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Abstract. Semantic labelling is a transformational technique for prov-
ing termination of Term Rewriting Systems (TRSs). Only its variant
with �nite sets of labels was used so far in tools for automatic termi-
nation proving and variants with in�nite sets of labels were considered
not to be suitable for automation. We show that such automation can
be achieved for semantic labelling with natural numbers, in combination
with recursive path ordering (RPO). In order to do so we developed al-
gorithms to deal with recursive path ordering for these in�nite labelled
systems. Using these techniques, our tool, TPA, is the only current tool
that can prove termination of the SUBST system automatically .

1 In tro duction

Semantic labelling ([9]) is a well-known transformational termination technique
for TRSs. The coreof the idea is to interpret the function symbols in somemodel
and use this interpretation to label the system. After this labelling all function
symbols are equipped with a label and the resulting TRS is terminating if and
only if the original one is terminating. This approach is often successfulin the
sensethat proving termination for the labelled system is easier than for the
original one. Typically, non simply terminating systemsare often transformed
to systemsfor which termination is easily proved by polynomials or recursive
path ordering (RPO).

In recent years research in this area has focussedtowards the automation
of the termination proving process.Any termination technique, to be regarded
successful,apart from being widely applicable needsto be suitable for automa-
tion. The best evidenceof that is the annual termination competition ([1]) where
termination tools written by di�eren t authors compete on a set of termination
problems.

Automation of semantic labelling can be done straightforwardly if the mod-
els contain only �nitely many elements, or in particular only 2 elements. For in-
stance,this technique is usedby the tools AProVE [6], TORPA [11] and TeParLa.
However if we consider labelling with in�nite sets of labels, like natural num-
bers, some complications show up as then the labelled system has an in�nite
signature and contains in�nitely many rules. For that reason such variants of



semantic labelling were regarded as not feasible for automation and were not
used in termination tools so far.

The main claim of this paper is that semantic labelling with a model consist-
ing of the in�nite set of natural numberscan be automated in combination with
extending RPO implementation to the corresponding in�nite signatures.By do-
ing so, in the setting we are about to describe, one gets a widely applicable new
termination technique. We give exampleswhere this technique easily yields a
termination proof whereasall other known techniques fail.

Apart from developing the theory we also implemented this technique in our
termination tool TPA1 (Termination Proved Automatically) for which semantic
labelling with natural numbers in combination with RPO is one of the main
techniques.

Beforepresenting the details of this technique, we give a motivating example.

Example 1. Consider the following TRS:

(1) � (x) � y ! � (x � (1 ? (y � " )))
(2) (x ? y) � z ! (x � z) ? (y � z)
(3) (x � y) � z ! x � (y � z)
(4) id � x ! x
(5) 1 � id ! 1
(6) " � id ! "
(7) 1 � (x ? y) ! x
(8) " � (x ? y) ! y

This system, named � 0 in [4] and essentially equivalent to system SUBST in
[7] describesthe processof substitution in combinatory categorical logic with �̀ '
corresponding to currying, �̀ ' to composition, ìd' to identit y, `?' to pairing and
`1' and "̀ ' to projections.

Termination of this system (implying termination of the processof explicit
substitution in un-typed � -calculus) is non-trivial and was the main result of [4]
and [7]. However in [9,10] a very simple proof was given using only semantic
labelling with natural numbers followed by an application of RPO on the trans-
formed system. Abilit y to reproduce this proof completely automatically was a
�rst goal of this work, while a next goal was to make this approach fruitful in
general.Both goalshave beenachieved.

This TRS will be a running example in this paper.

The outline of this paper is as follows. In Section 2 we present the required
preliminaries on RPO. We continue in Section3 by brie
y intro ducing the tech-
nique of semantic labelling with natural numbers. Section 4 concentrates on
adopting the recursive path ordering (RPO) to deal with in�nite labelled sys-
tems. In section 5 we present practical evaluation of this technique along with
two examplesfor which it is particularly suitable. We concludein Section 6.

1 For more information about TPA seehttp://www.win.tue.nl/tpa

2



2 Recursiv e Path Ordering

Recursive path ordering (RPO) is an ordering intro duced by Dershowitz [5]
for proving termination of TRSs. We will brie
y present it here. For a general
intro duction to term rewriting we refer to [2].

