WV{04{03

From the Calculusof Structureso
Term Rewriting Systems

Ste®enHAlldobler? Ozan Kahramanagullariy

Abstract

The calculus of structures is a recertly deweloped proof theoretical for-
malism that extends one-sidedsequen calculus, with the gain of interesting
proof theoretical properties. In corntrast to sequen calculus, it doesnot rely
on the notion of main connective and, like in term rewriting, permits the
application of inferencerules anywhere deepinside a formula. In this paper,
exploiting this resenblance, we presert a procedureturning derivations in the
calculus of structures in four stepsinto rewritings in a term rewriting system
modulo equality.

1 Motiv ation

The calculus of structures is a proof theoretical formalism, like natural deduction,
the sequen calculus and proof nets, for specifying logical systemssyntactically.
It was rst introduced by Alessio Guglielmi in [6] where it was usedto expressa
logical system, called BV, with two assiative and commutativ e operators and
a self-dual, assaiative, but non-commutativ e operator, which is shavn to be not
de nable in any sequen calculus system[13]. Then it turned out to yield systems
with interesting and exciting properties for existing logics and new insights to
proof theory (seee.g.[12 2, 4]).

The calculus of structures can be consideredas a generalization of the one-sided
sequen calculus that provides a more re ned analysis of proofs: structures are
expressionswhich share properties of formulae and sequelts, allowing more con-
trol over the mutual dependenciesof logical relations. The two main aspects that

distinguish this formalism from sequemn calculus are deep inference and symme-
try : inferencesare symmetric betweenpremisesand conclusionsand, like in term

rewriting, inference rules are deeply applicable inside expressions. Whereas the
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main work in the calculus of structures was developed with respect to the sequen
calculus, we have always suspected that it is strongly related to rewriting with
respect to a term rewriting and an equational system. The main purposeof this
paper is to investigate into this relationship.

But there are additional questions. The notion of a structure is a non-standard
one and people may raise concernsbecausea \structure" is a well-de ned notion
in mathematics and logic, which di®ersfrom its usein the calculus of structure.
Hence,we would like to answer the question of what exactly is a structure. Last
but not least the de nition of a derivation in the calculus of structures is not
operational and lacks precision. For example, notions like a context, a hole in a
structure, an instance of an inferencerule etc. are not formally de ned although
their meaningsare intuitiv ely obvious. Nevertheless,we wanted to give a concise
de nition thereof.

The paper is organized as follows: After recollecting some basic de nitions in
Section 2 we presen system BV, a typical systemin the calculus of structures,
taken from [7]. We then de ne a four step transformation: reasoning within
an equivalence class are replaced by explicit equality stepsin Section 4, n-ary
operators are replaced by binary onesin Section 5, the notion of a structure is
replaced by the notion of a term in Section 6 and inferencerules are replaced by
rewriting rulesin Section 8. Finally, in Section 9 we discusspossiblefuture work.

2 Basic De nitions

In this section we collect hasic de nitions for terms, positions, replace-
ments, substitutions, equations and rewrite rules as can be found in
e.g. [1] or [10]. The reader familiar with thesenotions may skip this
section.

Givenaset § of gradedfunction symbolsand aset V of variableswith 8§\ V= 2,
the set T(8;V) of all § -terms over V is de ned asusual. The set of positions
pos(s) of aterm s is inductively de ned as follows:

2 If s= X 2V, then pos(s) = fag.

For Y2 pos(s) the sub-termof s at position %, denotedby sjy,, is inductiv ely
de ned as follows:

2 sja = S.



s;t;iir XY Va Yoo R:;S;:::
terms variables positions substitutions structures

Table 1: Notational Convertions.

For %2 pos(s) the term obtained from s by replacing the sub-term at position
Y by t, denotedby sjtjy,, is inductiv ely de ned as follows:

2 gjtjg = t.

A substitution % is a mapping from the set V of variablesto the set T(§;V) of
§ -terms, which is equal to the identity exceptfor nitely many variables. Thus,
¥ can be represerted by fX 7! 3X) j 4X) 6 Xg. " denotesthe empty
substitution. The instance of aterm s wrt %, is de ned asusual.

