, we prove that n=2 is a lower bound on the diameter for any size reversal. In a sortedpermutation, each element i is anked by the elements i� 1 and i+ 1. Any single reversal createsat most two such adjacencies in the permutation, because adjacencies can only be created at theendpoints of the reversal. Any permutation with no adjacencies, such as f1; 3; . . . ; n; 2; 4; . . . ; n�1grequires at least n=2 reversals to create the necessary adjacencies.Now consider a circular permutation � = fc1; c2; :::; cng, where c1 = 1 and ��1(i) = s i� cs = i.Let d�(i; j) denote the distance between ��1(i) and ��1(j). If ��1(i) < ��1(j),d�(i; j) = min(��1(j)� ��1(i); ��1(i) + n� ��1(j))Let D(�) denote the total distance of a permutation �, ie.D = n�1Xi=1(d�(i; i+ 1)) = d�(1; 2)+ d�(2; 3)+ :::+ d�(n� 1; n)For the identity permutation I = f1; 2; :::; ng, dI(i; i + 1) = 1, so D(I) = n � 1. Sorting �reduces D to n� 1.We claim any k-reversal can reduce D by at most�D = 2 bk=2cXi=1 2(2i� 1) � k2since each element we move might reduce the distance with both of its neighbors.Since D(f1; 3; 5; :::; n� 1; 2; 4; :::; ng) = n(n � 1)=2, reducing it down to n� 1 requires at least(n� 1)(n� 2)=2k2 k-reversals, so the diameter of GCPG(k; n) is 
(n2=k2 + n).An inherent weakness of this lower bound technique is that for k > 2, the number of inversionsin a permutation will not decrease monotonically during sorting, as certain elements get moved inthe wrong direction to accommodate other elements. For this reason, we believe the lower boundis not tight. 25



6 Conclusions and Open ProblemsWe have completely resolved the question of the connectedness of the Cayley graphs of permutationsand circular permutations under �xed-length reversals, and given upper and lower bounds on thediameter of the Cayley graphs of circular permutations. Several open problems remain:� Tighten our bounds on the diameter of these graphs. We believe our upper bound is betterthan our lower bound.� What is the complexity of determining the exact k-reversal distance for sorting a permutation�? Although approximation algorithms are known for arbitrary-length reversal distance, weanticipate that the problem is much more di�cult for �xed-length reversals.� What is the diameter and connectedness under �xed-length signed reversals, where eachelement of the permutation has two possible orientations, reversed or unreversed. Signedreversals are important in reconstructing the history of evolution of the genome, because theorientation of each gene can be determined from its sequence.� It is conjectured that every connected Cayley graph is Hamiltonian. Is there a way to sequence(circular) permutations so that each di�ers from its predecessor by exactly one k-reversal?AcknowledgementsWe would like to acknowledge Pavel Pevzner, Dan Elarde, Jim Klosowski and Bala Ravikumar foruseful discussions.References[1] N. Amato, M. Blum, S. Irani, and R. Rubinfeld. Reversing trains: A turn of the centurysorting problem. Journal of Algorithms, 10:413{428, 1989.[2] L. Babai, W. M. Kantor, and E. M. Luks. Computational complexity and the classi�cationof �nite simple groups. In Proc. 24th IEEE Symposium on Foundations of Computer Science(FOCS), pages 162{171, 1983.[3] V. Bafna and P. Pevzner. Genome rearrangements and sorting by reversals. In 34th IEEESymp. on Foundations of Computer Science, pages 148{157, 1993.[4] V. Bafna and P. Pevzner. Sorting by reversals: Genome rearrangements in plant organelles andevolutionary history of X chromosome. Technical Report Molecular Biology and Evolution,1994. (to appear).[5] V. Bafna and P. Pevzner. Sorting by transpositions. In Proc. Sixth Symp. on Discrete Algo-rithms (SODA), pages 614{621, 1995.[6] D. Cohen and M. Blum. Improved bounds for sorting pancakes under a conjecture. 1993.[7] M. Davisson. X-linked genetic homologies between mouse and man. Genomics, 1:213{227,1987. 26
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