Let � be any signature, possibly in�nite. Let � be a well-founded order on
� , called a precedence.Let � be a status function on � , i.e., for every f 2
� the status � (f ) describes how to compare sequencesof arguments of f : by
multiset ordering or by lexicographic comparison in some direction. Then the
corresponding recursive path ordering � R P O is de�ned as:

s � R P O t ( ) s = f (s1; : : : ; sn ) and
(1) si = t or si � R P O t for some1 � i � n, or
(2) t = g(t1; : : : ; tm ), s � R P O t i for all 1 � i � m, and either

(a) f � g, or
(b) f = g and hs1; : : : ; sn i � � ( f )

R P O ht1; : : : ; tm i .

The main property of this ordering is the following:

If ` � R P O r for every rule ` ! r of a TRS R, then R is terminating.

So for proving termination by RPO one has to �nd a well-founded precedence
� and a status function � such that ` � R P O r for every rule ` ! r . In tools
this is typically done by collecting constraints on � and checking whether these
constraints give rise to a well-founded precedence� . In searching for thesecol-
lections of constraints often choicesare possible,also choiceson � , giving rise to
back-tracking. The crucial algorithm required in this back-tracking procedureis
to check whether a set of constraints on � givesrise to a well-foundedprecedence
� . For �nite signatures this coincideswith checking whether the corresponding
graph is acyclic. For the in�nite signatures, as we consider in this paper, it is
more involved, but the basic frame of the algorithm remains the same.We will
concentrate on the question of how to construct a well-founded precedenceout
of a collection of constraints on such a precedence.

3 Semantic Lab elling with Natural Num bers

First we recall the main theory of semantic labelling.
A � -algebra (A; � A ) is de�ned to be a non-empty set A together with a

map [f ] : An ! A for every f 2 � , where n is the arit y of f . Let V be a set
of variables. For � : V ! A we inductiv ely de�ne [x; � ] = � (x) for x 2 V, and
[f (t1; : : : ; tn ); � ] = [f ]([t1; � ]; : : : ; [tn ; � ]).

A � -algebra (A; � A ) equipped with a partial order � is called a quasi-model
for a TRS R if [`; � ] � [r ; � ] for all rules ` ! r in R and all � : V ! A, and [f ]
is weakly monotone in all arguments for all f 2 � .

In casethe partial order � coincideswith equality then weak monotonicity
holds for every operation, and the only requirement is [`; � ] = [r; � ] for all rules
` ! r in R and all � : V ! A. In this casethe quasi-model is called a model.
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For labelling herewe do not intro ducean arbitrary labelling function asin [9,
10], but choosethe particular casewhere this labelling function is the identit y.
This meansthat givena quasi-model (A; � A ; � ) for a TRS R over � , the labelled
TRS R is de�ned as follows. The signature � consistsof n-ary symbols f a1 ;::: ;a n ,
where f is an n-ary symbol from � and a1; : : : ; an 2 A. Given � : V ! A, the
labelling function lab is de�ned inductiv ely by

lab(x; � ) = x;

lab(f (t1; : : : ; tn ); � ) = f [t 1 ;� ];::: ;[t n ;� ](lab(t1; � ); : : : ; lab(tn ; � ))

for x 2 V and f 2 � . Now R is de�ned to consist of the rules

lab(`; � ) ! lab(r; � )

for all � : V ! A and all rules ` ! r of R. The TRS Decr is de�ned to consist
of the rules

f a1 ;::: ;a n (x1; : : : ; xn ) ! f b1 ;::: ;bn (x1; : : : ; xn )

for all f 2 � and a1; : : : ; an ; b1; : : : ; bn satisfying ai > bi for somei and aj = bj

for all j 6= i . Here > denotesthe strict part of � . Note that Decr is empty in the
model case,i.e., if � coincideswith equality.
The main property of semantic labelling is the following:

R is terminating if and only if R [ Decr is terminating.