An equation is an expressionof the form s Y4 t, where s and t are 8 -terms
over a courtably in nite set V of variables. An eguational systemis a set of
(conditional) equations. We implicitly assumethat the equational axioms, i.e.,
the axioms for re®exivity, symmetry, transitivit y and substitutivit y, are addedto
ead equational system. Let Y& be the nest congruencerelation generatedby
an equational system E .

A rewrite rule is an expressionof the form |'! r, where | is a non-variable term
and r is aterm. A term rewriting systemis a set of rewrite rules. A redex is
an instance of a left-hand side of a rewrite rule. Giventerms s; t and a term
rewriting system R, s rewritesto t wrt R, denotedby s! g, t if thereisa
position %2 pos(s) and a substitution %4 sud that sji,= ¥(1) and t = sj3(r)ju,
where % is the rewrite rule being applied. Contracting a redex meansreplacing
it by the corresponding instance of the right-hand side of the rule.

Giventerms s; t, aterm rewriting system R and an equational system E , s
rewritesto t wrt R and E , denotedby s! g-g(ss, t if there are terms s@ 10,
arewrite rule %= 11 r, aposition ¥2 pos(s® and a substitution ¥ suc that
sV 0, Y= H1), t9= sY¥r)j,. and t°% t. In other words, s! rg ey t
i® (950, t(b S Yag 01 R (YY) t01/4E t.

Throughout this paper we will make use of the notations shavn in Table 1, where
all symbols may be indexed.

3 SystemBYV in the Calculus of Structures

In this section we present system BV, the system which started the
resarch into the calculus of structures, following [7].
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Asscciativit y Commutativit y

hR: hTi: Oi Y4hR; T Ui [R;T] % [T;R]
[R;[T]] ¥a[R;T] (R;T) %(T;R)
. 1 .
(R:(T)) % (R T) Negation
Singleton
FlUt
hRi % [R] % (R) %R hR; Ti YahR; Ti
Units [R:T] % (R;T)

h+ Ri VahR; +i Y2 hRi —
[+ R] % [R]
(£R) ¥ (R)

Figure 1: The equational systemunderlying BV .

In BV there arein nitely many positive atoms and in nitely many negative atoms.
Atoms, no matter whether positive or negative, are denotedwith a, b, c, ....

Structures, denotedwith R, S, T, ...are generatedby
Si=zjajhS;:; ;S ] Vi j Vi iS
jaj F_{zj j [F_{z_? i (F_{Zj)J
>0 >0 >0
where £, the unit isnot anatom. hS;:::;Si iscalledasestructure, [S;:::;S]
is called a par structure, and (S;:::;S) is called a copar structure, S is the

negation of the structure S. Structures with a hole that do not appear in the
scope of a negation are denotedasin Sf g, and are called structure context.

Negation obeysthe usual De Morgan laws for par and copar, it switchesthem. It
is natural to state that hSj;:::;Spi ¥ hSy;:::;Syi . Negation can always be
pushedinward to atoms.

Structures are consideredequivalent modulo the relation %, which is the nest
congruencerelation de ned by the equational system shown in Figure 1.1 There
R, T and U stand for nite, non-empty sequenceof structures. A structure, or
a structure cortext, is said to be in normal form whenthe only negatedstructures
appearing in it are atoms, no unit = appearsin it and no parenthesescan be
equivalently eliminated.

All structures can equivalertly be consideredin normal form, becausenegations

In [7] axioms for context closureare added. However, becauseeac equational systemincludes
the axioms of equality context closure follows from the substitutivit y axioms.
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can always be pushedin-wards to atoms by using the negation axioms, and units
can beremoved, aswell asextra parentheses(by assaiativit y and singleton laws).

An inference rule is a scheme of the kind

U

where %z is the name of the rule, V is its premise and U is its conclusion;
rule namesare denoted with %2 In an inferencerule, either the premise or the
conclusion can be missing, but not both. A (formal) systemis a set of inference
rules, formal systemsare denoted with S . A derivation in a certain formal
system S is either a structure or a nite chain of instances of inference rules
in S ; derivations are denoted with ¢ . The topmost structure in a derivation,
if presen, is called the premise of the derivation; if presen, the bottommost
structure is calledits conclusion. A derivation ¢ whosepremiseis T, conclusion
is R, and whoseinferencerules arein S is indicated by

-
¢ s
R

(the name ¢ can be omitted). The length of a derivation is the number of
instancesof inferencerules appearing in it.