In this paper we focus on the casewhere A = N, the natural numbers. The
approach is as follows: for a TRS R for which we want to prove termination,
search for interpretations in A such that (A; � A ; � ) is a quasi-model, and next
try to prove termination of the in�nite TRS R [ Decr by meansof RPO. If this
succeeds,then according to the main property of semantic labelling we have
proved termination of R. In case(A; � A ; � ) happens to be a model, i.e., for all
rules we have equality, then we choose� on A = N to be equality, by which Decr
is empty. In the other casewe choose� to be the usual order on N. In this case
Decr is not empty, but we may and shall restrict Decr to all rules of the shape

f a1 ;::: ;a n (x1; : : : ; xn ) ! f b1 ;::: ;bn (x1; : : : ; xn )

for f 2 � and a1; : : : ; an ; b1; : : : ; bn satisfying ai = bi + 1 for somei and aj = bj

for all j 6= i . This is valid since if ai > bi then ai can be obtained from bi by
taking the successora number of times, so the rewrite relation ! +

Decr is not

changedby this modi�cation of Decr. In the sequelwe refer to R [ Decr as the
labelled system.

Example 2. As an example, we apply this approach to the TRS R from Exam-
ple 1 and the following interpretation in N:

[� ](x) = x + 1 [1] = 0

[?](x; y) = max(x; y) [" ] = 0

[� ](x; y) = x + y [id] = 0
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This interpretation is a quasi-model and after application of semantic la-
belling we obtain R consisting of the rules

(1) � i (x) � i +1 ;j y ! � i + j (x � i;j (1 ?0;j (y � j ;0 " )))
(2a) (x ?i;j y) � i;k z ! (x � i;k z) ?i + k ;j + k (y � j ;k z) for i � j
(2b) (x ?i;j y) � j ;k z ! (x � i;k z) ?i + k ;j + k (y � j ;k z) for i < j
(3) (x � i;j y) � i + j ;k z ! x � i;j + k (y � j ;k z)
(4) id � 0;i x ! x
(5) 1 � 0;0 id ! 1
(6) " � 0;0 id ! "
(7a) 1 � 0;i (x ?i;j y) ! x for i � j
(7b) 1 � 0;j (x ?i;j y) ! x for i < j
(8a) " � 0;i (x ?i;j y) ! y for i � j
(8b) " � 0;j (x ?i;j y) ! y for i < j

and Decr consisting of the rules

(D1) � i +1 (x) ! � i (x)
(D2a) x � i +1 ;j y ! x � i;j y
(D2b) x � i;j +1 y ! x � i;j y
(D3a) x ?i +1 ;j y ! x ?i;j y
(D3b) x ?i;j +1 y ! x ?i;j y:

Here variables i; j ; k run over N.

The goal now is to represent such an in�nite labelled system R [ Decr
in such a way that we can search systematically for a suitable RPO proving
its termination. Before doing so �rst we say something about the search for
(quasi-)models.

As long as all basic interpretations are polynomials, checking whether this
interpretation is a model coincideswith checking whether [`; � ] = [r; � ] for all
rules ` ! r and all � . This is simply checking whether polynomials are equal.
Checking whether an interpretation is a quasi-model coincides with checking
whether [`; � ] � [r ; � ]; this can be done along the lines of the standard way of
checking for polynomial interpretations as described in [3].

In TPA as a initial step symbols of arit y > 2 are transformed to a number
of binary symbols, so no symbols of arit y > 2 occur anymore. Then in the basic
setting the functions used as interpretations for constant, unary and binary
symbols, respectively, are as follows2:

f 0; 1g

f �x: 0; �x: 1; �x:x; �x:x + 1; �x: max(0; x � 1); �x: 2x; �x: 7xg

f �x y:0; �x y:1; �x y:x + y; �x y:x + y + 3; �x y:xy;

�x y:x; �x y:y; �x y: max(0; x � y); �x y: max(x; y); �x y: min(x; y)g

2 Note that, for technical reasons,TPA actually usesA = N n f 0; 1g not A = N hence
the actual functions being used are slight variants of those presented here.
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Sowemay alsowant to usenon-polynomial functions likemin or max. Check-
ing whether the required (in-)equalities hold is accomplishedby �rst removing
min and max functions by simple caseanalysis and then using the standard
approach for polynomials.

Note however that while doing this caseanalysiswe intro ducesideconditions,
just like in Example 2. For F being a polynomial over N in n variablesa1; : : : ; an

let us abbreviate 8a1; : : : ; an 2 N:F (a1; : : : ; an ) > 0 by F > 0. So now the
problem of comparing polynomials is not to check whether F > 0, as in the
standard setting, but to check whether f F i � 0gi =) F > 0 where the
premise is a set of side conditions intro duced by caseanalysis. This problem is
undecidableas it is a generalization of polynomial comparisonwhich is already
undecidable. TPA usesa very simple and naive approximation of this problem
and concludesf Fi � 0gi =) F > 0 only if F > 0_ 9i 2 f 1; : : : ; ng:F � Fi > 0.

For instance comparison of function symbols � i;k and � j ;k in rule (2a) may
require comparing polynomials i + k and j + k if � � = +. For that we may use
the sidecondition of this rule, i � j . We cannot concludei + k � j + k in general
but by using side condition and subtracting i from the left hand side of this
inequality and j from the right hand side we get i + k � i � j + k � j which is
trivially satis�ed.

4 RPO for In�nite Lab elled Systems

In this section we describe how RPO can be adapted to deal with labelled sys-
tems, more precisely, for in�nite systems over in�nite signatures obtained by
labelling with natural numbers. In fact we do not changethe de�nition of RPO,
but we restrict the search spacefor possibleprecedenceson the labelled symbols
in such a way that this search can be automated and we have algorithms check-
ing whether constraints on the precedencegive rise to a well-foundedprecedence
or not.

First in 4.1 we present theoretical foundations of thoseresults and then in 4.2
we discuss the algorithmic approach for searching for a precedencesatisfying
given set of constraints.

4.1 W ell-foundedness of a Precedence

The �nal precedence� we search for will be of the following shape:

De�nition 1 (Precedence description). A precedencedescription consists
of:

{ for every f 2 � of arity n, � f : Nn ! N (we wil l call those functions label
synthesis functions and

{ pd : � � � ! f? ; >; � ; >g .

These ingredients give rise to the following relation � :

f k1 ;::: ;k n � gl 1 ;::: ;l m ( ) pd(f ; g) = > _
(pd(f ; g) = � ^ � f (k1; : : : ; kn ) � � g(l1; : : : ; lm )) _
(pd(f ; g) = > ^ � f (k1; : : : ; kn ) > � g(l1; : : : ; lm )) :
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Typically this relation � will not be an ordering as it may not be transitiv e
but then it may be replacedby its transitiv e closureso by abuseof terminology
we will call it a precedence.

We need criteria under which in the above setting we can conclude well-
foundednessof � . If thesecriteria hold then termination of the labelled system,
and henceof the original TRS, can be concludedif ` � R P O r for all rules ` ! r
in the labelled system. So our approach can be summarized as follows: collect
constraints on pd and the label synthesis functions � f from the requirement
that ` � R P O r for all rules ` ! r , and then check whether this gives rise to a
well-founded precedence� .

This well-foundednesscriterion is captured by the following theorem. A func-
tion pd : � � � ! f? ; >; � ; >g givesrise to a precedence graph having � as its
node set, and having three kinds of directed edges:

{ an unconditional edgefrom f to g if pd(f ; g) = > , denotedby a double arrow
+3;

{ a strict edgefrom f to g if pd(f ; g) = > , denotedby a singlearrow // ;
{ a non-strict edgefrom f to g if pd(f ; g) = � , denoted by a dotted arrow

// ;

Theorem 1 (W ell-foundedness of a precedence). In the above setting a
precedence description pd givesrise to a well-founded precedence � if every cycle
in the corresponding precedence graph

(1) contains no unconditional edge, and
(2) contains at least one strict edge.

Proof. Supposethat the precedenceis not well-founded. This meansthat there
is an in�nite sequencef k1 ;::: ;k n � gl 1 ;::: ;l m � : : :. Every step in this reduction
corresponds to an edgein the precedencegraph. Since this sequenceis in�nite
it must traversesomecycle in the precedencegraph (which is �nite) in�nitely
often. Every cycle contains only strict and non-strict edgesdue to (1), which
givesrise to the inequalities on � functions as depicted below.