In this paper we consider only analytical systems, where the conclusion is the
starting point of a derivation and inference rules are used to reac the desired
premises. This analytical way of looking at systemsis called the bottom-up view
in [7].

The following (logical axiom) rule # is called unit :
— t#

A proof is a derivation whosetopmost inferencerule is the unit rule. Proofs are
denoted with | . A formal system S proves R if thereisin S a proof |
whoseconclusionis R, written

s

R

(the name | can be omitted).

The system f+#;ai#; q#;sg, shovn in Figure 2, is denoted BV and called basic
system V , where V standsfor one non-comnutativ e operator?. We consider ai#
to be a schemafor all positive atoms a.

2This name is due to the intuition that W stands for two non-commutativ e operators.



Sf+g  Sh[R;T];[R%TO] i S([R;U];T)
" S[aa] o S[hRRY;hT;T% ] © S[(R;T);U]

Figure 2: System BV .

As an example considerthe following proof in BV :

+

[c;¢] .
M i
[(c; [b;b]); €]

— S
[[b;(c;b)]; ] -
[H[&;a]; [b; (b 0)]i; ]
(e hi; e (bio)i el

ai#

We have stated here the de nitions asthey are given in [7], where the only mod-
i cations were linguistic or graphical oneswith the exception of the replacemert
of the axioms for context closureby the axioms of susbstitutivit y. Someremarks:

1. In the literature the notion of positive and negative atoms is often replaced
by the notion of (positive and negative) literals.

2. Inferencerules consistof structures over atoms and variables, however, these
structures are not formally de ned in [7]. Likewise,the notion of an instance
of an inferencerule is unde ned; this is a non-standard notion becausethe
cortext variable S appearingin the inferencerules of system BV needsalso
to be instantiated, and this cannot be done by a standard substitution.

3. The notion of a derivation is also not operational becauseit doesnot spec-
ify a procedure for computing a possible extension of a derivation. One
should also obsene that the de nition of a derivation doesnot require that
structures are in normal form.

4. One should also keepin mind, that holesin structure are not within the
scope of negation.

5. The notion of a topmost/b ottommost structure of a derivation is unde ned.



4 Replacing Equivalence Classesby Equality Steps

Each derivation step between two equivalene classesin BV is split
into (1) an equality step leading to a new representative of the rst
equivalene class, (2) an application of an inference rule to this rep-
resentativeand (3) an equality step leading to a new representative of
the second equivalene class.

In a rst stepto-wards an operational de nition of a derivation and, in particular,
in the seard for an operational de nition for the application of an inferencerule,
we have to make precisethe role played by the syntactic equalities in a deriva-
tion. A secondmotivation is the fact that deduction are ditcult to read because
structures represen equivalenceclasses.

The step taken in this section is to separatethe notion of a structure from the
equivalence classde ned by the equations shavn in Figure 1. Hence, from this
point on, a structure is a structure and no longer an equivalenceclassof structures.
Let Y4 be the nest congruencerelation generated by the equations shown in
Figure 1. We can now reformulate derivations as being sequence®f equality and
inferencesteps:

A structure R is aderivation from R to R. If ¢ is a derivation from structure
R to structure T, T ¥ T9, there is an instance of an inference rule % with
conclusion T® and premise Q°, and Q°% Q then

Q.
QO
0%
— Y
T

le
R

is a derivation from R to Q. For notational conveniencewe conbine two subse-
quert equality stepsoccurring in a derivation into a single equality step.