: : : //f //g //: : :

: : : � � f (k1; : : : ; kn ) � � g(l1; : : : ; lm ) � : : :

Due to (2) at least one of those inequalities is strict which gives rise to a de-
creasingweight along a cycle. Henceno cycle can be traversedin�nitely often.
Contradiction, we concludewell-foundednessof � . ut

To make the approach feasible,but still applicable to interesting examples,
it is natural to restrict the choice for the label synthesis functions. In TPA the
choice has beenmade to choose� to always be identit y for unary symbols and
for binary symbols � is chosento be one of the three functions: summation +,
left projection � 1 and right projection � 2.

7



One of the constraints implied by the rule

� i (x) � i +1 ;j y ! � i + j (x � i;j (1 ?0;j (y � j ;0 " )))

wherei; j runs over the naturals, will be � i +1 ;j � � i + j , for all i; j . Since� � is �xed
to be the identit y, according to the de�nition of � this givesthree possibilities:

1. pd(� ; � ) = > ,
2. pd(� ; � ) = � ^ � � (i + 1; j ) � i + j for all i; j ,
3. pd(� ; � ) = > ^ � � (i + 1; j ) > i + j for all i; j .

By re-using the algorithm for comparing polynomials it can be determined that
amongthe three possibilities for � � cases2 and 3 only hold if � � = +, from which
case3 is preferred sinceby Theorem 1 strict edgesare preferred over non-strict
edges.

4.2 Algorithm for Computing a W ell-founded Precedence

In general for every pair (f ; g) the RPO constraints will give rise to a list of
cases.Each caseconsistsof a choice for pd(f ; g) being > , � or > , and in case
this is not > , also a choice for � f and � g. Now the question is whether for every
pair (f ; g) a choice can be made in such a way that conditions of Theorem 1 are
satis�ed sothat this choicegivesrise to a well-foundedprecedence.Note that for
every f 2 � in a precedencethere is a single, global function � f corresponding
to it. However in the search procedurewe do not know what this � f should be
and henceduring the search we allow using di�eren t functions for comparison
with di�eren t symbols and only at the end we conclude which one should be
chosenfor every function symbol. We will expressall thosechoicesfor � and pd,
in, what we call, a precedencedescription scheme.

De�nition 2 (Precedence description scheme).
We de�ne a precedencedescription schemeas a function from pairs of func-

tion symbols to a set of possible implementations of ordering description on
thesefunction symbols which is either ? or > or one of > , � accompanied with
� functions to be used for comparing those two symbols.

pds(f ; g) � f?g [ (f >; �g � NNn
� NNm

) [ f>g

where n is the arity of f and m arity of g.
Now we wil l say that a precedence description (f � f gf 2 � ; pd) is compatible

with a precedence description schemapds if:

8f ; g 2 � :

8
<

:

pd(f ; g) = > =) > 2 pds(f ; g)
pd(f ; g) = � =) (� ; � f ; � g) 2 pds(f ; g)
pd(f ; g) = > =) (>; � f ; � g) 2 pds(f ; g)

Let us illustrate the notion of precedencedescription schemaon an example.
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Example 3. Consider the labelled systemfrom Example 2. A possiblebranching
of an application of RPO to that systemgivesthe following setsof constraints for
respective rules; note that for � a lexicographic left-to-righ t status is essential.

(1) f� i +1 ;j > � i + j ; � i +1 ;j > � i;j ; � i +1 ;j > ?0;j ;
� i +1 ;j > 1; � i +1 ;j > � j ;0; � i +1 ;j > "g

(2a) f� i;k > ?i + k ;j + k ; � i;k � � j ;k g with i � j
(2b) f� j ;k > ?i + k ;j + k ; � j ;k � � i;k g with i < j
(3) f� i + j ;k = � i;j + k ; � i + j ;k > � j ;k g

(D1) f � i +1 > � i g
(D2a) f� i +1 ;j > � i;j g
(D2b) f� i;j +1 > � i;j g
(D3a) f ?i +1 ;j > ?i;j g
(D3b) f ?i;j +1 > ?i;j g

Given label synthesis functions used in TPA, analysis of those constraints leads
to the following precedencedescription schema:

pds(� ; � ) = f (>; + ; id); >g
pds(� ; ?) = f (� ; + ; � 1); (� ; + ; � 2); >g
pds(� ; 1) = f>g
pds(� ; " ) = f>g
pds(� ; � ) = f (>; + ; +) g
pds(�; � ) = f (>; id; id)g
pds(?;?) = f (>; + ; +) g

Before presenting an algorithm that given a precedencedescription schema
searchesfor a compatible precedencedescription we �rst observe that this prob-
lem is NP-complete.Wewill argument that by showing reduction from 3-coloring
problem of graphs. Given undirected graph G = (V; E) problem of 3-coloring of
G is to decidewhether there exist:

f : V ! f 1; 2; 3g such that 8u; v 2 E f (u) 6= f (v)

This problem is well-known to be NP-complete.

Theorem 2. Supposeat least three di�er ent � functions are allowed. Then given
a precedence description schemepds, the problemof �nding a precedence descrip-
tion compatible with it is NP-complete.

Proof. We show reduction from 3-coloring problem, which itself is NP-complete.
By assumption we have (at least) three di�eren t � functions, let us call them by
� 1, � 2 and � 3 and de�ne � = f � 1; � 2; � 3g.

Let G = (V; E) be an undirected graph from 3-coloring problem. We will
build precedencedescription schemapds in such a way that �nding a precedence
description compatible with pds will be equivalent with 3-coloring of G.

For every vertex v 2 V we intro duce a function symbol f v in � . For every
undirected edgeu � v we require:

pds(f u ; f v ) = pds(f v ; f u ) = f (>; �; � 0) j � 6= � 0 2 � g
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This ensuresthat two function symbols corresponding to connectedvertices
in G get di�eren t � functions. If we can �nd a precedencecompatible with this
precedencedescription schema then the assignment of � functions to function
symbols easily translates to the assignment of colors to graph vertices satisfying
3-coloring problem constraints. ut

Before we present the algorithm let us put the problem in a more practical
light by discussingit in the context in which it occurs in TPA. As mentioned
beforeTPA usespreciselythree di�eren t � functions for binary symbols meaning
that we are on the border of conditions posted in Theorem 2. If it had two the
problem would correspond to 2-coloring which can be solved in polynomial time.
But we believe that all three functions are important and we do not want to
get rid of any of them. Moreover we are about to describe an algorithm that
in practice performs very well and takes negligible time in the whole search
procedure.

The key to get an e�cien t algorithm is the observation that we can detect
strongly connectedcomponents (SCCs) in the precedencegraph and treat them
separately. Sinceprecedencegraphs are typically spare,meaning that SCCsare
small, by doing so we increase the e�ciency greatly. Note that all the edges
connectingtwo di�eren t SCCscannot lie on any cycle and hencecan be changed
to strict edgeswith no harm. On the other hand there cannot bean unconditional
edgeconnecting two nodes from the sameSCC since all the edgeswithin SCC
belong to somecycle, so all such options can be dropped from the precedence
description schema. Also note that if ? 2 pds(f ; g) for somef and g then we
can set pds(f ; g) := f?g .

Sonow we can localize further reasoningto a singleSCC and we can limit to
strict and non-strict edgesonly. We still needto �nd � functions for all function
symbols and the appropriate ordering of those symbols.

Firstly for all function symbols we compute their predecessorsand successors
in the precedencegraph:

INf = f g j pds(g; f ) 6= f?g ; g in the sameSCC as fg

OUTf = f g j pds(f ; g) 6= f?g ; g in the sameSCC as fg

Now wecancomputepossiblelabel synthesisfunctions for every function symbol:

PSFf =
\

g2 OUTf

f � f j (� = >; � f ; � g) 2 pds(f ; g)g \

\

g2 INf

f � f j (� = >; � g; � f ) 2 pds(g; f )g

If for any f , PSFf = ; then we can �nish with a negative answer. Otherwise
we re�ne ps in the following way:

pds0(f ; g) := f (� = >; � f ; � g) 2 pds(f ; g) j � f 2 PSFf ; � g 2 PSFgg

We continue this procedureas long as there are somechangesin the re�ne-
ment of pds. If at any point for any f and g, pds(f ; g) = ; we �nish with negative
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answer. Hopefully we arrive at pdswith all entries being singletonsin which case
we have only onepotential solution; otherwise we needto considerall the possi-
ble choices.At the end we check whether condition (2) of Theorem 1 is satis�ed
that is whether there are no cyclescontaining non-strict edgesonly.