The notion of a proof can be analogouslyrede ned. If ¢ is a derivation from R
to T and T Y4+, then

—+#
+

— Yy
T

e
R

is a proof of R. As an example considerthe following proof which corresponds



to the proof depicted in Section 3:
—t#

+

— Y4

&

ai#

[cE]
[(£0);¢] it
[([bb]; 0); €] ,
[([b;b]; 0); il:]
[[(b,C),b],@:]

[ht; [b;(b;0)]i; €]
[F[a;&]; [b:(bo)]i; e]
[F[&;a]; [b; (b )i t]
[[m,h,m,(b,c)u],e]l/
[He; i ; [he; (b;c)i; &]]

vy

One should obsene that not all structures occurring in the previous proof are in
normal form. Moreover, we still have not de ned the notion of an instance of an
inferencerule, but rely on the readersintuition. As before we assumethat holes
in a structure are not within a negation.

Because s is the nest congruencerelation generatedby the equational system
shown in Figure 1, eac derivation and eat proof as de ned in Section 3 can be
transformed into a derivation and a proof as de ned in this section, respectively.
We have thus clari ed the role of the equational theory underlying derivations in
BV . The samekind of changesto BV have already beenconsideredin [2].

5 Replacing n-ary Operators by binary Ones

The n-ary operators par, copar and sej are replaed by their binary
counterparts.

The useof a family of operators, onefor ead arity, might be helpful in presening
structures, derivations and proofs. Howewer, from a technical point of view binary
operators su+ce and restricting ourselvesto those may simplify proofs. The fol-
lowing recursive transformation turns ead structure into a structure, where only



the binary operators h; i, () and [_; ] areused:
8

* if S

% S if S is a positive atom,
n22(R) if S=R,
22(R); n22(T)i if S= R;Ti;
(n22(R); n22(T)) if S= (R;T);
[N22(R);n22(T)] if S=[R;TI

n22(S) =

As an example consider:

n22([m bi; he; (b;c)i; €])

= [n22(e;bi ); n22([he; (b;)i;€]) ]

= [m22(&); n22(b)i; [n22(he; (b;0)i ) ; n22(€)]]
= [hn22(a);hi; [hn22(a); n22((b;c))i; n22(¢)]]
= [ha;bi; [he;(n22(b); n22(c))i;n22(c)]]

= [ha;bi; [he; (n22(b);c)i; €] ]

= [Ha;bi; [he; (b;o)is&]]:

As a consequencewe can also simplify the equationsde ning the syntactic equiv-
alenceleadingto are ned setof equationsasshown in Figure 3. Let Yy denote
the nest congruencerelation generatedby this equational theory. Because

N22(Ri) = MR:H Yiesy R:
n22([R]) = [R;¥] Yy R;
n22((R)) = (R;3) Yasy R

we do not needthe equationsfor singletons(seeFigure 1) any more.

Becausethe inferencerules for BV (seeFigure 2) useonly binary seq-,par- and
copar-operators, there is no needto changethem.

Because n22(S) ¥4 S derivations and proofs wrt n-ary seg-, par- and copar-
operators can be equivalently turned into derivations and proofs using only binary
seq, par- and copar-operators and vice versa. This may lead to lessintelligible
structures, but the n-ary operators may be reintro duced as abbreviations (seee.g.
[5, 9.

6 Replacing Structures by Terms

We replac the notion of a structure by the notion of a term, and con-
sider terms over variables, thus formalizing the concept of structures

9



Asscciativit y Commutativit y

hR;hS; Tii ¥ahR;Si; Ti [R;T] % [T;R]
[Ri[STI Y [[R;S]; T] (R;T) %a(T;R)
. . 1, . .
(R;(ST)) % ((R;S); T) Negation
Units
Yt
h#Ri ¥4hR; i 4R R;Ti YahR; Ti
[£R] %R [R;T]1%(R;T)
(£ R) ¥aR (R;T) % [R;T]
R Y4 R

Figure 3: The equational system EBV .

with variable occurrences.

The notion of a structure is non-standard one. Let

8gv = ft; ; [5-1; (52); h;_ig[ faj a is a positive atomg:

Then, structures as de ned in Section 3 are simply §gy -terms over the empty
set of variables, i.e., ground 8y -terms. On the other hand, by considering a
non-empty set V of variables, we obtain §gy -terms over V, which correspond
to structures with variables.

From now on we usethe notions structure and 8 gy -term synonymously.