The summary of the whole procedurefollows.

De�nition 3 (Algorithm for �nding a precedence description compat-
ible with giv en precedence schema).

(1) Compute SCCs in the precedence graph. Re�ne pds in the following way:

pds0(f ; g) :=
�

f>g if f and g belong to di�er ent SCC
f s 2 pds(f ; g) j s 6= >g otherwise

(2) If for any pair f and g, pds(f ; g) = ; answer NO and stop.
(3) For every function symbol f compute:

INf = f g j pds(g; f ) 6= f?g ; g in the sameSCC as fg

OUTf = f g j pds(f ; g) 6= f?g ; g in the sameSCC as fg

(4) For every SCC:
(4a) Compute possiblelabel synthesisfunctions for every function symbol:

PSFf =
\

g2 OUTf

f � f j (� = >; � f ; � g) 2 pds(f ; g)g \

\

g2 INf

f � f j (� = >; � g; � f ) 2 pds(g; f )g

(4b) Re�ne pds:

pds0(f ; g) := f (� = >; � f ; � g) 2 pds(f ; g) j � f 2 PSFf ; � g 2 PSFgg

(4c) If for any f and g, pds0(f ; g) = ; answer NO and stop the whole proce-
dure.

(4d) If pds0 6= pds set pds := pds0 and go to (4a), otherwise continue with
(4e).

(4e) Consider all possibleprecedences compatible with pds and check whether
they comply with condition (2) from Theorem 1. If none does, answer
NO and stop. Otherwise continue with step (4) with the next SCC or
with step (5) if there are no more SCCs.

(5) Combine solutions for all SCCs to get a precedence description compatible
with pds giving rise to a well-founded precedence.

5 Practical evaluation

The technique of semantic labelling with natural numbershasbeenimplemented
in TPA. In Section 5.1 we discuss the role of this technique in TPA and in
Section 5.2 we discusstwo examples.
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5.1 TP A - Termination Pro ved Automatically

The results presented below comefrom the evaluation of TPA on the database
of 773 TRSs, which is usedfor the Termination Competition and is available at
the following address:http://www.lri.fr/ � marche/tpdb .

Semantic labelling with natural numbers is one of the techniques imple-
mented in TPA. For a recent version of the tool out of 432 successfulproofs
in 85 this techniques has been applied. Moreover after semantic labelling with
natural numbers has beenswitched o� 32 of those systemscould not be proven
terminating anymore.

Another interesting thing is the evaluation of the claim we made in Sec-
tion 4.2, namely that typically SCCs in the precedencegraph are small and
hencethe algorithm is e�cien t. Practical results con�rm that claim as only in
the very minor fraction of precedencedescriptions SCCs of size bigger than 5
showed up. This explains why the total time spent on execution of algorithm
from De�nition 4.2 was negligible.

5.2 Examples

In this section we would like to �nish our analysis of the SUBST system intro-
duced in Example 1 and also present onenew example.We will show that using
our approach both those systemscan be easily proved terminating. Indeed TPA
producestermination proof for them within a fraction of a secondwhereas,at
the time being, no other termination tool can deal with those systems.

Example 4. Let us continue with Example 3, where we presented a precedence
description schema for this system. Below we depict the precedencegraph cor-
responding to this schema.

?:: oo �
��

� ee//

1
|�

�������

�������
"

�"

=======

=======

Using algorithm 3 we �rst observe that all nodes are in separateSCCs. So
�rst we replaceall edgesbetweendi�eren t nodesby unconditional edges.Then
we are left with no choice and we end up with the following precedence:

pd(� ; � ) = >
pd(� ; ?) = >
pd(� ; 1) = > � � = +
pd(� ; " ) = > � � = id
pd(� ; � ) = > � ? = +
pd(�; � ) = >
pd(?;?) = >
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which can be written down as:

� i;j > � k for all i; j ; k
� i;j > ?k ;l for all i; j ; k; l
� i;j > 1 for all i; j
� i;j > " for all i; j
� i;j > � k ;l if i + j > k + l
� i > � k if i > k

?i;j > ?k ;l if i + j > k + l

One can easily check that all the rules of the SUBST TRS can be oriented
using RPO with this precedence.This is also essentially the same solution as
presented in [10].