7 Replacing Context by Positions

We replae the notion of context in derivations within BV by the notion
of a position, thus being precise alout which substructure or sub-term
is replacd in a derivation step.

As structures are nothing but terms the notions introduced in Section 2 can be
applied. For example,let s= [ [ (b;c);b];&] and t= ( [b;b];c) then
pos(s) = fo; 1; 11; 111 1111 112 12, 2; 21g
and
sitip = [ ( [bib];c);€]:
Thus, the notion of positions, sub-terms and the replacemen of a sub-term by
another one at a particular position take over the role of a corntext in BV .
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8 Replacing Inference Rules by Rewrite Rules

We de ne the term rewriting system RBV and the equational theory
BBV correspnding to BV such that derivations in BV correspmnd to
rewritings ! ggy=gay -

In the "nal stepthe context occurring in inferencerulesis eliminated and inference
rules are turned into rewrite rules. Each inferencerule occurring in BV asshown
in Figure 2 except £# is turned into a rewrite rules as shown in Figure 4 by
dropping the context S. As before, ai# is a shemafor all positive atoms a. We
allow the rewrite rulesto be applied only to those terms, which are not sub-terms
of the function symbol \ * ". This restriction correspondsto the courterpart in the
calculus of structures which statesthat stucture contexts are not under the scope
of negation. We can then compute rewrite sequencess follows:

[He; b ; [he; (b;c)i; ]

Yogsy [[He; bi; he; (b 0)i]; 2]
| mev (q#LfR7I8 RO b T a To7 (g LT LG @5 [Di(b;0)]i; €]
Yaesy [F[a; &]; [b;(b;o)li; €]
| Ry (aiti1L) [ht; [b;(b;0)]i s ]
Yoeay [[(bio); b]; &]

' Rev (s:Lf R71b T 71 c; U7 bg) [([b b]; 0); €]

Yoeay [([b;h]; 0); €]

' Rev(ai#1L") [(x0); €]

Yoggy [c;E]

! RBV (ai#;8;") t

This rewrite sequencecorresponds preciselyto the proof given in Section 4.

[a;8] - ai#
[R;R4;AT;TA] '  HR;T];[RETYi q#t
[(R;T);U] L ([R;ULT) s

Figure 4: The rewrite system RBV corresponding to BV .

Proposition 1 Let s and t be two 8§y -terms or structures.
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1. Thereis a derivation in BV from s to t havinglength n i® there exists a
rewriting s !" ey sy t -

2. There is a proof of s in BV having length n i® there exists a rewriting

n
S! rev=gsv *.

Proof (sketch) The proof of 1. is by induction on the length of the derivation in
Bv and the number of rewrite stepsin RBV=EBV , respectively, for the if part and
the only if part, respectively, and follows immediately from the discussionin this
an the previous sections. 2. follows immediately from 1. 2

Oneshould obsenethat in the rewritings generatedby this proposition correspond
one to one to the inference stepsin derivations of BV. Becausein the latter
derivations no holesin structures are within the scope of negation no contracted
redex in the former occurs within the scope of a negation sign.

9 Outlook

In this paper we have shown that structures are nothing but 8y -terms, where
S§gv =f+; & [=_]1: (5.); hs_ig[ faj a is a positive atomg:
Moreover, we have shown that derivations and proofsin the BV can be replaced
by rewritings with respect to RBv and EBV. The fact that in the latter only
binary par-, copar- and seq-ogerators are allowed is not a restriction becausethe

n-ary onescan be reintroduced as abbreviations.

9.1 Other Systems

We claim that the procedure described in this paper does not only apply to BV
but to any systemin the calculus of structures. Someexamplesare shawvn in the
following.

System KS A systemis local if the application of eat inferencerule consumes
a bounded amount of computational resources,i.e., time and space. System KS
is a local system for classicalpropositional logic in the calculus of structures. It

was rst introducedin [3]. There, structures are 8§ s -terms, where

§ws=ft; f; 5 [-1; (2-)g[ faj a is a positive atomg:

Figures 5 and 6 shaw the equational system EKS and the term rewriting system
RKS corresponding to KS, wherethe rules ai#, aw# and ac# are schemas.

12



SystemLS System LS is a systemfor linear logic in the calculus of structures.
It was rst introduced in [11] where also a local version is preseried. There,
structures are § s -terms, where

Sis = fLO > 72,2505 5[5 (G454 (639
[ fajaisapositive atomg:

Figures 7 and 8 shawv the equational system HS and the term rewriting system
RS corresponding to LS, wherethe rule ai# is a schema.

SystemNEL System NE. is a non-comnutativ e extensionof MELL in the calcu-
lus of structures. It was rst introducedin [8]. There, structures are 8§ yg_ -terms,
where

S§nee = f+; 25 1 5 [5-1: (52); he_ig[ faj a is a positive atomg:

Figures 9 and 10 show the equational system ENEL and the term rewriting system
RNEL corresponding to NE., where the rule ai# is a schema.

9.2 Open Problems

The procedurewe preserted may be the starting point for further investigations:
Is it possibleto replace ! ggy=egv DYy ! rBV:EBV ? We expect that this can
be achieved by consideringcritical pairs between RBY and EBV and introducing
corresponding additional rewriting rules.

In this paper, we have only consideredthe deeprules, that is, the rules that can
be applied in an arbitrary corntext. However, in the calculus of structures, it is
possibleto de ne rules which are not deep, i.e., shallow rules. As an example
considerthe shallow instance of the s rule:

([R;U];T)
[(R;T);U]

0

Sud a rule corresponds to a rewrite rule which can only be applied at the root
position. i.e., position @ . We can expressthis restriction by introducing a unary
function symbol, say \ str_", which is the outer most function symbol of a struc-
ture. Then the above rule can be expressedas the following rewrite rule.

str [((R;T);U] ! str([R;U];T) 0

In the de nition of normal form of a structure, the requiremert that the only
negated structures appearing in it are atoms, is a standard one corresponding to
the negation normal form of formulas. The advantage of consideringthe negation
normal form of a formula is that the syntactic equivalencesconcerning negation

13



can be removed provided that ead application of an inferencerule yields again
a formula in negation normal form. An inspection of system BV shows that in
an application of an inferencerule in an analytic way, i.e., from the conclusionto
the premise, no new negation signs are introduced. Moreover, becauseholesin a
structure do not appear in the scope of a negation sign, the property that negated
structures appear only in atoms is presened by the application of an inference
rule.

This obsenation points out the possibility of orienting the equalities for negation
as rewrite rules from left to right, aiming at the negation normal form of the
structures at the very beginning, which will be presened all through the proof
seard. Furthermore, we conjecture that by orienting the equalities for unit from
left to right asrewrite rules the completenessof the systemwill not be lost, and
this will make it possibleto remove the units that appear after the application of
the rule ai#.

References

[1] Franz Baader and Tobias Nipkow. Term Rewriting and All That, volume 1.
Cambridge University Press,1998.

[2] Kai Brdnnler. Deep Inference and Symmetry in Classial Proofs. PhD thesis,
Tednische Universitdt Dresden, 2003.

[3] Kai Brénnler and Alwen Fernanto Tiu. A local systemfor classicallogic. In
R. Nieuwenhuis and A. Voronkov, editors, LPAR 2001, volume 22500f Lecture
Notesin Arti cial Intelligence, pages347{361. Springer-Verlag, 2001.

[4] Paola Bruscoli. A purely logical account of sequettialit y in proof seard. In
Peter J. Stuckey, editor, Logic Programming, 18th International Conference,
volume 2401 of Lecture Notesin Computer Sciene, pages302{316. Springer-
Verlag, 2002.

[5] Melvin C. Fitting. First{Or der Logic and Automated Theorem Proving.
Springer, Berlin, 2nd edition, 1996.

[6] Alessio Guglielmi. A calculus of order and interaction. Tecdhnical Report
WV-99-04, TU Dresden, 1999.

[7] Alessio Guglielmi. A system of interaction and structure. Tedhnical Report
WV-02-10, TU Dresden, 2002. to appear in ACM Transactions on Compu-
tational Logic.