In the termination competition it is allowed that tool authors submit up
to 5 TRS, the so-calledsecret problems. Those problems are then merged into
the main database and all the tools compete on them trying to prove their
termination. All 5 systemssubmitted by TPA in the 2005competition could be
proven terminating using semantic labelling with natural numbersand RPO and
for 4 of thosesystemsTPA was the only tool that could prove their termination.
Below we present one of those systems.Pleasenote that this is a very natural
TRS and not somearti�cial, cooked-up system.

Example 5. Consider the following TRS describing a GCD (Greatest common
divisor ) computation in a straightforward way.

min(x; 0) ! 0
min(0; y) ! 0

min(s(x); s(x)) ! s(min(x; y))
max(x; 0) ! x
max(0; y) ! y

max(s(x); s(x)) ! s(max(x; y))
x � 0 ! x

s(x) � s(y) ! x � y
gcd(s(x); s(y)) ! gcd(max(x; y) � min(x; y); s(min(x; y)))

Consider the following interpretation of function symbols in N:

[s](x) = x + 1 [min](x; y) = min(x; y)

[max](x; y) = max(x; y) [gcd](x; y) = 0

This interpretation is a model and after application of semantic labelling it
gives the following TRS:
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mini; 0(x; 0) ! 0
min0;j (0; y) ! 0

mini +1 ;j +1 (si (x); sj (y)) ! sj (mini;j (x; y)) for i � j
mini +1 ;j +1 (si (x); sj (y)) ! si (mini;j (x; y)) for i < j

maxi; 0(x; 0) ! x
max0;j (0; y) ! y

maxi +1 ;j +1 (si (x); sj (y)) ! si (maxi;j (x; y)) for i � j
maxi +1 ;j +1 (si (x); sj (y)) ! sj (maxi;j (x; y)) for i < j

x � i; 0 0 ! x
si (x) � i +1 ;j +1 sj (y) ! x � i;j y

gcdi +1 ;j +1 (si (x); sj (y)) ! gcdi � j ;j (maxi;j (x; y) � i;j mini;j (x; y); for i � j
sj (mini;j (x; y)))

gcdi +1 ;j +1 (si (x); sj (y)) ! gcdj � i;i (maxi;j (x; y) � j ;i mini;j (x; y); for i < j
sj (mini;j (x; y)))

This time the description scheme leaves more choice for the label synthesis
functions for di�eren t symbols but again all nodesare in separateSCCsand our
algorithm easily yields the following precedencedescription:

min
��

�$
AA

AA
AA

AA

AA
AA

AA
AA

�88 ks gcdFF

8@yyyyyyyy

yyyyyyyy

�&FFF
FFF

FF

FFF
FFF

FF
+3s

maxMM

9A||||||||

||||||||

� min = � 1

� max = � 1

� s = id
� � = id

� gcd = +

which corresponds to the following well-founded precedence:

mini;j > mink ;l if i > k gcdi;j > gcdk ;l if i + j > k + l
mini;j > sk for all i; j ; k gcdi;j > mink ;l for all i; j ; k; l
maxi;j > maxk ;l if i > k gcdi;j > sk for all i; j ; k
maxi;j > sk for all i; j ; k gcdi;j > maxk ;l for all i; j ; k; l

� i;j > � k ;l if i > k gcdi;j > � k ;l for all i; j ; k; l

6 Conclusions and Further Research

In this paper we presented a way of extending RPO to in�nite labelled sys-
tems. This allows to use it for systems that were transformed using semantic
labelling with natural numbers.We explained how the combination of those two
techniques can be employed for proving termination of rewriting and presented
exampleswhereit is successfulwhereasall other techniquesseemto fail. We also
explained how it can be automated making it possibleto use it in termination
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tools. Finally we brie
y described the way in which it has been implemented
and its evaluation in our tool TPA.

Several extensionsare possible.There is quite a lot of choice and questions
that arise while employing this technique: what functions to use for interpre-
tations? And for label synthesis functions? How to deal with caseanalysis and
corresponding extended problem of comparing polynomials? Those questions
can be studied further in order to make the most out of this technique. Another
interesting issue is investigation of combination of other standard techniques,
like for instance Knuth-Bendix order (KBO, [8]), with semantic labelling with
natural numbers.
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