[8] Alessio Guglielmi and Lutz Stra¥burger. A non-comrmutativ e extension of
MELL. In M. Baaz and A. Voronkov, editors, LPAR 2002 volume 2514 of
Lecture Notesin Arti cial Intelligence, pages231{246. Springer-Verlag, 2002.

14



[9] Ste®enHAlldobler. Logik und Logikprogrammierung. Syndiron Publishers
GmbH, second,extended edition, 2001.

[10] David A. Plaisted. Equational reasoningand term rewriting systems.In Dov
Gabbay, Christopher Hogger,and J. A. Robinson, editors, The Handkook of
Logic in Arti cial Intelligence and Logic Programming, Volume 1: Deductive
Methodologies pages274{367. Oxford University Press,Oxford, 1993.

[11] Lutz Stra¥burger.A local systemfor linear logic. In Matthias Baaz and An-
drei Voronkov, editors, Logic for Programming, Arti cial Intelligence, and
Reasoning, LPAR 2002 volume 2514 of LNAI, pages 388{402. Springer-
Verlag, 2002.

[12] Lutz Stra¥aburger. Linear Logic and Noncommutativity in the Calculus of
Structures PhD thesis, TU Dresden,2003.

[13] Alwen Fernarto Tiu. Properties of a logical systemin the calculus of struc-
tures. Tednical Report WV-01-06, Tednische Universitat Dresden,2001.

15



Asscciativit y Commutativit y

[Ri[T;U]] % [[R; T]; U] [RiT] % [T;R]

(R;(T;V)) ¥a((R; T); V) (R;T) % (T;R)
Units Negation

(f;f) Yaf [f;R] ¥aR fYat

[t;t] Yat (t,R) ¥aR tv.f

[R;T]1v(R;T)

(R;T) Y4 [R; T]
R%“R

Figure 5: The equational system EKS.

[a; 8] It ai#
[(R;T);U] ' ([RyULT) s
(RTEIU VD P [(RyU) (T V)] m
a ! f aw#
a I [a;a] ac#

Figure 6: The rewrite system RKS correspnding to KS.
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Asscciativit y

Units

Exponertials

[?:R] %R
{0;R] 4R

[R;[T;UI] % [[R; T]; U]
(R;(T;U)) ¥2((R; T); V)
{R;{T; U1} ¥2{{R; T{; U]
Ri(T; U3 Ya((R; T); U)

{?;?i Yo ? Yo ??
LY vulwvn

R Y% R

IR % R

(1;R) %R
:R) %R

Commutativit y

Negation

[RiT]¥a[T;R]
(R;T) ¥ (T;R)
{R; T1 ¥a{T; R}
R T) %(T; R)

[RiT] % (R;T)
(R;T) ¥4 [R;T]
{R; T1 %(R; T)
(R; T) %4{R; T4
R % IR
IR % 7R
RY%R

R;
R;

Figure 7: The equational system HS.

[a;8]
[(R;T); U]
[(R;T);{U; V1]
R

R

['R;?T]

2R

2R

1
([R;UL;T)
{[R;UL;[T;V]
0

{R;R]

I[R;T]

?

[?R;R]

ai#

t#
cH
p#
wH
b#
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Figure 8: The rewrite system RS corresponding to LS.




Asscciativit y
hR; hT; Uii YahhR;Ti; Ui
[Ry[T;U]] %4 [[R; T]; U]
(R;(T;U)) ¥a((R;T); V)

Units
h+tRi “4hR; i %4 R
[+ R] %R
(£R) 4R
Exponertials

% Yol Yot
R Ya R
IR Y4 IR

Commutativit y
[RiT]¥a[T;R]
(R;T) %(T;R)
Negation
T+
HR;Ti ahR; Ti
[R;T] %(R;T)
(R;T) % [R;T]

R%R

Figure 9: The equational system ENE. .

[a;8]
[(R;T);U]
[AR;Ti;hJ;Vi]
['R;7T]

7R

7R

+ ai#
([R;ULT) s

hR; UL, [T; VI q#
IR;T] p#
+ w#
[?R;R] b#

Figure 10: The rewrite system RNEL corresponding to NE. .
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